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PREFACE.

F any excuse be needed for adding to the list—aliready long—
of text-books dealing with engineering science, the author
would urge that in teaching experience he has found considerable
difficulty in finding a book to recommend to his students which
covered a sufficiently wide ground, and which was, at the same
time, of reasonable price, and written so as to be sound as
regards the theory, and yet sufficiently practical and free from
advanced mathematics to make it of use to the greater number
of draughtsmen and engineers.

The size of this book makes many of the figures of little or no
use for scaling from in the graphical construction. The author
wishes to impress on students the absolute necessity of drawing
the various figures to a good scale ; to read the book without
going through the construction is practically useless except for
revision purposes. The author also wishes to recommend his
readers to read through the worked examples, which are rather
a feature of the book. Many points are explained in such
examples which are not dealt with elsewhere.

The present text-book, like many of its predecessors, is based
on the lecture-notes used by the author in his classes, and these
in their turn were largely obtained from notes taken in Professor
Karl Pearson’s Graphics lectures at University College, Loondon,
and from examples in actual practice. Although a mathematical
treatment of many of tkerelslerssirttbrerrgive®, the book is
written largely from the graphical standpoint. This does not
mean that all the problems are solved on the drawing-board; in
many cases the graphical construction for a general pr8blem has
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been given, and by reasoning from such censtruction fp¥nule
have been deduced for the special cases. This wil} be found to
be especially the case in Chapters VIIIL. and IX., where all the
ordinary formulee for deflections and fixed and continuou$ebeams
are deduced from the graphical constructions, There seems Jo
the author to be a greater value in this method of treatment than
in many mere graphical artifices for making calculations, because
the reasoning powers are developed just (or nearly just) as well as
in the methods involving the calculus. Moreover, in spite of the
large number of books written to make the calculus simple for
engineers, engineers somehow have not yet learnt to reason in its
terms, so that many of them have to turn to the graphical aspect.

The book contains some matter which the author does not
believe to be in English text-books in common use. Among
this mention might be made of the French or St. Venant method
of dealing with combined bending and shear strains ; the general
theory of curved beams and of non-symmetrical beams ; the
strength of heterogeneous structures such as reinforced concrete ;
a special effort has been made to make the chapter on struts and
columns clear, difficulty being commonly experienced in this
subject.

Although the author hopes that the book will be especially
usefu] for students reading for the Assoc. M. Inst. C.E. examina-
tion and University degree examinations in Engineering, he has
attempted to present the subject in sufficiently practical form for it
to be of assistance to all engineers and draughtsmen engaged in
constructional work, and has included a number of working
drawings.

The author desires to express his gratitude and thanks to
Professors Kzl 2'-1veow, "N S _osiwl T). Cormack, B.Sc., for
valuable help and kindness throughout the author’s career, and to
Mr. W. J. Lineham, B.Sc., M.I.C.E., for his generous help in the
productiop of the book. He desires also to thank the many firns
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that ‘a‘re helped him by supplying information and illustrations,
and also the,editors of Engineering, The Engineering Review, and
Zhe Builders' Journal, for permission to reproduce the illustra-
tions abith their respective names appended, and in some cases
for the description relative thereto. -

Most of the calculations in the book have been made only to
the same degree of accuracy as that of which graphical con-
structions are capable—viz., about one per cent.

The author will be grateful for the notification of clerical and
other errors that may be found in the book.

EWART S. ANDREWS,

Goldsmiths' College, New Cross, S.E.
October 1908.

PREFACE TO THE THIRD EDITION.

N publishing a third edition of this book, the author desires

to thank those of his readers who have made suggestions

for further developments, and- have notified printers’ errors and
other discrepancies which occurred in the book as originally
published. Although there are some branches of the subject
which deserve fuller treatment, it is thought that the book in its
present form goes far enough for many readers, and in order to
preserve the original pagination, the additional matter that has
been considered necessary has been’ added in the form of an
Appendix ; perhaps thessrers-is sigrais the note on
Stanton’s experiments on wind pressure. Consnderable addition
Pas been mad% to the exercises at the end of the book. The
notation in4the chapter on Reinforced Concrete hassbeen made
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to agree with that proposed by the Concrete Institutd.d The
author hopes to deal with some further aspects of the subject in
a separate volume which is now in preparation. \ -

EWART S. ANDREWS.

PREFACE TO THE FOURTH EDITION.

S the regular demand for this text-book seems to indicate

that it meets fairly well the requircments of many students

and cngineers, it has becn regarded as desirable to keep the main

portion of the book in thé same form as in the last edition with

the correction of printers’ and other errors that have been dis-
covered since the last edition was published.

As the subject of the Strength of Columns is of very great
importance and the author has given considerable attention to
it during the past ten years, he has thought that it would be of
use to readers to extend the treatment already given and a fairly
extensive addition has therefore been made to Appendix I.

The British Standard Stcel Sections were revised in 1920
and properties of the new section, as well as of the old ones
which will remain on the market for some years, have been
included by permission of the British Engineering Standards

Assoclation.
EWART S. ANDREWS.
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THE THEORY & DESIGN
OF STRUCTURES.

NoOTE.—Portions marked with an asterisk may be omitled
on the first reading.

CHAPTER 1.
STRAIN, STRESS, AND ELASTICITY.

Strain may be defined as the change in shape or form of a
body caused by the application of external forces.

Stress may be defined as the force between the molecules
of a body brought into play by the strain.

An elastic body is onc in which for a given strain there
is always induced a definite stress, the stress and strain being
independent of the duration of the external force causing them,
and disappearing when such force is removed. A body in which
the strain does not disappear when the force is removed is said
to have a permanent set, and such body is called a plastic body.

When an elastic body is in equilibrium, the resultant of all
the stresses over any given section of the body must neutralise
all the external forces acting over that section. When the
external forces arc applied, the body becomes in a state of
strain, and such strain increases until the stresses induced by
it are sufficient to neutralise the external forces.

For a substance to be useful as a material of construction, it
must be elastic within the limits of the strain to which it will be
subjected. Most solid Hiwewin'iiadd Lriitiies-d0e extent, and
after a certain strain is cxceeded they become plastic.

Hooke’s Law-—enunciated by Hooke in 1676—states that
ih an elastic boay the strain is proportional to the strgss. Thus
according to "this law, if it take a certain weight to stretch a rod
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a given amount, it will take twice that weight to stretchthe rod
twice that amount; if a certain weight is required to make a
beam deflect to a given extent, it will take twice that "eight to
deflect the beam to twice that extent.

Kinds of Strain and Stress.—Strains may be *divided
into threc kinds, viz, (1) an extension ; (2) a compression; () a
slide. Corresponding to these strains we have (1) fensile stress;
(2) compressive stress; (3) shear stress.

. l 5 \59—-1’ o

Exlension /" T g

t:—— — ; )

E f “‘ 1‘] Slide 1 I
C B o
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kﬁ—\——. s

Rwel under shear slran
Fig. 1.—Kinds of Strain.

A body that is subjected to only one of thesc, is said to be in
a state of sémple strain, while if it is subjected to more than one,
it is said to be in a state of complex strain.

Examples of simple strains are to be found in the cases of
a tie bar; a column with a central load; a rivet. The best
example of aedBui cindewsscariplezteain is that of a beam
in which, as we shall show later, there exist all the kinds of
strain.

INTENgITY OF STRESS.—Imagine a small aréh « situated at'a
point X in the cross section of a body under straid, then if S is
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4
the re%“ltant of all 'the molecular forces across the small area,
gis called the infensity of stress at the point X. In the case of

bodies under complex strain, the intensity of stress will be
different at different points of the cross section, while in a body
subjected to a simple strain, the stress will be the same over each
point of the cross section, so that in this case if A is the area
of the whole cross section and P is the whole force acting over

. . . . P
the cross section, the intensity of stress will be equal to A In

future, unless it is stated to the contrary, we shall use the word
‘stress’ to mean the ‘intensity of stress.’

UnitaL STRAIN.—The unital strain is the strain per unit
length of the material. In the case of extension and com-
pression, the total strain is proportional to the original length of
the body. Thus, a rod 2 ft. long will stretch twice as much as
a rod 1 ft. long for the same load. In Tig. 1, if / is the
unstrained length of the rods under tension and compression

and « the extension or compression, the unital strain is 7

In the case of slide strain, the angle but not the length of
the body is altcred, and this angle 3 is a measure of the unital

strain. If the angle is small, as it always will be in practice with
materials of construction, then it will be nearly equal to 7 where

x and / are the quantitics shown on the figure.

Poisson’s Ratio—Transverse Strain.—When a body

is extended or compressed, there is a transverse strain tending
to prevent change of volume of the body. The amount of trans-
verse strain bears a certain ratio to the longitudinal strain.
transverse strain
longitudinal strain
most materials, and is calle? Zgiccasle ~~1ip

- According to one school of elasticians, the value of this ratio 5.
should be }, but experimental evidence does not quite support
this view, although it is very nearly true for some materjals. The
ratio is very®difficult to measure directly, its value being best

This ratio = 9 varies from 3 to } for
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obtained by working backwards from the elastic moduli’h shear
and tension in the manner which will be explained later. *

Stress-strain Diagrams.— If a material be gested in
tension or compression, and the strain at each stress be rheasured,
and such strains be plotted on a diagram against the stresses, a
diagram called the stress-strain diagram is obtained. If a mat®rial
obeys Hooke’s Iaw, such diagram will be a straight line. For
most metals, the stress-strain diagram will be a straight line until
a certain point is reached, called the elas#ic Zimit, after which the
strain increases more quickly than the stress, until a point called
the yisld point is reached, when there is a sudden comparatively
large increase in strain. After the yield point is reached, the
metal becomes in a plastic state, and the strains go on increasing
rapidly until fracture occurs.

Fig. 2 shows the stress-strain diagram for a tension specimen
of mild steel, such as is suitable for structural work.

The portion A B of the diagram is a straight line, and repre-
sents the period over which the material obeys Hooke’s Law. At
the point ¢, the yield point is reached, and the strain then
increases to such an extent that the first portion of the diagram is
re-drawn to a considerably smaller scale, such portion being shown
as AB,C. The strain then increases in the form shown until the
point b is reached, the curve between ¢, and b being approxi-
mately a parabola. When the point D is reached, the maximum
stress has been reached, and the specimen begins to pull out and
thin down at one section, and if the stress is sustained, fracture
will then occur. The portion p E, shown dotted, represents
increase of strain with apparent diminution of stréss. This dimi-
nution is only apparent because the area of the specimen beyond
the point rapidly gets smaller, so that the /oad may be decreased,
and still keep the sfress the same. In practice, it is very difficult

*to diminish the load so as to keep pace with the decrease in area,
so that this last portion of the curve is very seldom accurate, and
has, moreovendnd&m

The specnmen draws down at the point of fracture in the
manner shown in the diagram. Before the test, it is customary
to make gentre-punch marks at equal distances‘ apart along tHe
length of the specimen. The distance apart of these points after
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fracture of the specimen indicates the distribution of the’eﬂonga—
tion at different points along the length. Four such marks,
.a, b, ¢, d, are shown on the figure. The greatest extensio§ occurs
at the point of fracture, so that on a specimen of short,length,
the percentage total extension will be greater than on a longer
'specimen.  For full information on the effect of length of the
specimen upon the extension, the reader is referred to a paper
by Professor Unwin, in Vol. CLV., Proc. Inst. C.E.

For structural work it is usually specificd that the steel shall
have an ultimate or maximum tensile strength of 28 to 32 tons
per square inch, and a 20, elongation on a length of 8 ins. The
reason for specifying a definite clongation is to ensure that the
steel shall have sufficient ductility. A ductile steel is, as a
rule, not brittle, although in exceptional cases a steel which
has answered the oerdinary tests as to ductility has been known
to fracture as if it were quite brittle. Ior this reason, impact
testing has of recent years been used by some authorities, and
such method appears to give very good results.

The stress-strain diagrams in compression and shear for mild
steel are very similar to that for tension. In compression it is
difficult to get the whole diagram, because failure occurs by
Quckling, except on very short lengths, where it-is very difficult
to measure the strains, and in shear the test has to he made by
torsion, because it is almost impossible to eliminate the bending
-effect. Now, in torsion, the shear stress is not uniform, so that
the mectal at the exterior of the round bar reaches its yield point
before the material in the centre, and this has the effect of raising
the apparent yield point. We shall sec later that the same occurs
in testing for compression or tension by means of beams.

‘The importance of the elastic limit has been overlooked
to a great extent by designers of engineering structures; but
inasmuch as the theory, on which most of the formule for|:
-obtaining the strength of beams arc based, assumes that theii
‘stress is propor#®nat to «he strai=t™Must be rcmembered that '
-our calculations are true only so long as Hooke’s Law is true,
'50_that the elastic limit of the material is a yery important
lLantlty ‘We shall deal further with this question 19 dlscussmg
working stresses (Chap IL).
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CoNyusioN BETWEEN Erastic Limit AND YIELD POINT.—.
In commercial testing, it is quite common to use no accurate
means fpr measuring the strains (instruments for such measure-
ments gre called extensometers, but the description of such
mstruments and of the testing-machines is beyond the scope of
the present book*). The load on the stee]yard of the machine
is run out until the steelyard suddenly drops down on to its stops.
This steelyard -drop’ happens when the yicld pomt is reached,
but many people call this the elastic limit. As will be scen from
the diagram, Fig. 2, there is no appreciable error made by this
confusion in tension testmg, but in cross bending the differcnce is
mt_.lch' more marked, and gives rise to confused ideas. We shall
deal further with this point as regards beams in Chap. VL., p. 175.

Stress-strain Diagrams for Cast Iron.—Cast iron as a
material of construction has gone practically -out of use except
for compression members or struts. The strength of cast iron
varies largely with the composition, and the strength in tension is
considerably less than that in compression. Fig. 2 shows the
stress-strain diagrams for both tension and compression. It will
be seen that in tension the strain is never really proportional to
the stress, while in compression the stress and strain are
approximately proportional up to a stress of about 8 tons per
square inch, In the figure the c compressxon curve is not completed,

owing to buckling setting in. It is on account of the fact that
the strain is not proportional to the stress that there is a con-
siderable difference between the actual and calculated strengths
of cast-iron beams.

Other Materials.—T1mBEr.—There are several difficulties
attendant upon the accurate testing of timber, owmg to the eﬂ'ect
of dampn(.ss and the homogeneity of the material. Tt may be
taken that the stress-strain dmgrams are approxxmately straight for
a portion, but then curve off in a similar manner to the com-
pression curve for cast iron.

CeMENT AND CoONCRETE®— The Stressst'¥fn diagram for
cement and concrete in compressnon is never exactly straight, so

* For further Information the reader may consult Unwin's Zesting of

Materials of Cstruction; Popplewell’s Materials of Constructiod; Lineham’s
Mechanical Engineering; Morley’s Strength of Materials.
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that there is no elastic limit, the exact curve dependin, on the
composition and on the time after setting.

The curve shown in Fig. 3 is almost exactly a parabolﬁ. This
curve is for a 1-3-6 concrete, go days old, which was tested by
Mr. R. H. Slocums of the University of Illinois. Some authoriﬁes
assume that the curve is a parabola, but in practice it is seldom
that the curve comes so near to a parabola as the above. The
stress-strain curve is, however, nearly always of a similar shape,

—
500 //
. /
hy /
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g
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Fiy. 38.—Stress-strain Diagram for Concrete in Compression.

the strains increasing more quickly than the stresses. It is
extremely important to remember that with cement and concrete
the relations between stress and strain vary largely with the
quality and proportions of ingredients, and cannot be taken as
almost constant as in the case of steel. In tension a somewhat
similar curve is obt:uned but as s cement and concrete are
practlcally never used in“tension, much less work has been done
on its tensile strength, which appears to be very variable.
BrickwoRK, STONE, &c.-— The stress-strain diagrams fon
brickwork &nd stone are curved, but not so much a3 shown for
concrete. There is no_definite clastic limit, and the curve
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dependy largely on whether the materials are set in mortar, as in
this case the propertics of the latter will affect the shape of the
curve;: For further information on this subject the reader is
referre@ to Johnson's Materials of Construction (Wiley & Sons,
Nev York), and to a paper by W. C. Popplewell, in Vol. CLXI.,
Proc. Inst. C.E.

The Elastic Constants or Moduli.—If a material is
truly elastic, ze., if the strain is proportlonal to the stress, then
lt follows that the mtensxty of stress is always a certain number
of times the unital strain, or that the ratio intensity of stres_s I
. . unital strain
is constant. Now this stress-strain ratio is called a modulus.
That for tension and compression is generally known as Youngs.
modnlus, and is given the letter E; that for shear is called the
shear, or rigidity modulus (G). There is an additional modulus
called the bulk or wolume modulus (K), which represents the ratio,
between the intensity of pressure or tension and the umta‘g
change in volume on a cube of material subjected to pressure o
tension on all faces.

Young’s modulus is the one which we shall be most concerned
with in the design of structures. Suppose a tension member (a
"tie as it is called) or a compression member (a sf7x¢), of length /
and cross-sectional area A is subjected to a pull or thrust P,
and that the extension or compression is x, Fig. 1. Then the

P x
intensity of stress is - X and the unital strain is 5 7

- P x_P/ .
Mus=E="+%+5=— .
Sf_ogpgs modu AT7T A
NUMERICAL EXAMPLE.—A wmiild-steel tie bar, 12 ins. long and o)
1} ns. diameler, is subjected to a pull of 18 fons. If the extension is
‘0094 1., find Young's modulus.

Area of section of 1} ins, diam. = 1'767 sq. ins.

s - 18 , .
Stress per sq. 1th. = 6 = 1079 tons per sq. in.
P . Unital strain = i?gi‘ = 000783
1019 .

Young’s modulus = 13,0C0 tons per sq. in.

000783
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The value of Youngs modulus can be fotind from the’&ress-
strain diagram. Thus, in that for mlld steel, Fig. 2,
¢

-z .

. . stress
Now in the relation E =

strain

, if the strain is equal to 1, 7.,

if the bar is pulled to twice its original length, we have that
E = stress, and this accounts for the definition of Young’s
modulus that some writers have given, viz.: Young's modulus is
the stress that is necessary to pull a bar to twice its original
I“ﬁgfh “Some students find this definition more clear than the
one previously given, but it must be remembered that no material
of construction will pull out to twice its original length without
fracture.

YouNG’s MopuLus FOR CONCRETE AND SIMILAR SURSTANCES.
—If Young’s modulus is a constant, it can be found for strains
and stresses below the elastic limit only, and, strictly speaking,
there is no modulus for substances such as concrete, where the
strain is not proportional to the stress. As we shall see later in
Chap. XV., the value of Young’s modulus is a very 1mportant
quantity in the design of reinforced concrete, From Fig. 3 it is
clear that since the strain increases more quickly than the stress
in concrete, the value of the ratio ::r—i?g-mll be greater for small

stresses than for large stresses, and so, before the value of this
at which the ratio is calculated. One can hardly lay too great
stress on the importance of having exact ideas on the principles
which forin the foundations on which the theory of structures i

built, and with concrete it is practically useless to speak of th

compressive strength and Young’s modulus unless the composmon!
of the concrete and the stress at which the modulus is calculated
are known.

Relation bBetween' Elastic Tonstants.—For an elastic
material there will be certan relations between the elastic
moduli E, G, K, and Poisson’s ratio 5. These rglations can be
found as fdilows : -
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first find a relation between E and K consider a cube of
unit side subjected to a pull £ Fig. 4 (a).
Let%he elongation along the axis be @, and let the transverse
contraetion be 2.

Then original volume of cube = 1
strained volume of cube = (1 + a) (x — &)?
=1-20+04+a-2ab+ab?
I + a - 24 (nearly)

because as the strains are very small their product may be
neglected.
*. Increase in volume = (1 +a — 24) — 1
. = (a - 20)
Now apply a pull to each side of the cube. There will now
be three pulls, each producing an increase of volume equal nearly
to (@ — 26).

*. Total increase in volume is nearly equal to 3 (a — 24)

= zaf1 - 20
a
b transverse strain

Now - = 5% =
a  longitudinal strain K

. Increase in volume = 3a (1-27)
.*. Since original volume = 1

mcrcase in volume . .
- —_——_— = volume unital strain = 3a (1-2p)

“original volume

intensity of pull _ f

Now K = - ; - —
unital strain za(1—-29)

and S _7 tensile intensity of stress
“unital tensile strain

‘. E 2 >
\//..l\—m) ............................................. (1)

-

= Young’s modulus

Now find thg relation between E and G as follows :—
Suppose ghat two shearing forces of intensity / are’applied to
the faces of a unit cube A B C D, Fig. 4 (4). Now consider the
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equilibrium of the portion A b c, Fig. 4 (¢). To balance theforces f

there must be a force pulling f, across the diagonal A ¢, and the

value of /. must be ,/; x/. Now the area over which thls force

acts will be /7 since the cube is of unit side, so that there will

be a tensile stress o ‘I\//z_‘f = /£ Similarly considering the portion
2

B C D, Fig. 4 (@) there must be a compressing force f. across the

NaS

diagonal B p, and the compressive stress will be = —= = S
N2
Therefore we see that: Z%wo shear stresses on planes at right anglea)

to each other are equivalent lo lensile and compressive stresses o
intensity equal 1o that of the shear stress at right angles fo eacl
other, and at an angle of 45° to the shear stresses.

Now the cube will be deformed to the shape a,B,c, D, Fig. 4 (¢).

‘The unital shear strain is measured by the angle of distortion
2 ¢. Since the strains are very small, this is practically equal to
2B B, 2B B,
Yoc T T4

Let the unital strain due to the tension along the diagonal o p
be a. Then there will also be a strain along this diagonal due to
the transverse strain from the compression stress in A ¢. This will
be equal to pxa. ... Total unital tensile strain along diagonal
= a (r+n). Then BB, = unital strain along diagonal x { B D,
since BB, is equal to b D, _

’J-:—a (x+n).

Because the strains are in reality very small, pB,B, is very
nearly a right-angled triangle.

(since BC = 1) = 4BB,

. BBy =a(1+n) x {BD =

BBy = /2 X BB,
BB, _a(r+q)

2 2,

or BB,
-

intensity of tensile stress

unital tensile strain

i

But

< [N

intensity of shear stress _ - e

°
and . -
unital shear strain 4

=
=
©
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nal is

Since we have proved that the tensile stress in the dia
equal in intensity to the shear stress.

Therefore f = aE = G x 488, '
[
. E _ 4Dy _ 4a(1+n)
G a za
/ g = 2(1+7n)
Now we have already shown in (1) that:
) v ; = 3(r - 2m) (3)
- : E
From (2) = G T
o I E
¥ = - - =
rom (3) » . TR
o, o1 _E
2 G 2 6K
F;(_u;) - 3
2\G 3K 2
1 1 3
—_—t — = =
G 3K E
9 _ 3, L
R G K (@

This expresscs the relation between the constants in its
simplest form.
It will be noted that if » = }, as some authotities state, then

E}E_= 2'5; this may be taken as true if the valuc of G for the

material is not known.

"% Complex Stress.—PRrINCIPAL STRESSES.—It can be
shown that wher®a body is under a complex system of stresses,
such stresses will be the same as those due to the combination of
three simple tensile or compressive stresses in planes at right,
angles to each other. Such simple stresses are called the principal

siresses.
.-
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Cogsider the case of a block of material subjected to pulls
P and ®, Fig. 5, in two directions at right angles, and let the pull
per squire inch of the sectional area in each direction be g and ¢
respectjvely. ,

" -Consider the stresses on a plane A B inclined at an angle 6 to

th& force P.

The stress p can be resolved perpendicularly and along A B,
Z.e., normally and tangentially to A b.

P

h

e .8 f n x B

Fig. 5.—Principnl Stresses.

Now consider 1 sq. in. of area perpendicular to p. The

. . T
corresponding arca along A B will be prowr

Now the component of g perpendicular to A B will be p sin 6,
and the component along A B will be g cos 6, but stress = com-
ponent of force - area.

.. Normal component of stress p across A B = p sin § + perwrt
=up sin® 0
tangential component of stress p along'a B = pcos 8 + e}
’ * = p sin 0 cos ¢

Now conlidering stress ¢, its tangential component to A B will
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be opposite in direction to that of p, and since in this case fhe area
1 1
$ §in (90— 0) = cos 6
ponents of ¢ are respectively ¢ cos 6 and ¢ sin 6, the normal
component of stress will be ¢ cos? 6, and the tangermal com-
ponent of stress’ will be — ¢ sin @ cos 8, since in this case®the
tangential components are not in the same direction.
+ Total normal component = f, = psin? 0 + ¢ cos? 6...(1)
Total tangential component = f; = (p-¢)sin 8 cos 0 ...(2)
Now the resultant of the stresses f; and £ which we will call /,
will be given by a c.

iey [ =N + f2
=J (}_si';‘ré)_+ g cost0): + (p—g)®sin? 6 cos? O
Jp? (sint 6 + sin? 0 cos? 0) + ¢* (cos? sin? @ + C(;;‘b)
+ 2 p ¢ (cos® 0 sin? ' — cos? 8 sin? 6)

and the normal and tangent;al com-

Jz,'g‘s;fz 0 (cos? @ + sin® 6) + ¢* cos? 0 (sin? 6 + ‘

- cos? ) + o
= VP2Sin20 + g2Cost B tevvinineeeiienee e, (3)-
because cos® 6 + sin? ¢ = 1,
The inclination a of this stress is given by—
¢ Jo _ 25in?6 + g cos* B
ana T fi  (p-g)sinbcoso
_paniltg
g tang e (4)
If ¢ is the angle between a ¢ and the direction of p,
Then¢ = (a-6)
tan a ~ tan 6
ta = t - 0)
ng = tan(a-0) = o ha. tan 0
ptan?f + g
_ 7= y) tan 1 .tan 0-" '
I p tan? 6 + 7t 0

T F-0) ane
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_ptan’ @ + ¢ — (p- g) tan? 6

T (p=g)tan 0 + tan 0 (ptan26 + g)

- _7(x +tan28) ¢
2tanf (1 + tan’6  ptan @

The Ellipse of Stress.—Draw circles of radius o x and
o v, Fig. 6, equal to ¢ and p respectively, and let o R be drawn at
angle 6 to o v.

Draw a radius o F to the larger circle at right angles to o R
and cutting the smaller circle in .

Draw r H at right angles to o v, and E ¢ at right angles to r R,
and join o G.

Now OH = OFcos (9go—0) = psin 8
and GH = EK = OEsin (go—-6) = ¢ cos 8

06 = Nou? + HG? = Jpisin?0 + g2 cos? @

.. by equation (3) oG = f

NowtanHoOG = o= — gcosf ? cot§ = tan ¢

OH psinh
“/HOG = ¢ and, sincea = 6 + ¢, [GOR = «

Now the locus of the point G is an ellipse of major axis z p
and minor axis 2 ¢, and such ellipsc is called the Elipse of
Stress.

We see, therefore, that by drawing a line o F from the centre
o, at right angles to a given direction to the outer circle, and
drawmg F H horizontal to meet the elllpsc of stress in G, then 0 G
gives the resultant stress on a plane in the given direction, and
the angle G o R = a gives the angle between sucleresultant stress
and the plane.

NUMERICAL SEXAMPLE.—Suppose a square bar of 2 ins. side and
4%ins. long is subjected to pulls of 10 and 12 lons respectively in
axial and transverse divections. Find the resultant stvess on a plane

hd c
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inclined at 60 degrees o the axis, and find the inclination of‘(’.’-/'k stress
lo that plane. ’

In this case p = 1;—’ = 2°5 tons per square inch,('
' "
.and ¢ = 183 = I'5 tons per square inch. o

‘Then Fig. 6 shows the cllipse of stress drawn to scale.

Y ELLIPSE OF STRESS.

E H
R
K
o
& o 2%
X ‘o 5 X
[y
73',
L
Y & 5 —%

Fig. 6.—Ellipse of Stress.

Draw O L at 60° to 0 Y and draw O M at right angles to 2 L to cut
the outer circle in M ; drawing M N horizontal to meet the ellipse of
stress in N, then O N gives the resultant stress and /LON gives its
inclination to the plane. O N will be found to be 229 1ons per square
inch, and /LON to be 79".

Now considering again the stresses s and ¢ and the normal
and tangential stresses f, and £ at an inclination § to p we see
that # and ¢ are the principal stresses corresponding to the stresses
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and incliation of the principal stresses, because one of these
stresses WAl be that of maximum intensity of stress. This is clear
from the figure of the ellipse of stress, since o v is obviously the
maximum radius vector of the ellipse. We will now therefore
find The principal stresses due to a normal stress /a and a shear or
tangential stress f; at right angles to each other.

* Combined Normal and Shear Stress.—To investigate
this problem we must first prove that a shear stress must

faand /t} Now in practice we often require to find the magnitude

fce )
P (4)

Fig. 1.—-Combined Normal and Shear Stress.

always be accompanied by an equal shear stress at right angles
to it. Take for example a unit cube, Fig. 7 (¢), subjected to
shearing forces S along opposite sides. Thesc forces S form a
couple, and the cube can be kept in cquilibrium only by another
couple of equal moment and opposite sense, which couple is given
by shearing forces S, at right angles to S.

Now consider the case of a complex system ®of stress con-
sisting of a normal stress f and a shear or tangential stress s.
(We will not continue to use f; for the latter, because in the case
of ,bcams, for which we shall require to use this problem, £ is
usually used to denote the tensile stress.)
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Let p N, Fig. 7 (4), represent a portion of the plane')Lh which

the stresses /and s act. )
Let one of the planes of principal stress be reprefmted by

P M, and let this principal stress be p. Then along M N N there

acts a shear stress also of intensity .
Then the resolved portnons of the forces due to p and t6 the
stresses f and s must be equal in the directions PN and M N.

Therefore we have

f.PN +S§S.MN = p.PM cos O ......... (1)
also s. PN = pg.PM sin 0 .......(2)
MN
. From (1) fp“ $ o5 = P cos ]
fe, fcos O+ s5sin 6 = pcos 0
c(p-S)cos B = s sin O..ovinennnin. .(3) .
. PN .
From (2) S oy = 2 sin (]
scos B = psin O...iiiinn.n. (4)
Dividing,(3) and (4) we have .
A
/’
/’ (/"‘f) s
ﬁf—r = o
\/f + 44
4 s¢
orp=‘]:(i,\/r+7—) ............... (s)

The minus sign correeponds to the second principal stress,
which will be in compression ; as we are concerned only with the
maximum stress, we will take the positive value, viz.:

The direction of the plane at which this stress occurs is given
by 6. This is found as follows:
From (3) p cos 6 — fcos 6 = s sin 0

From (4) psinf@ = seos O
s cos+0

2 = sin 0

¢
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s cos? O .
. W—fcoso= §8in 6 .ceeiiannns v (7).
. s (cos® 9-sin? 6) = fsin 6 cos 6
scos 20 _fsmzﬂ
2
ortan 20 = —....oiiiiiiiiieinn, 8
7 @

This will give two values of 6, go° apart, and so gives the
inclination of both planes of principal stress.

MaximuMm SHEAR STRESs.—Returning to the consideration of
the principal stresses p and ¢, we saw that the tangential com-
ponent on a plane at angle 6 to p was given by (p-¢) sin 6
cos 0. (See p. 16, equation (2)). Now this will be a maximum

0. .
1s a maximum,

. . . . si
when sin 0 cos 6 is a maximum, Ze., when —
or when 6=45°. Therefore we see that the maximum shear
(2-9)

2

stress occurs at 45° to the principal stresses, and is equal to

In the problem that we are considering, we have proved that

L+ mom L (/45

r-q9 _fF
. - I+ —
f o
.*«  Maximum shear stress = z \/ f—: .................. (9)
or = A —4: + 2 e (10)

The latter form is more convenient because in the case when
Jf = o, the former gives an indeterminate result.

NUMERICAL EXAMPLE.—A steel bolt, 1 in. in dicineter, is subjected
to a direct pull of 3000 lb. and to a skearing force of 1 lon. Find the
maximunm lensile and shearing stresses in lbs. per square inch, and the
inclinations of the dirvections of the stresses to the longitudinal axis of
the bolt. (B.Sc. Lond. rgo;.)

. . ___ 3000  _ 30C0
N In shis case f == area of 1 in. bolt 7854
! 3819 1b. per sq. in.

I

2240

= 854 2852 1b. per sq. in.
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Maximum tensile stress

Inclination of principal plane to

given by

tan 20

I

20
0

o

Inclination to longitudinal axis

Maximum shear stress

The Theory and Design of Structures. (

=L

(r+

2
38—'9(:+ 1
> ,

3819

2

s

? 1+ 40)

4 % 28527

« 3819%
14+ A1+ 2:'23)

1+ 1797)
= 5342 Ib. per square inch.

plane perpendicular to axis is

25 -
S
1'494
56° 12’ nearly
28°6¢

2 x 2852

T3819

_3819*
4 x 28522
2852 /1 + 448

2852 X 1201

3428 Ib. per square inch.

‘This stress will occur at 45° to the direction of principal stress,

Ze,2t 61° 24 — 45° =

or else at 9o° to this, z.e.

16° 24’ with longitudinal axis,

at 73° 6’ with longitudinal a»is.

* Maximum Strain compared with Maximum Stress.
—In questions involving complex stresses it is necessary to
remember that the maximum strain considerations differ from
those of maximum stress. There is some considerable divergence
among éasticians (a term suggested by Professor Karl Pearson,
F.R.S.) as to whether the ultimate criterion of safety in a structure
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value, o} the shear stress exceeding a certain value, or on the
strain exteeding a certain yalue.

We have considered the cases of maximum tensile or com-
pressive and shear stresses. We will now consider the question
of maximum strain, . *

Suppose a rectangular block A Bc D receive two tensile
strains at right angles and a slide strain in the same plane.

Under the combined strain the block assumes the position

depend‘l'on the tensile or compressive stress exceeding a certain

Fig. 8.—Combined Strains,

A D, Cy Ty _’I‘hcn, ifaAB=a,Bc=3,and ac = 7, and x, 3, 7,
are the strained lengths, and /p, A D, = 3

. o . . . Xy — X
Unital strain in direction ¥ = s, = 21—~

x

» ” 1 J’=5y=yl;y

» ”» w r= 5= -4 "

o Wehave ®; = & (T + S¢)ovevininneninninns veeee(1)
Y =21+ Sy)eeeniinnninnn, ceeneen (2)
R N € S ) O . (3)
e oot =2(1 4+ 28+ 52 v
=21+ 2 85) ten(4)

Sincg squares of strains may be neglected.
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Now »* = ac,2 = AB? + C,B? Vi
= (AB; + B;B)? + ADR
= (aB; + D, DY) + AN,

Now AB, = & = & (I + &) ¢

AD, = 3 =y (1 + sy)
DD, = fB=p2y( + s) = By

since 3 is small and therefore 3 x s, is of second order and
therefore negligible.
re = {x (1 + s5) +/3_;'}'3 + {y (r + s,)}z
=al(t+z25)+ 2B +32(1 +2s8) ...(5)

neglecting all second powers of strains,

but 22 = x? 4+ 3

o = 2alsc 28y 4 28Y B iiiiinans 6)
.. From (4)

72 (1 + 25) = 7 4+ 2x25, + 2925y + 22903
= (2} 4y xy
or s, = (r) s+ (’) sy + o3 B (7)
Expressing this in terms of the angle 6 we get
s = 5xcos’ 0 + sysin* 0 + BsinbGeosd......... (8)

Our next problem is to find the value of 6, for which the
resultant unital strain sp is a maximum.,
a sp

This occurs wiien —5 = o

i.e., when
Sx.2€0s 0 (—sinf) + 5y, 2sinfcos 0+ B(cosfcos + sinb[ —sin ) =0
Z.e.,when -- s,sinz6 + sysin260 + 3cosz20 =o
sin 20 (sx — sy) =B cos 26

Sx — Sy (9)
This gives two values of 6 at right angles, and so we see that the
directions of maximum sirain are at right angles.
Now consider equation (8), reuniting and putting 1 = cos? 8
+ sin? 0,.we get
5B (cos? 0 + sin? ' = s, cos? 0 + s,sin20 + B sin 6 cos 6.

ortan 2 0 =
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g )
Dividing by cos? 6, we get
isg (1 +tan®8) = s, + sy tan? 6 + 3 tan 6
ortan? 0 (s, — s9) + Btan 0 + s, — 59 =

N -B=* \/ B - 4 (sy = -"ii) (sx_— sa)

fe,tan 0 =
’ 2 (Sy — 5p)

L]
For this to be real,
B* must not be < 4 (s, — s6) (5x — %)

Now as sy increases, 4 (sy — sa) (sx — sg) will increase,
since the latter expression is equal to 4 (sp — $x) (5§ — $y)

*. The greatest value sy can have is such as to make

B = 4(sy — s0) (sx — s0)

B
4
3

[}

i, 59> — 59 (Sx + Sy) + Sx Sy —— =0

Sk sy * J(ET"—FT +-(10)

1.6, 59 =

Now consider the case for which we have already worked
out the principal stress, viz, the combined stress due to a
tensile or compressive stress £ and a shear stress s. (NotTk.—This
shear sfress s must not be confused with the strains s,, &c.)
In this case if s, = strain due to stress £, the only strain in
direction y is the transverse strain due to s, e, sy = — 7 5
(negative because the transverse strain is compressive).

Considering only the positive value in equation (10)

AR R RV R ol

2
Now.t,:=i-j:r and 8 = =

Also s = -‘%, where g, is the equivalent stress due to

considering the maximum strain, E and G being the Young’s and
shear moduli.

._.]1!=f(l—7l) \/7‘,_(t+ﬂ)’- s?

L {(I - ) + «/(1 +n)’ ;agi}
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but § = 2z (r + 1)
co D = f{ (rx =) + (x + 1) \/ + 4 f (11)

Now n is very nearly Z for steel. -
.*. taking this value, we get

2 =;:: (%+ i— N/—;_':_:}'T:) ................ eerreena (12)

_ Comparing this with the corresponding equation (6) (page 20),
from considering the stress we see clearly the difference between
the results from the two points of view.

NUMERICAL EXAMPLE.—Consider the same problem as worked on
b 21,

In that case / = 3819 Ib. per square inch.
= 2852 ,, » ”»

. _3819(3 .5 / 4 x 2852*
S, = _2_( 4 1+ B19?
3819 5 2
T(4 2 Js 3)

819
i——(75+=°46)

]

I

3819
2
= 5722 lb. per square inch.
To get the inclination at which the maximum strain occurs
return to cquation (9) by which

X 2996

tan2 0 = B
x = Sy
In this case we get
s s
tan2 0 = G- G -'-':"E" -
Tos(4a) T fU+w) T f+0).G

_ 3.2‘(! +9) 2s
. DY .
This is the same as in the case considering the principal strcés,
and so 8 has the value as given before. -
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agq .
In this method of allowing for complex stresses, which method

the aufhor has given at considerable length because it is not
referred to at all in most text-books, g, is the simple tensile stress
which will produce the same strain as the maximum strain in the
magerial, and so may be looked upon as the stress which is
equivalent to the given combined stresses.

This method of maximum strain, which we may call the
St. Venant, or French method, in contradistinction to the
maximum stress or Rankine method, is comparatively little
known in England, but the leading authorities on the theory of
elasticity strongly advocate its use.

In recent years some careful experimental work has been
done on the subject, in turn, by Messrs. Hancock, Scoble,
C. A. M. Smith and Turner,* and the general result of these
experiments is strongly in favour of the maximum shear stress or
¢ Guest theory' as the criterion upon which to make calculations
for complex stresses. It follows easily from this theory that the
working stress in pure shear should be one-half that in pure
tension ; this will be seen by putting s=o in equation (10), p. 21.
This is an extremely important point, which practical designers do
not appear yet to have noticed. Either our shear stress should be
reduced or the tensile stresses increased.

Resilience.—The work done per unit volume of a material
in producing strain is called resilience. Consider the case of a
body subjected to a simple tensile strain. In going from the
point A to the point B, Fig. 9, very near to it, the average stress
acting is £ Therefore, if A B = x, the work done by the force
f in straining the material from the point A to the point B will
be equal to f x x. Now, if & is the increase in unital strain and
/ is the intensity of stress, the volume of material acted upon is
unity. Now, A B is assumed to be very small, and f x x is
equal to the area of the shaded portion of the stress-strain
curve,

Therefore, the resilience is equal 4o the area of the stress-
strain curve up to the point M,

’

* For a description of the above-mentioned exreriments, see Engineering,

Augyst and November, 1909.
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i.e., resilience = areaof A PMO

I
=—=fxXx
2
Now, é = Young’s modulus = E
.
S
E
/2
.. resilience in tension = ——=
52
similarly in shear the resilience = -

where s is the shear stress.

P

Slress

X -
Stram.
Fig. 9.—Resilience.

Repetition or Variation of Stresses.—In the design
of structures, we very often have to deal with cases in which the
stresses vary in amount from one time to another; such cases
occur in the design of structures which have to resist wind-
pressures and those which are subjected to rolling loads. In
recent years, a large amount of investigation has been carried out
on the strength of materials which are subjected to alternating
stresses. The stress required to cause rupture in a material
which is gradually increasingly stressed is called the sfatic
breaking stress, and is the stress obtained in the ordinary testing
machines.

Fairbajrn discovered in connection with some t&sts on wrought-
iron girders, that a girder can be ruptured by repeatedly applying
a load equal to about one-half of the static breaking load.
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Th:e first exhaustive investigation on the subject was conducted
by Wohier on behalf of the Prussian Ministry of Commerce, and
was published in 1870. Wdohler’s experiments extended over a
period of twelve years, and had results’ which at the time were
very, startling, and the importance of which has only in com-
paratively recent years been appreciated by engineers.

The general result of these and subscquent experiments is to
show that the stress necessary to rupture a material when such
stress is repeated a very large number of times is considerably less
than the static stress.

In Wohler’s experiments, which were carried out in tension,
bending and torsion, some of the variations were from zero to a
maximum in tension or compression and some were for a complete
reversal of stress.

Full accounts of the experiments will be *found in Unwin’s
Testing of the Malerials of Construction. We will take some
examples of his results :—

For Krupp’s Axle Stcel :
Statical breaking stress = 52 tons per sq. in.
Breaking stress from zero to maximum 26°5 4 g 9
for reversed stresses 1405, 5 9

” ”»

For Wrought Iron:

Statical breaking stress = 22°'8 tons per sq. in.
Breaking stress from zero to maximum = 1525, ,
for reversed stresses = 86 ,, ,

» 12

In the first case the range of stress is in one case 26°5 and in
the case of reversal is — 14’05 to + 14°05, #.e., 281, whereas the
corresponding figures in the second case arc 1525 and 17°2.

Sir Benjamin Baker carried out similar experiments in this
country and obtained similar results.

For mild steel of static strength from 26°8 to 286 tons per
square inch, he obtained a breaking stress of 116 tons per square
inch for a reversal of stress.

Bauschingeyx carried out a large number of experiments on the
same lines as those of Wohler, and extended them td a larger
number of materials.
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F or Bessemer Steel his results were :
Static breaking stress = 28°6 tons pex‘sq. in.
Breaking stress from zero to maximum = 157 ,, ,,
” » for reversal stresses = 8°55,, e »

With regard to these breaking stresses for variations of stmess,
it should be remembered that these are the least stresses for
which the specimen would break after a very large number of
repetitions.

In carrying out tests of this kind a number of specimens are

<x
u_{ . Sl Stess
g L Zerd To Max

20
P
g 16 FLimT for ‘ere 7o e
ea 10)Comp
n . LimiT" for q:m,b/eTe ﬁ*wsdl
E SE—
£
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[«

Repofitions (Hundred Thousands)
Fig. 10.—Repetitions of Stress.

taken, and.the range or amount of variation of stress is altered for
different specimens or scts of specimens, and when the range
comes below a certain value the specimen will not break within
the time over which the experiment lasts. The results are ex-
pressed on a diagram in which the range of stress is plotted
against the number of repetitions required to cause fracture ; or,
in the case of variations from zero to a maximum or of complete
reversal of stress, the limit of stress is plotted against the number
of repetitions. Such a curve is shown in Fig. 10. From such
curves the apparent stress, at which an infinite number of repe-
titions cowld be made with fracture, is obtained, and this is taken
as the least breaking stress. The word ‘apparent’ is used
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becausé °no record appears to exist of a number of repetitions
more thhn about fifty millions, and it has been suggested that
perhaps lower stresses still would be obtamed if the repetitions
were extended still more.

Bauschmger suggested that there was some relation between
the rnnge of stress which a material would stand and the elastic
limit. This elastic limit was what he called the ¢natural elastic
limit,’ Z.e., that obtained after the material has been subjected to
variations of stress, as it is known that stressing a body beyond
certain values alters its elastic limit.

Dr, Stanton and Mr. Bairstow have published in Vol. CLXVI.
of Proc. Inst. C.E. an important paper on the subject, giving
the results of experiments conducted at the National Physical
Laboratory.

They used a machine in which the specimen formed part of
the piston-rod in a steam-engine mechanism ; the specimen thus
was subjected to reversals of direct stress, and a variation in the
limiting stresses was obtained by varying the relative dimensions
of the mechanism.

This research has some important results, the principal ones
of which are:

(2) An alteration of the rate of repetition from 6o to 8oo per
minute has no marked effect on the results obtained.

(#) The range of stress which moderately high-carbon steels
can stand is comparatively greater than that for low-
carbon steel and wrought iron. This confirms Wahler’s
opinion. )

(¢) The limiting stress which iron and steel can bear de-
pends on the range of stress, and is almost independent
of the actual values.

Although the authors agree that more work must be done
before a definite statcment can be made, their experiments go to
support Bauschinger’s theory as to the elastic limits.

They also found that the resistance of materials to reversals of
stress is less when there is an abrupt change of section than when
such change is gradual,

In these tests no number of repetitions greater than three
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millions appear to have been made, and this appears to us to be a
pity, as further information in this direction is urgently feeded.*

Cast Iron.—Very little work appears to have been done on
repetitions of stress for cast iron, but from a small number of
experiments by the author in reversal by bending the same geperal
result was obtained, the limiting breaking stress in this case
being nearly one-quarter of the static stress.

Unwin’s Formula. — Unwin has given a formula from
which the cquivalent static stress for a given range of stress
<can be found.

This formula is:—

r

fo= L e AR

where f, is the greatest stress that can be applied for an in-
definite period for a range of stress »; £, is the static breaking
stress of the material, and »# is a constant depending on the
nature of the material.

For mild steel we may take » = 1°5.

Now if the variation is from zero to /. then » = /,

DA N A _

Solving this equation we get £ = *6 f.. For complete reversal
r=fom (=f) = 2/ o

oo =St WA - 3L
or, fo = ‘.lifs

(For the application of the repetition of stresses to the deter-
anination of working stresses, sce Chap. IL, p. 45.)

Stresses and Strains due to Sudden or Dynamic
Loading.—If a lvad is applicd suddenly to a structure, vibration
will ensue, and the strain—and thus the stress—will reach twice
the value which would occur if the load were gradually applied.

This will be made clear from considering a diagram, Fig. 11 (1),
where the force is plotted against the strain. We have seen that,
with gradual loading of an elastic body, the curve representing
the relation between the strain and the load jn direct stress
is represented by a straight line A D, the area below the line:

* See also Appendix, page 561.
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giving .tl?le work done up to a given point.- Now let A G repre-
sent a Jorce P; then when the strain gets to the point B, the
work done by the force will be equal to the area of the rectangle
A B E G,evhereas the work done in straining the material is only
equgl to the area of the triangle A B E, so that there is an amount
of work equal 'to the area of the triangle A E G still available for
causing increased strain. " The strain therefore increases until the
area of the triangle E F D is equal to that of the triangle AEG. It

B
Fig. 11.-—Sudden or Dynamic Loading.

is clear that A ¢ = 2 A B, or #kat the strain—and thus the stress—
is twice that in the case of gradual loading.

If a force is suddenly reversed from — P to + P, then the total
strain and stress will be the same as that due to a sudden load of
2 P,’and again when the strain reaches the point B, Fig. 11 (2),
there will be an amount of work represented by the area of the
triangle A E G still available for causing strain, which therefore
continues to the point c. Thus the maximum tensile strain will
be equal to H L. If the loading were gradual the straiff would be
HK, and as HL = 3 HK, we see that ¢ load suddenly reversed

* D
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ce
eansts three times the styasin and stress whick occur if :m' reversal
takes place slowly.

In each of these cases the addifional strain or stress which
occurs is equal to the amount of variation. Such additicnal stress
has been called the dynamic increment, and we therefore see, that
the equsvalent gradual styess due to a sudden or dynamic stress fy
‘whick varies by an amount v is grven by fa + v.

Relation between Repetition of Stress and Sudden
Loading.—The similarity between the results of experiments on
the variation of stresses and the reasoning just given with regard
to sudden loading has led many authorities to think that Wohler's
experiments were really experiments on sudden loading. The
alternative point of view is that the two questions are distinct, and
that therefore separate allowance should be made for each in the
design of structures.

One of the first difficulties to overcome in reconciling the
questions is that strain is not proportional to stress beyond the
elastic limit, and that, therefore, beyond this point twice the
strain would not cause twice the stress (see Fig. 2). There is,
however, a second observed phenomenon to bring into the argu-
ment. It is known that if a material is strained beyond the
elastic limit, the elastic limit will be found to have been raised on
a subsequent testing ; therefore, if this action goes on indefinitely
with each repetition of stress, the elastic limit will ultimately
become so high that the dynamic argument will apply up to the
breaking point.

Although there are still many points which require to be
decided in this controversy, for practical reasons we prefer to
allow for one or the other, but not both, in the design of struc-
tures. The reason for this is as follows :—Suppose that the safe
working stress for mild steel for a constant and gradual load is
7'5 tons per square inch. Then on the dynamic theory the safe
stress for a reversing and sudden load is one-third of this, ze., 2°5
tons per square inch. If we now make a separate allowance for

the repetition of stresses, our working stress would be Ix 2'5, or
‘ 3

‘8 ton pér square inch. As there is no question of #mpact in this,
this seems an absurdly low working stress.
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Strain and Stress due to Impact.—Suppose a weight W
falls fron"a height % on to a structure and let the deformation or
strain in the direction of 4 be x, Fig. 12. Then the work done
by the weight is equal to W (4+x). Now this work is absorbed
in strgining the structure. Consider first the cgse.in which the
resulting strain is within the elastic limit. The work done in
such case is equal to the volume multiplied by the resilience.

/

h
% E/ '
{ac
1 "
B %
] Slrain.
Fig. 12. Fig. 13.

We have shown that in tension or compression the resilience is

2 .
equal to /2 and therefore in this case we get W(Z + x) =

volume x /27 ‘:_{;. Then if x is negligible compared with 4

2 E
we have Wx}z=‘—’-fi
2 E

_  J2EW4

or f = ,\/ ._v....

If the weight strikes with a velocity o,
ﬁ = 2’;

28

- 2E.Wo? _ EW
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g
We will consider resilience in bending when dealing with the
bending of beams. %
STRAIN BEYOND Erastic Limit.—If the strain is beyond the
elastic limit, it follows, from the reasoning given on @. 27, that
the work done per unit volume in straining is equal to the area
below the stress-strain curve. If this area is R, Fig. 13, then we
have R = Wior V%
2g

From this the stress can be found.

NUMERICAL EXAMPLE.—A bar of y-inch diameler strelches } inch
under a steady load of 1 ton. What stress would be produced in the
bar by a weight of 150 lb. whick falls through 3 inches befove com-
mencing to stretch the rod—the rod being initially unstressed and the
value of E taken as 30 X 10° /6. per square inch. (B.Sc. Lond. 1906.)

Area of bar }” diam. = ‘196 sq. in.

.~ Stress under load of one ton = .126 tons per sq. in.
2240 1b. per sq. in.
. Qpeain . Stress _ 2240
. Strain = E 196 % 30 X 108
Now 3" = strain x original length
. . . _ & — ‘196 x 30 x 10°
. Original length = Stram 2240 X 8
o> Volume = length x area of section.
— 196 x 196 x 30 x 10t
- 8 x 2240

= 64°33 cub. ins,
Work done by 150 lb. in falling 3 inches = 3 x 150 = 450 in. Ib.

64.33 x f? _
- E = 40
= 9o E
4 “/ 64'33
= /990 x 30 x 10°
64'33
¢ = 20,480 Ib. per sq. in. A#ns.*

* This problem could be solved if E were not given ; it wonld be found
to cancel out.
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Temperature Stresses.— Suppose a bar of length / is
heated #4F. and a is coefficient of expansion. Then, unless
prevented the length of the bar will become 7 (1 + at), i.e., the

_increase in length will be a £/

If, the bar is rigidly fixed so that this expansion cannot take
place, -then there will be in the bar a strain equal to a #/, and 'the
unital strain will be %l =at

This strain will produce a compressive stress of a # x E, where
E is Young’s modulus.

Now for mild steel « = *ooocoob657 per degree Fahrenheit, and
E = 13,000 tons per square inch.

I

‘00000657 X 13,000
= ‘0854 tons per, square inch.

.*. The stress per °F

Taking a range of temperature of 120° F., the stress due to
temperature = 120 X ‘0854 = 10°25 tons per square inch.
This is more than the safe stress for mild steel, so that the
importance of designing structures so that the expansion may take
becomes quite evident.

* Heterogeneous Bars under Direct Stress.—If a bar,
composed of two different materials—such as steel and concrete, or
steel and copper—firmly connected to each other, be subjected to
a pull or a thrust, the two matcrials must be s#rained by equal
amounts, and since the values of Young’s modulis for the two
materials are different the s#resses in the two materials will be
different.

Suppose one material has a cross-sectional area A and Young'’s
modulus E, the resulting stress being f; and let the corresponding
quantities for the other material be A, E,, f,.

Then, if under a pull or thrust P the unital strain is x, we have—

x = % ........ e ceeee(1)
x = —‘I% .............................. (2
* and P = Af + Ayf coerrrenne veeen(3)

and Af A, /, being the loads carried by edch of the materials.
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E
From (1) and (2) f, = E;x = }IEf (

- P =f(A +-§lﬁ‘11) ............. e (@)

. P .
or f = — =
A (1 + %%'

R

1
-4__§_
!

P o= e - - - -——

Fig. 14.

Now if a new bar is taken wholly of the first material of such
area A, that the stress under a load P is the same as that in the
compound bar, we have

p
-f-'A2
or A, = A(t + 1%_%1) ..................... (6)

This quantity A, may be called the eguivalent area of homo-
geneous material and the consideration of this problem has become
in recent years much more important on account of the progress
made in reinforced concrete construction. We will deal further
with this application in Chap. XV. Returning to the general
problem we see that

fi = PEA) ........................ )

A, (1 + A
The load carried by the first material then comes equal to—

JA = o @8
I+ -——Elf: ‘:‘ )
and that carried by the second comes equal to—
P .
' AL = = AT e, (9
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. 4 . -
Since these are not the same, there will be an adhesive force
tending jo prevent one material from moving relatively to the

other.
This yill be equal to FA — £ A,

_ P P .

T EA+E A ~ EA +EA
EA E, A,
P-EA P-E, A,

T EA+EA  EA+ EA,

P(EA - E A
EA + E, A,

_P (-3

For examples on this sec the chapter on Reinforced Concrete.

A table is appended giving the elastic properties of a number
of materials of construction. In the use of such table it must be
remembered that for many substances the properties vary
according to the exact composition, and these figures should be
used only if an actual test of the given material is impossible. It
should also be remembered that, according to the French school
of elasticians, the theoretical shear strength of a material is four-
fifths of its tensile or compressive strength.
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CHAPTER II.

PRINCIPLES OF DESIGN; WORKING STRESSES, &c.;
WIND PRESSURE. *

Scientific Aspect of Design. — An engineer has been
tersely described by a somewhat characteristic American as ‘a
man who can do for one dollar what a fool can do for two.’
Although from an asthetic standpoint this seems to be a some-
what too mundane description of the engineer’s vocation, we
must not forget that the most scientific construction is the one
which best fulfils the conditions for the least cost. We seem to
get into the habit, when looking with wonder on the wonderful
structures of bygone ages, of thinking that such structures could
not be built nowadays; but if this is true, is not the reason
merely because we cannot afford them, and not that our hands
have lost their cunning ?

There is in reality no conflict between theory and practice in
designing ; each has its own place, and each is dependent on the
other. The theory of structures will tell us what is the best
design as far as the economical arrangement of material goes.
The best-designed structure is one which would be about to
collapse at all sections at the same time; or, in other words, the
various parts are so designed that the stresses in them are equal.
This is all that the theory sets out to do. Practice, on the other
hand, determines whether the theoretical design is in reality the
cheapest in the end. Questions of workmanship, cost of erection
and upkeep have to be considered, and it is only by balancing
these with the theory that the really scientific design is obtain.ed.

In dealing with the theoretical side of design we must never
forget that, if we are to be guided by thecory at all, we should see
that we use the best theory. The disdain for theory that ultra-
practical men often possess is largely due to the fact that their
theoretical knowledge is not sufficiently comprehensive; they
have not realis@d the conditions which have to be fulﬁll.ed before
a certain theory is applicable, and so they probably use some
formyja for a case for which it was never intended.
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]

Another point to be remembered is that practical rule.:» for use
in design are not necessarily sound because the Structures
resulting therefrom satisfactorily fulfil their function. Such rules
may make the structure much heavier, and therefore mach more
costly, than necegsary. ~ Our aim in the theoretical investiggtions
should be to eliminate as many uncertainties as possible, and not
to be merely content in crecting something which will stand. -

Commercial Aspect of Design.—If the word ‘scientific’
is used in its best sense, the commercial aspect differs very
slightly from the scientific aspect. There are certain points,
however, that we would like to deal with which point to the
necessity of considering the merely commercial aspects. Firstly,
there is the question of the sizes of sections adopted. Care
should be taken that as much as possible is used of the same
section, and that Such section should be easily obtainable. The
cost of a given structure may be increased largely because a section
is specified which has to be rolled specially—although sections
figure in makers’ catalogues they are not always readily obtainable.
In riveted work, too, much additional cost is often involved by an
unnecessarily irregular pitch of the rivets, and fancy forms of
cleated connections are often shown which have no advantage over
the simple forms. We will deal with thesc points in greater
detail in considering the separate designs in subsequent chapters.

The designer should avoid curved lines wherever possible in
his design. It costs a lot to cut plates to a curve, and there is
generally no reason for them. Some might urge that curved
forms are more pleasing to the eye, and some go as far as to put
cast-iron rosettes on the plates of plate-girders. But it is better
to agree that no steel structure is artistically beautiful, and that to
attempt to decorate it by curved gusset plates and rosettes is to
mal it really more ugly, because it has cost more and is still an
eye-sore to the artist. There is, also, a theoretical objection to
curved members, viz., that the loading on such bars is eccentric,
and stresses are therefore much increased.

Where practice necessitates our putting theory aside some-
what, we should always keep this in mind in ourcalculations. For
instan_ge),‘_t}ggo;e\ti}cally the centre-line of the rivets jn a T. section

e ane

. . ..y H . . . to
fii,‘,?v‘,fid cgincide with the centroid line of the section. In practice
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this is 1mpossxble,ﬂgs the head of the rivet could not then be
closed: “But we must remember in_designing. stmctu;qq _using,
siich ‘sections "as the ties or struts that the load is eccentric and
‘that' die a]lowance must be made for this.

------

tion of the working stresses to adopt in practlce is of the utmost
importance, and if our design is to be of any real value we must
have clear ideas as to such working stresses. ’
In dealing with working stresses we often speak of the factor
of safety. This may be defined as the factor by which the
workmg stresses _may be multlplled to give stresses which will
result in failure. This phrase is one which is often used gllbly
without any real meaning; and it has been suggested that in
many cases it would be better called the factor of ignorance. If
we design a structure with a factor of safety’ of four, say, we
certainly do not as a rule mean that the structure could bear four
times the load without failure. This is because there are certain
contingencies that we do not allow for in our design. Our aim
should be, however, to make our calculations so that the factor
of safety has as exact a meaning as possible. This can be done
only by choosing our working stresses skilfully and by making
allowance for as many points as possible. For steel-work it is
common to adopt as a working stress in tension, one-quarter of
the breaking stress in tension and to say therefore that the factor
of safety is 4. Many designers forget, however, to make the due
allowance for live or variable loads. The basing of the factor of
safety on the breaking stress is also open to a very serious
objection, viz.: that the elaslic lLimit of the material is the
point which really 'determines the saféty of the structure. If the
_stresses are above the elastic limit, failure is almost certain to
ensue, especially in the case of compression members or stfuts.
Professor Arnold has recently drawn fresh attention to the
importance of this point. It would, therefore, be better to base
the working stresses on the elastic limit and specify for a definite
minimum valué of such Iimit in the steel. The point commonly
urgé'a“ againist “{iis” method of procedure—viz., that the elastic
limit is a much more variable quantity than the breaking stress—
seems to us to be_one in favour of its adoption. It is certain
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that stresses beyond the elastic limit are very dangerous for any
structure, and if this quantity is a variable one we ought‘to know
it for the material that we are using, and base our working stresses
on it accordingly. We would suggest that the dead-loadsor static
working stress shquld be taken as one-haIf of iﬁe true elastic 'ymlt
““The following tables of stresses may be used for obtaining the
working stresses for dead loads in design :—

Working Stress in Tons.
Material. e e ——m e Digl'et::iso;;s of
Tension. | Compression. Shear.
Mild steel 7 6 5 tons per sq. in.
Wrought iron ... 5 4 4 ”» ”»
Cast iron ves -é- 7 ;]’: ” ”»
Oak | 16 13 5 cwt. per sq. in.
(across grain)
Pine, yellow ...| 10 8 5 ” .
(across grain)
[ 6oo 6o 1b. per sq. in.

Cement concrcte} _ (bending)

1:2: 4. 500 " "

. (direct)

Granite ... . ...| — 35 — tons per sq. ft.
Sandstone } o
Yorkstone - 2 - » ”
Limestone e | — 15 — . ,
Brickwork in

cement mortar 5 8 —_ ’ ”

Lo (adhesion)

» inlime mortar | -4 6 — ” ”
(adhesion)

Allowance for ¢ Live’ Loads or Variable Loads.—
There are two principal methods of allowing for live loads which

are in effect the same. .

(a) BQuivALENT DEAD-LOAD MEeTHOD.—According to this
method the static stresses are used and the loads are mcreased
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to give the equivalent dead load. The ways for allowing this,
are: (1) equivalent dead load = dead + 2 live load.

- 1

This may be called the dynamic formula.
. (2) equivalent dead load >

nr + \/nsr?+4(w—£)2

2

Where 7 is the variation of load, and w is maximum load, »
being a constant which may be taken as 1'5 for steel. This
formula is deduced from Unwin’s formula for Wohler’s experiments.

For steel we get
1's.7 + /\/2'257‘3 + :;(-w—g)2

2

s

W, =

When the variation is from zero to a maximum, we have

r=w. Then w, = 2°1 w.

(3) equivalent dead load = maximum load + variation.

(6) VARIABLE WORKING STREss METHOD.—According to
this method the working stress is varied according to the relative
amounts of live and dead loads.

The common ways of allowing for this are :

(1) Launhardt-Weyrauch method.

. f _ mi_nimu_n} load
Working sttess = .. (I + 3, "maximum load

/ being the static or dead-load working stress.
(2) Dynamic method.

I A
live load

I ¥ total load

Take as a simple numerical example the case of a member of
a roof truss in which the dead load is a tension of 5 tons, and the
wind ‘on one side causes a tension of 2 tons and on the other side
a compression of 1 ton. The various methods give tie following
res%lts —

Working stress = , S being as before.
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(@) (1) Equivalent dead load = 5 + 2 x 2 = g tons.

15 X 3+ ;\/2'25 ><9+4(7—-:;f)2

te

(2) 2 3 = pe -
= 82 tons.

(3) s "o = 7 + 3 = 10 tons.

i L ( 4
(6) (1) Working stress = i35 + 14

_ 87
= 7f

(2) ” ”» T+ _; = —79—f-

Assuming the material to be mild steel.
(4) (1) comes working stress = 6 tons’ per square inch.

(2) »» ”» =54 » ”»

Taking the material as mild steel, the requisite number of
square inches in the sectional area of the tie, are—

(@) (x) ? = 128 square inch.
@2 =,
3) I7° =143 , »

(%) (1) % =117 ”

7

(3) 54 = 1'30 7
If consideration of variation of stresses be neglected altogether,
+ 2z
we should have—area = 3 7 = 1square inch.

) WIND PRESSURE.

From the very nature of the subject, the pressure due to the
wind is one of the most troublesome factors to allow for in the
Theory of Structures. Until the Tay Bridge disaster in 1879,
comparatively little attention was given to the subjegt by engineers,
and altholgh since that date much valuable information has been
collected, we still know comparatively little of the action of wind
on structures in the neighbourhood of other structures. ®* The

B
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pressure due to wind has been measured experimentally in three
principal ways.

(1) By calculating the pressure necessary to overturn railway
vehicles which have béen overturned by the wind. The maximum

 pressure obtained in this way comes at about 30 1b. per sq, ft.

“""{3) By measuring tfie velocity of wind by anemometer and
deducing the pressure therefrom. Smeaton’s formula, published
in 1759, is' that p = ‘005 V2 where V is the velocity in miles per
hour, and p the pressure in pounds per square foot. This
formula is now considered as giving results too high, and from
the experiments at the National Physical Laboratory (Vol. CLVL.,
Proc. Inst. C.E.) the formula has been deduced as p = ‘o027 V2,

(3) By measuring the pressure on plates exposed to the wind, A
large number of exceedingly valuable experiments of this kind
were made by the late Sir B. Baker prior to the erection of the Forth
Bridge, and records have been kept up since that date. The fol-
lowing figures, taken from an excellent paper by Mr. Adam Hunter,
A.M.I.C.E. (Vol. XVIL.,, 4, Jour. Junior Inst. of Engineers), show
the maximum results of some of these experiments.

Pressure in pounds per square foot.
Ver. | Daie  [Reroving Small | Large |G Rigne | Ppen
gauge. | gauge. | oou0e of large
gauge.
1°5 sq. ft. | 1°5 sq. ft. | 300sq. ft. | 25 sq. ft.
1884 | Oct. 27 | 29 23 18 — — S.W.
” » 28| 26 29 19 —_— — S.W.
1885 | Mar. 20 | 30 25 17 — — Ww.
» Dec. 4| 25 27 19 — — w.
1886 | Mar. 31 | 26 31 19 28'5 | 22'0 | S.W.
1887 | Feb. 4 26 41 15 — — S.W.
1888 | Jan. 5 27 16 7 — — S.E.
» Nov. 17| 35 41 27 — — W,
1889 | ,, 2 27 34 12 —_ — S.wW.
1890 | Jan. 19 | 27 28 16 —_ — S.wW.
» sy 21 26 28 15 — —_ Ww.
. » 25¢ 27 24 18 235 22 W.S.W.
Average .......| 276 | 29'8 | 169 | — —_ —_
0
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Since the erection of the bridge, records have been kept on
small gauges 1°5 square feet in area placed at different heights
above high-water level. The following figures show the maximum
pressures recorded, the two readings at 214 ft. being at the

respective ends, of the bridgé.

Pressure in pounds per sq. foot at various heights.
Year Date.
so ft. 163 ft. 214 ft. 214 ft. 378 ft.
1901 Jan. 26 — 15 25 — 65
” Nov. 23 — 50 55 55 60
1902 Dec. 13 —_ 275 31 34 18
1903 Jan. 10 15 20 25 27°5 60
» 31 — 19'5 29 26 65
” Mar. 18 20 20 25 29 31
» » 21 10 20 20 22'§ 54
1904 s 26 — 20 32 27 52
» Dec. 29 - 225 22'5 325 —
1905 Jan. 21 — 21 30 23 —
»” Mar. 18 —_ 32's 32°5 42 6o
” Feb. 28 10 22 20 20 38
1906 Jan. 26 15 — — — 59
» I 10 20 23'5 25 30
” Feb 8 10 15 25 25 55
Average .......... .| 130 | 23'0 | 280 | 300 | 50

The following points may be inferred from these experiments
in which the gauges were placed vertically.

(x) The pressure of wind increases with the height from the

ground This may be explained as being due to a drag-
ging or frictional effect which the ground has on the wind.

(2) The pressure on small surfaces is considerably greater than

that on larger surfaces, the wind acting in local gusts. In
the above experiments the revolving gauge always faced
the direction of the wind, and the fixed gauges faced E.
and W. We may infer from the above that the average
pressure on “alarge area is about two-thirds that obtained
from anemometer records in the neighbourhood.” h
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(3) The pressure on a small area surrounded by a larger area
is somewhat, but not much, smaller than that on a small
area alone, so that the effect of the edges is not very
appreciable. '

Inasmuch as larger pressures than 391];, .pgr square foot on
a Iarge area occur very seldom, Mr. Hunter, in the above Ppaper,
suggests that a pressure of 3olb. per square foot in sufficient to
design for in practice.

““This seems to be a very reasonable suggestion, provided that
the wind pressure is treated as a Jwe load in calculating the
stresses.

Various authorities and regulations adopt pressures of 40, 50,
and 56 1b. per. square foot, and when the higher figures are
adopted the wmd pressure may be taken as if it were a dead load,

" DIRECTION OF WIND PRESSURE AND PRESSURES oN TNCLINED
SuRrFACES.—The pressure due to the wind is always taken as
acting perpendlcularly to the surface on which it acts.

"When the surface is inclined to the vertical, the wind pressure
is obtained in terms of the pressure on a vertical surface. Let 0
be the inclination of the surface to the horizontal, and P, the
pressure on a vertical surface.

Then according to the formula based on Hutton’s experiments

Pg = P, sin fr84cos@ -1
According to chhen;fx;’s formula
2 sin 0
Po=F oo
A very simple rule suggested by Prof. Karl Pearson is to take
Py as 50 Ib. per square fqot and Pg as as many lb. per square foot
as there are degrees inclination in 6, up to the value 6 = 50" and

take the value 5o for all values beyond.
This rule may be put in more general terms as follows:

P, x 0
Py = o

Although more complicated than the accuracy of any experi-
ments on wind pressure would seem to justify, Hutton’seformula

has been adopted most generally, and so we give the following
E

up to 6 = 50°, beyond which Pg =
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.
table for use therewith. The co-efficients in this table are those
by which P, should be multiplied to give Pg.

o|Span*| | I
20 30 [ 40°| 50

0| 5 |10

2 60° | 70° | 8° | 90

— |'125 |24 |45 | ‘59 |°65{'83|95]|1°co|102]|1'01] 100

WinD PRESSURE ON CoLuMNs AND CHIMNEYs.—The total
wind pressure, which may be taken as acting at the centrold on
cImnneys and columns of square section may be taken as P, x A.
where A is the area of the vertical cross section.

e

’ .1 For round sections Pressure = ‘5 P, . A
ﬁl » hexagonal ,, ” =65P,.A
i+ ,, octagonal ,, w =5P,. A

BoARD OF TRADE RECOMMENDATIONS FOR WIND PRESSURE
ON RAILWAY STRUCTURES.

Extract from the Report, dated May, 1881, of the Committee
appointed by the Board of Trade to consider the Question
of Wind Pressure on Railway Structures.

‘We are of opinion that the following rules will sufficiently
meet the cases referred to :—

¢ (1) That for railway bridges and viaducts a maximum wind
pressure of 56 lb. per square foot should be assumed for the
purpose of caléulation.

¢ (2) That where the bridge or viaduct is formed of close gir-
ders, and the tops of such girders are as high or higher than the
top of a train passing over the bridge, the total wind pressure
upon such bridge or viaduct should be ascertained by applying
the full pressure of 56 Ib. per square foot to the entire vertical
surface of one main girder only. But if the top of a train passing
over the bridge is higher than the tops of the main girders, the
total wind pressure upon such bridge or viaduct should be
ascertained by applying the full pressure of 56 1b. per square foot
to the entire vertical surface from the bottom of the main girders
to the top of the train passing over the bridge.

¢(3). That where the bridge or viaduct is of the lattice form or

* This is the common pitch for roof trusses, height = span
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of open construction, the wind pressure upon the outer or wind-
ward girder.should be ascertained by applying the full pressure of
56 1b. per square foot, as if the girder were a close girder, from
the level of the rails to the top of a train passing over such bridge
or viaduct, and by applying in addition the full pressure of 56 Ib.
per square foot to the ascertained vertical area of surface of the
ironwork of the same girder situated below the level of the rails
or above the top of a train passing over such bridge or viaduct.
The wind pressure upon the inner or leeward girder or girders
should be ascertained by applying a pressure per square foot to
the ascertained vertical area of surface of the ironwork of one
girder only situated below the level of the rails or above the top of
a train passing over the said bridge or viaduct, according to the
following scale, viz. :—

‘(a) If the surface area of the open spaces does not exceed
two-thirds of the whole area included within the outline of the
girder, the pressure should be taken at 28 Ib. per sq. ft.

¢ (%) If the surface area of the open spaces lies between two-thirds
and three-fourths of the whole area included within the outline of
the girder, the pressure should be taken at 4z 1b. per sq. ft.

¢ (¢) If the surface area of the open spaces be greater than three-
fourths of the whole area included within the outline of the girder,
the pressure should be taken at the full pressure of 56 1b. per sq. ft.

“(4) That the pressure upon arches and the piers of bridges
and viaducts should be ascertained as nearly as possible in con-
formity with the rules above stated.

‘(5) Lhat in order to ensure a.proper margin of safety for
bridges and viaducts in respect of the strains caused by wind
pressure, they should be made of sufficient strength to withstand
a strain of four times the amount due to the pressure calculated
by the foregoing rules. And that, for cases where the tendency
of the wind to overturn structures is counteracted by gravity
alone, a factor of safety of two will be sufficient.’

The above notes on wind pressure should give sufficient infor-
mation to enable the reader to see what pressure per square foot
to adopt for the pressure of wind in design. We will deal with
the manner in which the stresses due to wind pressure are calcu-
lated in later portions of this book, and in particular the stresses
in roof trusses due to wind will be dealt with at considerable
length in the chapter on Framed Structures. .

See Appendix, page 561, for Stanton’s experiments on wind
pressure.



. CHAPTER 1III.
FORCES, AREAS, AND MOMENTS.

Graphical Consideration of Resultant of Force
System.—Forces are rotor quantities, 7z.e., they can be repre-
sented in magnitude, direction, and position by straight
lines, and so the magnitude and direction, but pot necessarily the
position, of a number of forces is given by the law of vector
addition, viz, :—The resultant or sum of a number of vector
quantities (7.e., those having magnitude and direction but not

4
S
1P °
2
S —
————— 2
3
4 !
Vector Figure

Fig. 156.— Vector Polygon Construction.

position) is obtained by placing them end to end, preserving
their directions and a continuous sense of their arrow-heads. The
final step from the beginning of the first vector to the end of the
last is termed the vector sum.

In dealing with vector quantities we shall find it very con-
venient to use Bow’s notation, f.e., to number or letter the
spaces between the vectors, denoting any particular vector by the
spaces between which they lie. Suppose for example o, 1; 1,2;
2, 3; 3,4 (Fig. 15) represent a number of forces in one plane,
To some convenient scale, draw o, 1 on a vector figure to repre-
sent the force o, 1 in magnitude and direction ; then fromox draw
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1, 2 to represent the force 1, 2 in magnitude and direction, and so
on until the last force 4, 5 is reached. Then the line joining the
first point in the vector figure to the last point, 7.e., o, 5, will give
the magnitude and direction of the resultant of thé forces, and
the lige o, 5 is called the closing line of the vgctor polygon.
Now if the given forces are in equilibrium they can of course
have no resultant, and so the first and last points of the vector
polygon of a number of forces in equilibrium must coincide.

In dealing with problems in which we wish to find the re-
sultant of a number of forces, we usually require to know-the
position as well as the magnitude and direction of the resultant;

C 3

Veclor F&yym
Fig. 16.—Link and Vector Polygon Construction.

and unless all the forces pass through the same point, in which
case the resultant will also pass through that point, some separate
construction must be used. Such construction is known as the
link and vector polygon construction, and is as follows :—
Leto, 1; 1,2 (Fig. 16), and so on, be a number of forces not
necessarily parallel nor concurrent. To some suitable scale set
down on a vector figure o, 1, 2, and so on, then as before the
closing line o, 5 gives the magnitude and direction of the re-
sultant. Now take any point or pole P at any convenient position
on the paper and join P,0; P, 1; and so on. Then draw any-
where across the line of action of the first force a line a, f;
parallel to p,o0 and cutting the line of action of the force in ¢;
across space 1 draw a, 5 parallel to P, 1; across spac 2 4, ¢
parallel to P, 2, and so on until the last line or link parallel to p, 5
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is reached. Produce this last link to meet the first link in £, then
the resultant R will pass through the point /; and the figure g, 5,
¢, d, e, fis called the &nk polygon, or by some writers the funicular
polygon. ¢

Proor.—By the law of vector addition, the force o, 1 gn the
vector figure is equivalent to forces o P, P1 acting in fa and a4 ;
the force 1, 2 is equivalent to forces 1 p, P 2 acting in 42 and ¢,
and so on, the last force 4,5 being equivalent to forces 4P, P35
acting in de and fe. It will be seen that with the exception
of the forces down fa and fe all these forces neutralise each other,
and so the resultant of the whole system of forces is the same as
that of fa and fe¢, and therefore acts at the point of intersection f
of these forces.

This construction will fail if the first and last links are parallel,
and if this happens, either (a) P has been chosen on the line o, §
or (%) the vector polygon closes (o and 5 coincide), in which case
the forces are in equilibrium or else reduce to a couple.

We shall have constant application of this link and vector
polygon when we come later to consider bending moments and
stress diagrams for wind pressure, &c., but the student should
make himself familiar with the construction at this stage by trying
some examples on the drawing-board.

Resultant of Forces by Trigonometrical Resolu-
tion.—If a force F, act at an angle 6, to any reference line o X,

Y

o e

p——

] ST r—

— X,

Fig. 11.

Fig. 17, then the components of the force in this direction and
at right angles to it are given by : ' '

’ x, = F;cos 6, '

»n = Fysin6,

‘

Now suppose there are a number of forces F,, Fp, Fyand . . ..
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F, acting at angles 8;, 8y, 0, . . . . B, then the total component in
the direction o x is given by—
X =Ficos + Fycos0, + . ... Fycos by

“This js written for convenience— R

= E(F cos 0) S RRRRRAN ¢ 9 )
T du-\-ul-u.m
And similarly the total component at—right-angles te-0 v is given
by—

i .

Y =Fsin6, + Vysinf, + . ... Fysinf,

ie, Y = z: (Fsin) .oovviiiiiniiiiiii e (2)

Fig. 17a.—Resolution of a Force in Three Directions.

Then if the magnitude of the resultant is R and the inclination to
the direction o x is a, we have from equations (1) and (2)—

R=WVX+V2
tna = &
a—x,

If all the forces are not concurrent, then as before some
additional means must be used to obtain the position of this
resultant; in this case this is effected by the Principle of
Moments, which we will consider later.

Resolution of a Force in Three Dlrectlons, not
-Congurrent. —A force F can be resolved in three directions,
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A BC, as follows. -Produce one of the lines, say a, to meet the line
of action of the force at g, Fig. 174, and produce the other two
directions to meet at 4; set out a length o, 1 to represent the
force F and draw 1, 2; o, 2 parallel respectively to the *direction
A and the line a4, 4; and then draw o, 3 parallel to one af the
other directions, say c, and 2, 3 parallel to the remaining direction
B, and 1, 2; 2,3; and 3,0 then give the resolved portions in the
three required directions.

The Determination of Areas.— (¢) MATHEMATICAL
MeTHOD.—If F (%) represents a function of x and the graph

B

Fig. 18.—Sum Curve Construction.

of the function be drawn, then the area between graph and the
axis of x is given by the expression:

A =/F(x)dx.

In practice, in the determination of areas, this method may
become practically unworkable if the equation of the curve cannot
be simply expressed or if the integration cannot be performed.
As thesg conditions often occur we have to rely on the plani-
meter or on the following

(%) GrapsicaL MEeTHOD.—If a curve be plotted on g hori-
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zontal base and a new curve be drawn, such that its ordinate
at any point represents the area of the given curve up to that
point, the new curve is called the Sum curve or Integral
curve of the given curve, which is called the Primitive curve.

The sum curve can be obtained graphically as follows: Let
A c D, Fig. 18, be any primitive curve on a straight base A B.
Divide A B into any number of parts, not necessarily equal (but
for convenience of working they are generally taken as equal).
These so-called base elements should be taken so small that the
portion of the curve above them may be taken as a straight line.
About 1 cm. or *4 in. will usually be a suitable size and in most
cases a smaller element 11 will come at the end. Find the mid-
points, 1, 2, 3, &c., of each of the base elements and let the
verticals through these mid-points meet the curve in 14, 24, 34,
&c. Now project the points on to a vertical line A E, thus ob-
taining the points 13, 24, 35, &c., and join such points to a pole P
on A B produced and at some convenient distance p from A
Across space 1 then draw A & parallel to P 15; d'¢ across space 2
parallel to P 24, and so on, until the point # is reached. Then
the curve Ade .. .. n is the sum curve of the given curve, and to
some scale B n represents the area of the whole curve.

Proor.—Consider one of the elements, say 4, and draw f 0
horizontally.

Now A £ g, o is similar to the A », 45, A
&0 _ aha

v

* fo PA
but PA = pand 46, A = 4,4a
. go = fo x 4, 4a _ area of element 4 of curve
? ?
area of element 3 of curve
¥4

.*. Ordinate throughg =go + fg +....
area of first four elements of curve

Similarly fg = "and so on.

.+ Thecurve ade¢. ... Zis the sum curve required.
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Then if Bn# be measured on the vertical scale and p be
measured on the horizontal scale, the area of the whole curve will
be equal top x B

It is obviously advisable to make p some convenient round
number of unita, . .

The sum curve obtained by this method may have the same
operation performed on it, and thus the second sum curve of the
primitive curve is obtained, and so on.

If the operation be performed on a rectangle, the sum curve
will obviously come a sloping straight line, and if the sum curve

4

Fig. 19.

of a sloping straight line be drawn, it will be found to be a
parabola. In the case in which it is required to apply this con-
struction to a curve which is not on a straight base, the curve is
first brought to a straight base as follows :

Suppose Ac¢ B4, Fig. 19, is a closed curve. Draw verticals
through A B to meet a horizontal base a! Bl, Divide the curve
into a number of segments by vertical lines at short distances
apart, and set up from the base A B lengths a,, 4,, &c., equal to
the vertical portions a, 4, &c., on the curve. ]oining up the
points thus obtained we get the corresponding curve A’ tln on
a straight base. .

© ‘Smpson’s RuLe.—Divide the base into an even number
of equal parts (each equal to c) and measure all the corre-
sponding.ordinates.
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Then area of curve is equal to:
I twice sum of + four times sum of sui of first
2 € 1 odd ordinates even ordinates and last ordinates

. (@) PARMONTIER’S RULE. — Divide up base and measure
ordinates as above, then area of curve is equal®to:

sum of odd _ € [ 7 second first last recedi
2C X "ordinates 3{(ordinate - ordinate) - (ordina.te - l::n'dinate )}

Moments.—First MOMENTS.

force (/)
The product of a ;“r::s((a’;') by its distance from a given
volume () o
force
point or axis is called the first moment of the'{ 72°°  about the
volume]

given point or axis, or commonly simply the moment.

In the case of a force, the moment measures the tendency of
the force to turn about the given point or axis, and according
as such turning would take place in one direction or the other
we get positive and negative moments, the clockwise direction
being usually taken as positive and the anti-clockwise direction as
negative. Now if a rigid body is in equilibrium under a given
system of forces, it can have no tendency to turn about any point
or axis, and so we get the following fundamental rule :—

The algebraic sum of the moments of a system of forces on a
rigid body in equilibrium about any posnt or axis is zero.

The following elementary numerical examples will show two
applications of this theorem to the theory of structures: several
further examples will occur in the course of the book, and those
new to the subject should work the examples given at the end of
the book.

EXAMPLE 1.—d freely supported beam of 20 ft. span carries loads
of § ton, } ton, 1 ton, and 2 tons at distances apart as shown in Fig. 20.
Determine the reactions Ry and Ry at the ends.

Now the beam is in equilibrium under the loads and reactions, and
therefore the vector sum of the forces is zero. In the case gf parallel
forces the vector sum is equal to the algebraic sum.

2~ Wehave R\ + Re =% +} + 1 + 2 = 375 tons.
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To determine R, take moments round B, thus eliminating the
moment of Rs.
We then have—
Moment of W; = 17 X 4 = 850 ft. tons. ¢
”» w Wy=13 X k= 325, ,
’; w Wg= 1X7= 700, ,
» w We= 4 XxX2=
Total moment of weights

I
N
[ ]|
N
w

This is the anti-clockwise moment, and must be equal to the clockwise

moment Ry X 20.
.. We have 20 R, = 26°75.

< Ra= %;—)7-5 = 1°337 tons.
say 1°34

=375 — I'34

= 2°41 tons.

As a check to the accuracy of the calculations Rp

could be found by taking moments about A.

.~ Rp

on #ton 1Ton 2lons
Al 1
P I ———— - ————
20’ R.
Fig. 20. Fig. 21.

EXAMPLE 2.—A wall 18 ins. thick and 8 feet high weighs 10 tons.
Find what pressure, due fo the wind acting at the centre of the wall,
would be necessary lo overturn the wall.

Taking moments round the point B, Fig. 21, the clockwise moment
due to the wind is equal to P x 4, while the anti-clockwise moment
due to the weight of the wall is W x x. When the wall is just about
to overturn, these will be equal. ’

S Pxd=Wxux
I0 X9
12
10 X 9

P= 12X 4 = 1875 tons.

4P
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GRAPHICAL DETERMINATION OF THE FIRsT MOMENT OF A
NuMeer oF FORCES ABOUT A GIvEN PoiNT.—This we obtain by
means of the link and vector polygon construction (see Fig. 16).

_Suppose the moment of the given force system is required
about the point Q. Through @ draw a line parallel to the
resultdnt R to cut the first and last links produced in % and g
Then if the point P is at perpendicular or polar distance p from
o, 5 on the vector figure, moment of force system about Q is
equal to g% x p, g & being read on the space scale and p on the
force scale,

X J N X
Fig. 22.—First Moment of an Area.

Proor.—The triangles f ¢ 4, P, o, 5, are similar.

. £h _ o5
g T2
e P xgh=05xg¢g

but o, 5 = resultant R and ¢ is distance of R from Q.
.. 0,5 x ¢ = moment of force system about 4.
». P x gk = moment of force system about g.

First Moment of an Area.—Let a small element of area
a of any figure be situated at the point P, Fig. 22, and let x x be
any straight line or axis. Then if P N is drawn perpendicular to
X X, a X PN is the first moment of the element of area about
the given line. Now, if the whole figure is divided uip into
elements of area such as a, and the moments of each element be
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taken about x x and the whole of these moments be added
together, the resulting sum is called the firs¢ moment of the area.

- .. The first moment of the whole area is the sum of
quantities such as ¢ x P N. This is expressed symbolically as
follows : ¢ ) : .

" First moment of whole area = 2 (a x P N).

Now the centroid or ke first moment centre of an area is
defined as the point at which the whole area can be considered
concentrated, in order that its moment about any given line will
be equal to the first moment of the area about the same line.

/

d

X . AT X
Fig. 23.

Thus if c is the centroid of the area, and c J is drawn
perpendicular to x x, and the area of the whole figure is A,
we have : )

Axcjy=232(.PN) ..
ey = z(aA.PN)

This will not determine the exact position of c, but only its
distance from the given line x x. If the exact position of the
centroid is required we must also take moments about some
other line, not parallel to x x, then the distance from the two
lines will determine its position.

In connection with_the centroid it should .be. noted, that the
positiort of the centroid depends solely on the shape of the figure,
and not 6" the position of the axes about which mements are

WA v an
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taken. A% in the case of forces, we have positive arid negdtive
moments in areas, the moment being positive when the given
element of area is above or to the right of the given axis, and
negative when it is below or to the left. ’

FirsT MOMENT ABOUT LINE THROUGH CENTROID.— Now
considér the first moment of an area about a line c c, Fig. 23,
through the centroid. The moments of elements of area above
the line such as that at p will be positive, and the moments of
elements of area below the line such as that at p! will be
negative. '

Now in this case c J is zero, and 'therefore A x ¢ J will also

Y

rd

A\

Fig. 24.
be zero, and therefore we have the rule that the first: moment of
any area, abopt 2 Line. through its centroid is zero. o

POSITION OF CENTROID WITH AXES OF SYMMETRY. —Suppose
an area has an axis of symmetry v v, Fig. 24. Then this line
divides the area into two exactly similar halves so that corre-
sponding to each element of area at P having a positive moment
about Y Y we have an equal element at P! having an equal
negative moment about v ¥ so that the total moment of the area
about v Y is zero, or v v passes through the centroid.

If the figure has another axis of symmetry X X, the centroid
also lies on this line, or we have the rule that the cent_x:gig_l ofa
figure is at the intersection of two axes of [ symmetry.

or the determination of the position of the centroid for
various cases, see page 81. .
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It should be noted that the centroid of an area is éﬁe same as
the centre of gravity of a template of the sanie shape 4§ The area.
“Sécorid Moments or Moments of Inertia. — The

force (f ;
product of a {::::s(%z by the sguare of its distance » from a
volume (7)) force
given point or axis is called the second moment of the ;nr::s
about the given line or axis. volume
Y . G
dy
e K
5 7
Cx \s Cx
ks d,
X N Q X
Y

Fig. 25.—Second Moment or Moment of Inertia
of an Area.

Now, in considering rotating bodies the second moment of
the mass has to be considered, and this quantity has been given
the name of the moment of inertia. 1In the application of the
second moment to structural work we shall have nothing to do
with inertia, but the term moment of inertia has been generally
adopted, and so we shall use it; but we must remember that it is
really a borrowed term and quite an unsuitable one.

APMLICATION TO AREAS.—If an element of area a is situated
at the point p, Fig. 25, and P N is drawn perpendicular to a line



Second Moments or Moments of Inertia. 65

X X, then the second moment of this element of area about the
line X X is equal to a« x P N2 If, as in the case of the first
moment, we divide the whole area up into elements and take the
second moment of each, we see that the second moment of the
whole grea about X X is the sum of the second fpoments of the
clements. The letter I is always used to denote the second
moment, the line x X, about which the moments are taken, being
indicated by writing it Iy..

Thus we see Iyxy = = (a x P N2),

In the same way, considering the line v v, we have :

Iyy = 2 (a x pM2).

Now suppose x is such a point that the whole area can be
considered concentrated there s0 as to glve the same second
moments aB"'ut X X ‘and vy as the second moment. of the area

about these lines.

Then A x K Q* = Iy
and A x KR? = Iy

Then the point k by analogy might be called the
secondroid of the arca with regard to the axes x x and Y Y.
The point of importance with regard to the secondroid is that
ifs “position "deperids on the position of the lines about which
the moments are taken, whereas the position of the centroid
does not.

Now, the distances of the secondroid from the lines x x and
Y v are called the second moment radii or radii of gyration about
the given lines, and are written £, and &y respectively.

We have—
Akxz Ixx = E(a X PNQ)

Txx
or b, = ,\/--;{x ’
Ak? =1Iyy = Z(a x PM?)
or &, = \/-A

Now, in practice it is nearly always the second moment about

]
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a line through the centroid that is required, and this is obtalned

as follows :~

GIVEN THE SECOND MOMENT OR MOMENT OF INERTIA OF AN
AREA ABOUT A GIVEN LINE, TO FIND IT ABOUT A PARALLEL LINE
THROUGH THE CENTROID. .

Suppose we know Igy.
Now, Iyx = = (¢ x P N?)

=3Z[ax (Ps+sSN)?]=Z3[ax (ps + dy)t]
Sfa.(ps® + 2Ps.d + 4,2)]
2(.rs?) + 2(a.2pPs.d,) + S (a. d’)
_Of the terms on the ’1"1ght- and side

2 (e x P s = I (which is required).
S(a.2Ps.d) =2d,2a.P5

2 dy (first moment of area about line cx Cx
through centroid)

2dy X o
= 0
S(a.d?) =d23a
. = d,* (area of whole figure)
= d,2. A.
.. We have Iyy = Igx + A &2 ]
orIex = Ixx— A2}
Similarly Igy = lyy — A d2°

i

* The Momental Ellipse or Ellipse of Inertia.—The
principal axes of a section are defined as two axes at right angles
through the centroid, such that the sum of quantities such as
a X P M, PN, or the product moment as it is called, is equal
to zero.

In the case of scctions with an axis of symmetry, suck axis
determines one of the principal axes.

Let x x and v v, Fig. 26, be the principal axes of a section
and let &, and 4, be the radii of gyration about the two axes.
With o as centre draw an ellipse, 0 X being equal to 4y and o v
being cqual to & Then this ellipse is called the momental ellipse

or ellipse of inertia.
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To o:)tain the radius of gyration %, about a line z z passing
through o at an angle 0 to X X, draw z z a tangent to the ellipse
parallel to z z, and draw 0 Q perpendicular to it.
Thenoo =4
for . Izz=za.PR2

=Z2a(Ps — sRr)?

=3Za(Ps — NT)?

= 2 a (ycos B — x sin 6)2

=2 a.x?s5in20 + Ba y?cos?0 — T2 aysinfcosh
=sin*@ Za.x?+ cos?0Zay? - 2sinfcosfBxy

Fig. 28.—Momental Ellipse or Ellipse of Inertia.

Now, = xy is the product moment, and as x X and v v are
the principal axes, this is zero.
e Izz = sin2 0 3 (a. x2) + cos? 0 3 (a y?)
= Iyy sin? 6 + Igycos? @
oo ARE=AR2sin?0 + A &Zcos?0
k? = k2sin? 0 + 2,2 cos® 0
N (]
and therefore from the properties of the ellipse 0 Q is equal
to 4.
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<

To find the principal axes in the case where there is no axis
of symmetry, the procedure is as follows :

(2) By graphical methods or by calculation first find the value
of the product moment and the radii of gyration abo6t any two
axes through the centroid at right angles.

Let the product moment be A p? and the radii of gyratlon
%y and Z%y.

Then the angle of inclination 8 of the principal axes to £, or
%, are given by the relation

22
tan 2 6 = FE ke

(4) By graphical methods or by calculation find the second
moments of the given figure about lines x x and v v at right
angles to each other and passing through the centroid and
find it also abotit a third line z z at 45 degrees to the other two.

Then if 0 is the inclination of the principal axes to XX and vy

tan 2 8 = Ix "’I:.‘.';'IYZ I

RS+ A2 - 2 kE*
ortan z § ="t
Z

ConpITION THAT PRODUCT MOMENT 1s ZERO.—It can be
shown that the condition that the product moment about two
lines is zero is that such lines form conjugate diameters of the
momental ellipse. '

A numerical example on the momental ellipse will be found
on page 165.

Second Moments about any Two Lines through
the Centroid at Right Angles.—A property of the second
moments of a figure that is sometimes useful is that the sum of
the second moments of an area, about two lines at right angles
through the centroid, is equal to the sum of the second moments
about any other pair of lines at right angles through the ceatroid.

Second Moment or Moment of Inertia of Figure
about an Axis perpendicular to its Plane.—The second

* A rule that is sometimes useful in calculations for moments of Inertia is
that : “The sum of the moments of Inertia about any two lines intersecting at
right angles to each other is equal to the sum of the moments of Inertia about
any other lines at right angles having the same intersection.’
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moment or moment of inertia of an area about an axis o perpen-
dicular to its plane is called the polar second moment or moment
of inertia, and is equal to Za . P03
Let ahy two axes x x and v Y at right angles be drawn
through 0, and let perpendiculars P N, » M be drawn to these
axes, Fig. 27. Then rpo? = pN? + NO?
= PN? + PM?
o Z2a.Po?=3a.PN? + Ba.PM?
= Iyx + Iyy
Therefore we have the following rule :
'The polar second moment, or moment of inertia, about an axis
perpendicular to the planec of any area, is cqual to the sums of the

Y

X u NTTTTX
Fig. 27.—Polar Moment of Inertia.

second moments about any two lines at right angles, drawn
through the axis in the plane of the area.

The Determination of Centroids, Moments of
Inertia, and Radii of Gyration.-—(¢) MATHEMATICAL.—
Consider the curve of a function y = Fa.

Then considering a strip of width 4 x parallel to the axis of x,
Fig. 28.

Area of curve = / Fx)dx
First moment of area about oYy = / Fx)dx x xe

Secopd moment of area about oy = / F(x)ax x x?
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Consider for example the parabola y2 = 44 x, and take the -
area between the curve and the axis of x.

» Fec)

[y -Su—
N

Areaofcurve=/ydx =/za!x!dx
B
=za&/x5dx=l:za}.ix‘?]
o 3 o

Now 2at B? = H

.* Area of curve = § B H, Fig. 29.

First moment about oy = fx_ydx =/z at xt d x

B
za!fx?dx =‘[zal.§x5]

n

=4atp = Zp2y

. . ¥ B:H
.*. distance of centroid from oY = I-;-B H 3pc
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Second moment about oy = /x“ydx =/z atxtdx

B ¢ B
= za*/xhlx = [zd,?ﬂ]

ot =~ Zpsy °
7 7
2 n3 .
kY '?;EH’
orky = /in
\f z
r--
H =
Adx”
/ )
1 _
O * B x
Fig. 20,

If the second moment is required about the base x z, we
proceed as follows :

2
on=‘7-B3H.
Igo = Iov — A. 22
s
= 2umw -2 pgu.2E
. 7 K 2
Ixy = Iec + Ad?
=‘;'Hbs——HB"+—HB"
=Hns{l_5_°_;_'?£i 56) _ g, 80 e
525 J 525
16 s
= — HB
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A list of values of second moments, &c., for common figures
will be found on page 81. :

It often happens in practice that the mathematical method is
unworkable, in which case the following graphical m®thods are
necessary. . .

. () GraruicAL.—(1) Centroid.—Supposc we have any area
PR QS, Fig. 30, and any two parallel lines x x and Y v, at distance
% apart.

Draw a thin strip of the area parallel to x x and of thlckness ¢

M B h'S

I
Pl —Ne

i ;
4 // . ¢,
c 4 - A
2
/ .
L F X

!vcg. 30.—Graphical Determination of Centroid
and Mowent of Inertia, &c.

and let its centre line be p@. From one of the ends of this
centre line, say Q, draw a perpendicular Q M to Yy and from the
other end draw r N perpendicular to X x.
Join MN and let it cut pQ in Q, and produce M Q to cut
XX in L.
Then thc As PN, MNTL are similar.
. PO _NL _PQ

PN ML X
PQ.PN

SOoPQp = -/t‘
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[ ]
Multiplying through by # we have :
PQ X {XPN area of strip PQ X PN

P Ql. X £ =S = %
"' Areg of portion P Q, of strip = First moment OZ S.mp about XX (1)

Now divide the whole area up into strips and join up all the
points corresponding to Q;, thus obtaining "the First Moment
Curve R Q; S.

Then the area to the left-hand side of the first moment curve
will be the sum of the arcas of portions of strips such as P q,.
Call this the Zirst Moment Area (A;). Then we have :

Sum of first moments of strips about X X
A
I‘"‘St moment of whole area

V)
*. First moment of whole area = A, 4

. . Flrst moment about XX
or distance of centroid from X X = e e

area of figure
A, Z

=T e (2)

Draw any vertical line FB to cut xx in Fand vv in B and
through r draw any inclined line, on which set out Fa equal on
some scale to A, and F e, equal to A,. Join ¢ B and draw a,C
parallel to it, then the centroid lies on a line through c parallel
toxxoryyv.

A,y =

Cr Fa
For — = 1
FB F
CF A .
A A
Ak
or CF = -2

And this by relation (1) above gives the distance of the centroid
from xX.

(2) Second Moment.—If the second moment is requirgd about
the line x x draw Q, M, perpendicular to v ¥ and join M, N, cutting
PQ in @, and let M, @, produced cut X X in L,.
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Then the As P N Q,, M, N L, are similar,

_‘_l:_gi=§_l:l=l’_QJ

PN ML, 4
PQ, X PN
. arg - RO :

Multiply through by # then we have

PQ, X 7 = I:_.Q.i{_x PN
“ Y/

area of strip P.Q X PN

But we have seen that pQ, x # =

area of strip PQ x PN?2
A2 B

o P02Xt=

.

" Areca of portion b Qa of strip = secon ‘-l--"-’? nfe'?t~»9; :%"-i-'?l“)- ‘51}’93'-: E-P-‘. . (3)
B2

Now repeat this construction for each of the strips and join up
all the points corresponding to q, thus obtaining the second
moment curve R Q, S,

Then the arca to the left-hand side of the second moment
curve will be the sum of the areas of portions of strips such as
PQ, Call this the second moment area (A,). 'I'hen we have:

A, = Sum of second moments of strips about x x
; R A
Lex
Y
‘.'. Ixx = Azllg P R R T T T RIS (4)

Some care is required in determining which area to read as
A or A, It does not matter whether the verticals are drawn
downward from P or from Q, but when the moments are. re-
quired about one of the lines, say x X, read, for the first
moment area, the area on that side of the first moment curve
from which the perpendiculars are drawn to x x, and in
drawing the second moment curve draw from the first moment
points, esuch as @, perpendiculars to the other line v v, again
reading the area to the side from which the perpendiculars were
drawn to xx. e
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Now, on the line ra set out Fe, equal to A; on the same
scale to which the other areas were drawn, and join a, B, drawing

a, D parallel to it.
On  r Yescribe a semicircle, and draw a line c E parallel to X x

to meetyit in E. N
Then cE will be equal to 4, the radius of gyration about cc.’

Proovr.
FD _Fay _ A
FB F a, A,
& xIxx
ep xAy T I A2
A Axcr A.cr CF
%
F D FE
Now = —
FE FC
. FD.FC = FE?
. FD FE
e T CF¥
W FE = Ay
Now FE? = rc? + CE?
k2 = c¥: + 4,2

TCcE = A2 - 4

But we have alrecady shown that
k2 = &t - dd
. CE = /.

NUMERICAL EXAMPLE.—Graphical Delermination of Radius of
Gyration of Rail Section about Cenlroid.

Fig. 31 shows the graphical determination of the radius of gyra-
tion about the centroid parallel to the base of a British Standard 85 1b.
flat rail section.

Since the section is symmetrical about a vertical centre line, the
first and second moment curves need be drawn only for half the
section, this simplifying the construction considerably. The Ifhes XX
and Y Y are taken as the horizontal lines, touching the section at top

and botfom.
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The areas A, A, A, are next found by planimeter or by sum-curve
construction. (To avoid complication of figures, the sum curves for the
first and second moment curves are omitted.) The first and second
moment areas are to the left of the curves.

When multiplied by two, because only half the secuon was con-
sidered, we get 10— o

A = 836 sq. in. A; = 402sq. in. A; = 3°05 sq. in.

To the side of the figure a vertical F B is drawn between the X X
and Y Y lines, and the points a, a;, @z obtained as shown.

z Half .Secfm.
- : \ Fa =835
. | S, m—1 v/ g
(R G-
: /Al
T = o e
St F P flrert Gune
. E ™ ' Curve R
23 ' cl 19
5%
2% ' o,
1
H 2
|
" )
X ) F ; X
L e - 5?& !

Fig. 31.—Rail Section.

Then by joining @B and drawing @, C parallel, we get the point C,
C F giving the distance of the centroid from X X ; and by joining #; B
and drawing a, D parallel, we get the point D.
On DF a semi-circle is drawn, and CE is drawn horizontal to
meet tee semi-circle in E.
Then CE = 4. which on measuring will be found to be 1°91 in.
. This construction should be gone through as an exercise. ¢
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APPLICATION OF ABOVE METHOD TO CASE OF RECTANGLE.—
Let A B ¢ v, Fig. 32, be a rectangle of base 4 and height 4, and
take the lines xx and vy through c » and B a respectively. Then
the first moment curve will be the diagonal B E p, while the second
momenj curve will come a parabola » F b, so that ;—

bk
A =2
b
A, = -2
2 3 ’
T = 2% g = 2R
3 3
o Axh _ bk .k _k
x A 2 bk 2

_ K _ bk _ b

3 3 12

b -

X D c X
Pig. 82.— Moment of Inertia of Rectangle.
ALTERNATIVE GRAPHICAL CONSTRUCTION—MOHR’S METHOD.

—The following graphical method for obtaining the? second
moment about the centroid is in some cases more convenient in
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use than the one previously given. Divide the area, I'<‘ig. 33, up
into a number of small strips of equal breadth, parallel to the
direction about which moments are taken, and draw the centre
line of each of said strips. Then if the strips are suffisiently small
(we have only taken 4 few strips in the figure to avoid cgmplica-
tion) the lengths of these centre lines represent the areas of the
separate strips. Now, on a vector line, to some scaie, set out
0,1, 1, 2,...6, 7 to represent the area of each strip, and take a pole

\_ 7

Fig. 33.—Mohr's Construction for Moment of Incrtia.

at distance = } total area o, 7 from this vector line. Then any-
where across space 0 draw and produce a line @ /% parallel to o,» ;
across space 1 draw @ & parallel to P 1 ; across space 2, 4 ¢ parallel
to P 2, and so on until the point g is reached. Then draw the
last link g /% parallel to the last line P 7 to meeta /4 in 4.

Then the line c c through the centroid passes through £, and
if a is the area of the shaded area, and A is the area of the figure,

- Iec of figure = A x a.

-

Proor.—Consider one of the elemental areas, say o, 1, and
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produce @5 to meet the horizontal through 4 in 4. Then, by the
law of the link and yector polygon construction, treating the areas
of the elements as forces (proved on page 61).

4% = moment of first force aboutcec x —
polar distance
]

=0,I X & X ———0=
4 total area
X & x>
=01 X
’ A

AreaofAadh = § 0k x x

2 A
_ second moment ¢ of element about cc
A
ment of.
.. Arca of shaded figure = a = sesg_nd momen Ao figure about c ¢

e, A a = second moment of figure about cc.

The proof that %z determines the centroid will be found on
page 54, where it is proved the mcet of the first and last links
determines the resultant, and in this case the centroid is where the
resultant of the separate areas considered as forces act.

* Equivalent Centroid and Second Moment of
Heterogeneous Sections.—Suppose that the cross-section of
a beam is composed of two materials for which Young’s modulus
is not the same, and let Young’s modulus for one material B be
m times Young's modulus for the second material C. Then in
the case of direct stress we have seen that the material B behaves
as if it were replaced by »z times its area of the material C. In
the case of a beam the same relation holds, so that we may
replace the material B by an area m times as wide, the width
being taken parallcl to the line about which moments are taken,

Then if A is the area of material B, and A, that of material
C, the equivalent area of homogeneous material C is given by

A, = A + mA

To obtain the distance 2 of the equivalent centroid from a
line X X, take first moments of the separate areas about = X and
let them be M and M, respectively.
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Then equivalent first moment of the second material is :
My=M +=2M
4= M, +=mM

Al + mA «

"To obtain the equivalent second moment about a line x x, take
the separate second moments about x X and let them be I and I,
respectively, then the equivalent second moment of the second
material is given by L =1, +ml

We shall give numerical examples and further explanation of
this when dealing with flitched beams and reinforced beams.

Fig. 34,

The above reasoning may be shown graphically as follows :

Let A B cp (Fig. 34) represent any area which has embedded
in it two bars x and v of different material. For considering the
moments about any line such as p B shown dotted, make a strip
EF of the same depth as X, and of area equal to (7 - 1) area of x
and also a strip G H of area equal to (# — 1) area of v.

Then the equivalent first and second moments of the
heterogeneous section about the given line will be the same as
a homogeneous section of form AEFBGHCD.

We take EF = (m — 1) area of x because the bar already
occuples an area equal to its area, so that equivalent area of
second material = [(m - 1) + 1]area of x = m x area of x.
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Fig. 86.—Moments of Inertia, &c.
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For the properties of British Standard Steel Sections, see
Appendix. . .

Calculation of Moment of Inertia and Radii of
Gyration of Sections used in Constructional Work.—
The moments of inertia of sections composed of sections of
known moment of inertia are found by adding up the moments
of the separate parts, or subtracting when the area consists of
the difference of known areas.

The following examples should make the method of calcula-
tion clear for any such case. See Figs. 36 and 37.

(1) Box or I Section.—These are geometrically equi-
valent as far as the line ¢ ¢ is concerned, because if the box
section be cut in half vertically and the two halves be turned back
to back, we get-the I scction.

3 — (b - — 278
Then I = bR - (& 12;{1)_(}‘ 27)

(2) Hollow Circular Section.
™
Iec = _6: (Dt - DY)

When the thickness of metal is small and equal to ¢ this

. x D3z
approximates to Ig = 3

(3) Channel Section (neglecting inclination of sides and
rounded corners).—Consider the section shown in Fig, 36 (3).

Area = A =3'5 X475 + 505 X "375 + 3°5 X 475 = 5°219 5q. in.
"To obtain distance 4, of centroid from x X take first moments

about x x. Then
. ‘05 X "375 X '3 & X ‘47K X 2°
A xdy= g5 % a7 x 33 4 SRS XBIS XIS, $5X4I5 X g5
= 2'910 + "354 + 2910 = 6'175
Cog 2 TS s
. dy = 5219 = 1'185 in.
Second moment about X x = Igx -
. o8 . . 8 . o8
‘475 % 357 4 5795 .’;_37.5. + _‘115*_; 35
= 6'775 + 089 + 6'775 = 13639 in, units
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Iyx — Ad2

13639 — (5219 x 1°1852%)

= 13639 — 7°323 = 6°316 in. units.
o e —————————

R */“11T= 1'or10 in.

(4) Cast Iron Beam Section.
Area = A =2 x 13 + 7 x 1+ 6 x 1} = 19 sq. in.
Moments round base
Ade=3x925+7%x5+09x°75

2775 + 35 + 6°75 = 69’5 in. units.

69'5

Teo

]

. dx = Ty 3'658 ins.
6 x 3'658% 5 x 2°158% 2 x 6°342% 1 x 4'8923
Teo = B

219°95 in. units

(5) Built-up Mild Steel Column Section.—Composed
of two 10 x 3} x 2821 channels and four 12 in. x } in. plates.
Required to find %, and Zy. From the Table of Standard Sections
we obtain thc following information concerning the Channel
Sections :— .

Area of each 8296 sq. ins.
I about centroid parallel to X X = 1179 in. units
I » » n YY = 8191 , »
Distance of centroid from web = 033 in.

.*. Total area of section = (4 x 12 x }) + (2 x 8:296) = 40.592 sq. in.

MoMENT ofF INErRTIA aBouT X X.
2 channels, 117'9 each = 2358

3
2pairsof 12 x in. plates about centroid = 2x ']2: Y= 20
A x d2 for two pairs of plates = 2 x 12 x 5°5% = 726'1
Total . ... = 9639 in, units

963" .
SRy = \/ﬁ)——;—;—)z = 4°'go ins.
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MoOMENT OF INERTIA ABoUT Y V.
4 %X § s 128

4 plates 12 x } about centroid = — ., = 2880
2 channels about centroid = 2 x 8194 2 164
A x 4? for each channel = z x 8296 x 3'183? = 1§8'5
Total = 47;'9
4729
by = o) 329
y \/40.592 3'41 ins.

(©) Bux:lt - up Beam Section — composed of two
14 in. x 6in. x 46 Ib. I beams and four 14 in. x § in. plates,
Fig. 37. Required Iyx.

Rivels é’ dia

2Plales 14°x
. Fig. 37,
From the Standard Section Tables we obtain the following
information concerning the I beams:—
Area of each = 1353

I).x » » = 440 5
Mean thickness of each ﬂange = 698 in.

Ixx OF WHOLE SECTION (NOT ALLOWING FOR RIVETS)
Ixy of two X beams = 2 x 440°5 881
I of two pairs of plates about centroid = 2x14 (5) = 4°8

Aa? for two pairs of plates = 4 x 14 x—s- x 7:625% = %035

. Total ... =« 29303
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ALLOWANCE ¥OR RIVETS (neglect I of each rivet-hole about
its centroid).

Area of each hole = (2 x % + '698) ; = 1'704
dist. o£ centroxd fromXX =14 376

o Ixx = 4 X 1°704 x.7°2762 = 360'8
. Nett Iyx = 2920'8 — 3608 = 2560

§

(7) Built-up Sections—Approximate Method.— The
moment of inertia of built-up sections can be found approximately
by adding the moment of inertia of the X beams or channels to
A 2°? for the plates, & being taken as the distance from the centre

@ V4 —]
— - "
T

£ -~
o

D
H[-—a =.r 3

Fig. 88.—Centroid of Trapeziwm.

of one set of plates to X x and the ne#t area of the plates being
taken for A.
Taking the section of the previous example, we then get Ixy
as follows :
Ixx of two I beams = 2 x g440'5 = 881

A 2?2 for plates = 4 x 3(14 -2 x -;) x 7°6252 = 1781

Total approximate Ixx = 2662 in. units

Construction for Centroid of Trapezium. — The
following graphical construction for obtaining the centroid ot a
trapezium will be found useful in dealing with masonry stryctures.

Lét A D c G be a trapezium, Flg 38. Bisect the parallel
‘sides a Sand cpin E and F and join E F.
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Produce a G to J making G J equal to the length & of D ¢ and
produce c D to H making D H equal to the length ¢ of H B,

Join H j and let it cut E ¥ in B.

Then B is the required centroid of the trapezium. .

Construction for Centroid of any Quadrilateral.—
Let E be the point of intersection of the diagonals a ¢ and B D of
any quadrilateral, Fig. 39, from c sct off ¢ £’ equal to A E and
join p E' and B E. Then the centroid of the quadrilateral will
be the same as that of the triangle B £’ D.

.*. Bisect BE' and £’ D in K, H and join D Kk and B H, then
their point G of intersection gives the required centroid.

A
-]

~

Fig. 30.— Centroid of Quadrilateral.



CHAPTER 1V.
RIVETED JOINTS AND CONNECTIONS.

Forms of Rivet Heads.—The most common forms of
rivet heads and their usual proportions are shown in Figs. 40, 41.
For structural work the snap-headed rivets are most usual,
but countersunk rivets are used where necessary to prevent pro-

CUP OR SNAP HEAD,
CONICAL HEAD,

| et — 21d— >t
-d }—a— |
il > |
{
|

E I '

H '-——I'fuL—ba

—f5 ?‘l |

PAN HEAD, COUNTERSUNK HEAD.

Figs. 40, 41.—Forms of Rivet Heads.

jections from the sutface of the plate. Snap-heads take a length
of rivet equal to about 1} times the diameter.

It is usual in practice to adopt a diameter of rivet whefi cold
equal to one-sixteenth of an inch less than the diameter of the
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<
hole, but in all calculations the diameter of the rivet is taken as
being equal to that of the hole.

Diameter of Rivets. —According to Unwin’s formula, the
diameter of the rivet is 1°2 ,/7 where £ is the thicknesstof the thin-
nest plate, but for structural work this rule is very seldom gdopted.
In practice a §"’ or §” rivet is adopted wherever possible, and it
is best not to use any formula to obtain the diameter in terms
of the thickness of the plate. Some authorities use a diameter of
$" for a §" plate, §" for a }" plate, and 1" for a 5 plate. It
is difficult to get rivets of larger diameter than 1in. driven by
hand.

Forms of Joints.—(a) Lar JoiNTs AND BUTT JOINTS.—
In the /Jap joint the plates overlap as shown in Fig. 42. This form
of joint has the disadvantage that the line of pull is such as to
cause bending stresses, tending to distort the joint as shown.

In the butt joint the edges of the plate come flush, and cover
plates are placed on cach side as shown, the thickness of the cover
plates being each five-eighths that of the main plates. In this
form of joint the pull is central, so that there are no bending
stresses.

In the single cover joint, which is a cross between the lap joint
and the butt joint, there are bending stresses devcloped, tending
to distort the joint as shown.

It is clear from the above that the butt joint should be adopted
wherever possible.

(#) CHAIN RIVETING AND ZIG-ZAG OR STAGGERED RIVETING.
—The different rows of rivets in a joint may be arranged in chain
form or zig-zag form, as shown in Figs. 43, 44. As we shall see
later, the zig-zag form is more economical, and should be used
whenever possible.

Methods in which a Riveted Joint may Fail. —A
riveted joint way fail in any of the following ways :—

(1) By tearing of the plate.

(2) By shearing of the rivets.

(3) By crushing of the rivets.

(4) By bursting through the edge of the plate.

(5) ‘By shearing of the plate.

Fig. 45 shows these methods of failure.
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Fig. 42.--Forms of Riveted Joints.
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(4) and (3) are allowed for by the following rule :—~The mini-
mum distance between the centre of a rivet and the edge of the
plate is 1} 4, where d is the diameter of the rivet.

If this rule is adhered to the joint will always fail*first in one
of the ways (1), (2), (3). .

The aim in designing a joint should be to make the force
necessary to cause failure in the various ways equal.

x :

— N p
Fig. 43.—Chain Riveting. Fig. 44.—Zig-zag Riveting.

We will now consider the various ways of failure in detail,
taking in each case a strip of plate equal to the pitch of the
rivets.

(1) TEARING OF THE PLATE.- -In this case the width along
which fracture will occur is (p - ), and as the thickness of the
plate is # the area of fracture = (p-2) £ .

Therefore, if /; is the safe tensile stress in the material, the safe
load wHich the joint can carry is equal to

P=fi(f=d)t omereereennnns e (1)
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(2z) SHEARING OF THE RIVETS.

2
In the case of single shear, the area sheared = uid

double 2xa?®

Therefore if £ is the safe shear stress on the rivet, the safe
forces on the joint as regards shear are respectively

P=f ™

4(12 ....... cerrereneenieae (2)
P=/f2%"
S 4

(3) CRUSHING oR BEARING OF RivErs.—In this case the
crushing or bearing area is taken as the diameter of rivet multi-
plied by the thickness of the plate, 7.e.,, dx 2. Therefore, if f is
the safe bearing stress on the rivet, the safe force on the joint as
regards bearing is equal to

P=fo.d. .t coviiiiiiiiiniiiens (3)

The values of f; and £ may be taken as given in Chapter II,

For f3, 10 tons per square inch may be taken for mild steel,
and 8 tons per square inch for wrought iron. These figures are
higher than for ordinary compression, and are obtained from the
results of experiments.

For structural work the strength of the joint as regards bearing
will often be less than as regards shear, because the plates are
often thin compared with the diameter of the rivet.

Efficiency of Joint.—The efficiency of a joint is the per-
centage ratio of the least strength of a joint to that of a solid
joint, Z.e.

_ Least strength of joint
~ Strength of solid plate

Efficiency = »

NUMERICAL EXAMPLES. — The following numerical examples
should make the calculations on riveted joints clear.

(1) A tie bar in a bridge consists of a flat bar of steel 9 in. wide by
1} in. thick. It is to be spliced by a double butt joint. Determine the

*A B\oatd of Trade rule states that this should be taken as 1°75 w42 but
this-rule is not universally adopted for structural work. 4
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diameler of the rivels and their number, and give sketches showing the
proper pitck and arvangement of the rivets. (B.Sc. Lond. 1go6.)
According to Unwin’s formula @ = 1°'2 A/ = 1'34 inches. This is,
however, rather high for practice, and so we will adopt d=1in.
Assummg that the rivets are arranged in zlg-zag fasluon, the
strength®f the joints against tearing through the outside rivet is equal
to 7 (9 — 1)R1t = 70 tons,

Rivels 'Diam

/ &0 © [N

Qﬂ
(R

(] ® *” MO [ @ ¢
’ Sy eeRls
l \ O&a-/s Q-)ei UM ‘
-< 22"D c B ﬂ

h/\/’\/"\/\ /'\/\/\/'\

I :;'.J|::.I:l":-:! i
t T TS ~~ o
Iﬁ' Cover Plofc § “Thick

Fig. 46.

Shear strength of each rivet = 5. —‘T:-r . (1)% = 785 tons.
70

.. Number of rivets required for shear = ;ES = 893 = say 9.
Bearing strength of each rivet = 10 X I x 1} = 12'5 tons.

.. Number of rivets required for bearing = i.z_% = say 6.

9 rivets would thus be ample as regards bearing.

The joint would then be arranged as shown in Fig. 46, the centre
two rows being chain-riveted.

We will now consider the strength of this joint under various ways

of failure.
« If the plate tears along the line A A, the force necessary to reach

the safe limit of stress is, as we have shown above, 70 tons.
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Now suppose that the plate tore along B B, shearing off the rivet
in AA.

Then strength of line BB = 7 (9 — 2)—: = 61°25 tons.
Strength of one rivet = 7°85 tons. ‘

. Total strength against failure along BB = 61°25 + 7°85 = 691 tons
Now suppose plate torc along C C, shearing off the three rivets.
Then strengthof linecc = 7(9 - 3). 5 = §2°§ tons.

Strength of three rivets = 2355
.. Total strength against failure along cCc = §52°5 + 23°55 = 7605 tons.

Finally, suppose cover plates tore along D D, then strength
=7(9 - 3).2.% = 73'5 tons.
From the above we see that the weakest section is along B B.
Least strength of joint
Strength of solid plate
_ 6or 691 o o,
o x1}x 7_78_'8—87SA
If instead of zig-zag riveting we had adopted chain riveting with
three rows of three rivets (9 in all) the least strength would he
(9 —3) 1} x 7 = 52°5 tons. 25
*, efficiency of joint = 788 = 667 %
If we had four rows of chain riveting with two rivets in each row
(8 in all), the least strength would be (9 — 2) 1} x 7 = 61°25 tons.
.~ efficiency of joint = 67-'8—28s =777%
The above shows the zig-zag riveting is considerably more efficient
than the chain riveting, and is therefore more economical.

Then efficiency of joint =

(2) Design a double-riveted lap joint lo connect two steel plates & in.
thick with steel rivels. The lensile strength of the plates before drilling
being 30 lons per sq. in.; the shearing strength of the rivels 24 lons per
5q. In.; and the compressive strength of the steel 43 lons per sq. in.
Find the efficiency of the joint. (A.M.ICE. Feb. 1903.)

For } in. plates Unwin’s formula would give

. d = 1'2 \/'5 = '85 in,, say # in.

The joint is a double-riveted lap, therefore there will be two rivets

in single shear in a width of plate equal to the pitch.
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Strengtl; against tearing per pitch = £ (p — &) ¢
=30 (-d); =15(@-d)..(1)

., Strength against shearing per pitch = f; 2 ’;d’
. 22427 (7¥eiiiiinnninnnnd(2)
- 4 - (8r
= 289 tons.
If these are equal 15 (ﬁ - g— = 289

wp =289, 7
~p= T + 5
= 193 + '87 = 2'80 say 3 in.

Rivels § Diom

mg—-» o] @r

Fig. 47.

The bearing stress for a force of 28'9 tons would be equal to—
289 o 33 tons per sq. in.

Tx3x2
the bearing arca of each rivet being % X é = 437 sq. in.

This is less than the allowable value of 43 tons per sq. in., showing
that a larger diameter of rivet might be used with greater economy
but  in. diameter is in most cases more suitable in practice.

The efficiency of joint in this case is equal to

289 _ 289 _ . .
sox3x} a5 - 4?E
The joint then comes as shown in Fig. 47.

(3) A steel-plate lie bar in a bridge is subject lo a lension due to
dead load only of 16 tons. The stress due to live load only varies from
36 fons tepsion to 10 tons compression. The lie bar is } in. thick and is

H
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20 be joined lo the side plate of a girder by means of a § in. gusset plate
and double-cover bultt jo:'nt Select suitable working stresses and de-
sign the joint, arranging the rivels so that the tie bar is weakened 6)'
only one rivel section. (B.Sec. Lond. 190}.) <

2 Cower; Flaks

Fig. 48.

The maximum load in this case is 36 + 16 = §2 tons, and the
minimum load 16 — 10 = 6 tons.

Using the Launhardt-Weyrauch formula, we have :
mir_l-_s_tzs_sa)

1 = _‘[_ (
Working Stress = g I+ hax stress

= 1+ ;5'4) ‘705 f
This gives a tensile stress of 4'93 say § tons per sq. in. ; a shear

stress of 3°52 say 3'§ tons per sq. in. ; and a bearing stress of 7 tons
per sq. in. .
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L
According to Unwin’s formula 4 = 1'24/5 = 1°04 in., but for
practical reasons i in. would usually be adopted.
We now require to find the necessary width of the tie bar. Let
thisbe w. s

“Thene (w - —) 2 is the equivalent cross-sectionaj area.

(w - -7-) .3, 5 must be equal to the maximum pull of 52 tons.

(w - —) gz: §= 13'89

. w = 1389 + ‘875 = say 15 inches.
The strength of each rivet in double shear is equal to -

2415 . (%)’ 3'5 = 422 tons. .

. No of rivets required for shear = 4—5212 = I12°3.

We will use 14, as they give the best arrangement.

The strength of each rivet in bearing is equal to%- % 7 = 4’58 tons.

.*. 14 rivets will be ample for bearing.

The joint is then arranged as shown in Fig. 48. It is very im-
portant in such joints that the centre line of the rivets should coincide
with the centre line of the tie bar, or clse the pull in the bar would be
eccentric. In such joints, therefore, the rivets should always be
arranged symmetrically with regard to the centre line of the tie bar.

(4) Find the number of rivels necessary to the gusset plates, &c.,
al the base of a steel stanchion lo the stanchion proper, the load carried
being 150 tons. The diameler of the rivels is § in. and the thickness of
the plate % in.

The kind of base referred to is shown in Fig. 215. The rivets have
to be designed in such cases so that they will carry the whole load, so
that if the stanchion itself does not bear on the base plate the rivets
will distribute the load satisfactorily.

The strength of each _ 7
rivet in single shear ) = 3’0l tons,

4
The strength of each _ 7
rivet in bearing — §°

-;- . 1o = 4°37 tons,

*. Number of rivets necessary = —Z— = gonearly. *
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€

Some Practical Considerations in Riveted Joints.—
PuUNCHING AND DRILLING OF RivET HoLgs.— It is quite common
in this country for specifications to state that rivet holes must be
drilled out of the solid. Punching is known to injfire to some
extent the material in the neighbourhood of the hole, and is
thus often objected to. The extent to which punched holes
weaken a structure such as a plate girder compared with drilled
holes does not appear to have been satisfactorily determined,
although such determination from a practical point of view would
seem to be absolutely necessary, since there is a large increase in
cost entailed in drilling the holes. In recent years punching
machines and means for obtaining an accurate pitch of the holes
have been improved considerably, and when we consider the
increased cost of the drilling and the necessary longer delay
before delivery, in most cases we think that punching is
preferable. A good compromise is to punch the bole $ to } inch
less than required, and to reamer out to size, the damaged metal
being thus removed ; but this is considerably more expensive
than plain punching. A method of allowing for the damage of
metal due to punching which has been suggested, and which we
consider preferable, is to add } inch to the diameter of the hole
in calculating the tearing or tensile strength. This adds very
little to the size of the plate and saves a large amount in cost of
production. The point that should be very carefully seen to is
that the holes are accurately pitched, so that the holes will
register well when the parts are assembled, and will not require
excessive drifting as is the case when the spacing of the holes is
inaccurate. It is probable that many more joints are un-
satisfactory because the rivets do not fill the holes, owing to the
latter not registering accurately, than because the metal has been
injured owing to punching the holes.

There is considerable friction between the plates in a riveted
joint, but this is not allowed for in calculations of the strength.

PITcH AND SPACING OF RiveTs.—In order to prevent moisture
getting between the plates ard causing bulging due to rusting, or
to prevent local buckling in the case of compression members, it
is common to stipulate that the pitch of rivets shall not be greater
than 6 ins., or sixteen times the thickness of the thinnest plate.
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L J

The designer should remember that pitches from 3 ins. upwards,
increasing by half-inches, should be used, and odd fractional
pitches avoided, except where absolutely necessary. As far as
economically possible, the same pitch should be used throughout,
and ingmany cases, for girder work, &c., 4 ins; is used unless
special conditions require a different pitch. We shall deal in
detail with the arrangement of rivets for plate girders in
Chap. XVIIIL, the rivets in this case not being designed by
quite the same methods which we have just given.

A B+C D [;F ;l
. E L]
Angle! Tees and [ Beams. Channels
Fig. 49—Standard Spacing of Rivets in Rolled Sections.

The spacing of rivets in L, T and other similar sections, may
be taken as given in the appended table, taken from the section
book of Messrs. Redpath, Brown & Co., Ltd. In connection’
with these sections it should be remembered that theoretically
the centre line of the rivets should come down the centroid line
of the section, but in most cases this is practically impossible.
In such cases where these sections are used alone as ties or:
struts—particularly the latter—it should be remembered that the
loads will be somewhat eccentric, and so sections a little heavier
than calculated are often nccessary.

CrLeaT ConnecrioNs ForR X Beams.—X beams are con-
nected together by means of cleat connections. Standard
dimensions for such connections may be obtained from the
appended table, taken from the information given by Messrs.
Redpath, Brown & Co., Ltd.

Fig. 51 shows various ways in which the ends of the beams
may be notched, &c., for such cleat connections. (a) shows a
plain notch at top, the bottom flange of the beam resting on the
flange of the beam to which it is connected ; (B) shows a plain
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notch at top and angle bar at bottom ; (c) shows a shaped notch at
each end resting on the flanges ; and (p) shows a plain notch at the
top and a joggled joint at the bottom. Of these the joggled end
is needlessly expensive. Sometimes fancy methods of connection

ot o-4¥
® .

oivel  Phedl
AC'

Fig. 50,—Cleat Connections for X Betgns.

are seen, such as shaping the notch to exactly fit betwcen the
flanges of the beam (c), but such methods usually are no
better than the ordinary ones, and are nearly always much more
expensive,

— ——

co]ffoo oo (oo
| oollloo oolfjoo

L$= ~ loollloo
@ c D

Fig. 51

Pin Connections.—Pin connections are seldom used in
this country nowadays, but occasionally they are necessary.
When they are used they are designed in very much the same
way as riveted joints. That is to say, the tearing, shearing, and
bearing strengths of the joint should be made as nearly as possible
equal to each other and to the tensile or compressive strength of
the bar in which the pin-joint occurs. (See also Chap. XVIL.)
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Cleat Connections for X Beams.

F -3 - l.*«_w«_u“l .m £ “ 3 frxCpue€ g ¢
' I A R L Bxvohxgy
Pl — [ofr | — I._m« ¥z, 0z | — mu_ ) £ ExSoSxog
Pl |- — ¥ w_ 9 | S vxLlorgxg
Pl b~ — ||| # 1]o L ¥x606§ x o1
R A AR A 9 x or
blofi|—|—|Blt|els nlt| g8 |sSxamgxm
Pl = -8l | {2 | ¢ w §e i 10 6 m Jor 9x ¥roy9 x Sr
bl =k ln e | erislulel o 9 x o1
_ - ] R

wmy | [ H 9 k| q a® > : v | osu

hm:”w..m_ ) (soqout) suorsuamy | | JW.MMW omﬂ_\_\.mmwv e

(oS 014 425) ‘SHVEQ T ¥O4 SNOLLOINNOD) LVa1)



104 The Theory and Design of Structures.

STANDARD SPACING OF RIVETS. (See Fic. 49.)

Width Dimensions in Inches ¢ Lf)‘i:i:‘:?
, in d Bolt or
inches | 4 |aB c D E F | 6 goney
A O (i e el e

1 — — — — —_

14 r — - | - — r% I

2 ) ¢ -_ —_ ) ¢ 1 —_ -_— 2
2 1 — | — 1 1 — | =] 1

2 1 - | - 1 1 — |-
3 I - | - 1 14 13 | 1§ 4
34 2 - | — 1 2 — |2 4
4 2} | — | — 2 2 2 2} &
43 2f |' 2 1 2 2 2 —| %
5 3 2 I 2 3 29| — | 1
st |3t | )2 |3 3i — ||

6 | 3t | 2 2i 3 | 3% | 3% [— |1
64 | — 2 2 — | - | = | =] 1

7 | — | 2% |3 |4 | — |4 |—]|0
8 | — 3 3 — — — |—=] 1

WORKING STRENGTH OF STEEL RIVETS.

Diam. Strength . Bearing Strength at 10 tons persq, in. )

of | Aeain | insingle | "7 Thickness in ins. of plate.

Rivets | sq. ins, 5 tons

in ins. prsain| f6 | B | A b | & |8 1|2
§ ‘1104 |, '55 117 |1°41 | 164 | 1°87 |2°11 |2'34 [2'59 |2°81
4 ['1963| 98 |[1'56 [1'87 |2'18 |2'50 |2:81 |3'12 | 3'43 3'%%
§ 73068 | 1'53 195 |2°34 {272 (312 (3’5 |3'90 |4°30 |4
§ 4418 | 221 234 [2:81 |327 (375 |421 |4°69 | 516 <63
4 |[6013| 301 |272 |327 |382 |4°37 |491 |5'46 |6'02 [6°56
I {7854 | 393 (3712 {375 |4'37 |500 |§%62 625 (687 (7750
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CHAPTER V. )

BENDING MOMENTS AND SHEARING FORCES ON
BEAMS.

Definitions.—The skearing force at any point along the span
of a beam is the algebraic sum of all the perpendicular forces
acting on the portion of the beam to the rlght or to the left of
that point. .

The ending moment at any point along the span of a beam is
the algebraic sum of the moments about that point of all the
forces acting o the portion of the beam to the right or to the left
of that point.

As the beam is in equilibrium under the forces acting on it, at
any point the algebraic sum of the forces, and of the moments of
the forces about the point, acting oz dot/ sides must be nothing;
so that we shall get the same numerical values for the shearing
force and bending moment from whichever side we consider them,
hut.they will be opposite in sign, We will, wherever possible,
always consider the shearmg ‘force and bending moment of the
forces to the right of the section, and we will take an 4 ard‘
shearing force and an anti-clockwise bendTrTE"?ﬁ‘“ me""t as vposm ...«S!
he de downward #id ‘clockwise being takén as negq%ﬁ

Bendmg Moment and Shearmg Force Diagrams.—
If the bending moment and shearing force at every point of the
span be plotted against the span and the points thus obtained be
joined up, we shall get two diagrams called the Bending Moment
(B.M.) and Shear diagrams, and from these diagrams the values
of these quantities can be read off at any point of the span. We
will consider the forms of these diagrams for various kinds of
loading and for various ways of supporting the beam, and will
first consider beams with fixed loads. We will use M, and Sp to
represent respectively the bending moment and shearing force at
a point e. .



106 The Theory and Design of Structures.

¢
B.M. AND SHEAR DIAGRAMS WITH FIXED LOADS.

A. Cantilevers, z.¢., Beams fixed at one end and free at the
other, the loads being all at right angles to the length of the beam.
CASE 1. CANTILEVER WITH ONE IsoLaTep LoAp.—Let a
cantilever, fixedat the end B, Fig. 52, carry an isolated lond W at
the point A, at distance / from B. Consider any point p at dis-
tance x from A.
Then we have Sp = W.
This is constant throughout the span.
" 8hear ¢ dlagram isa rec,tangle of height W.
Again M, = W x x

This is proportional to x.

‘.. B.M. diagram is a triangle whose maximum ordinate is
W/, this being the bending moment at the point B.

CasE 2. CaANTILEVER WITH Two IsoLATED J.oaDps.—Since
the B.M. and shear at any point are defined as the sum of the
moments and the forces to the left of that point, it follows that
the B.M. and shear diagrams for a number of loads can be
obtained by adding together the diagrams for the separate loads.
In the present case, in which we have loads W; and W, at dis-
tances /, and /, from the fixed end, the diagrams are obtained by
adding together the separate diagrams as shown in Fig. 52 (2).

Cask 3. CANTILEVER WiTH UNIFORM LoAD.—Let a uniformly

,distributed load of p tons per foot run be carried by a cantilever
ABofspan /. Consider a point p at distance x from the free
end oA. Then

= load on A P

= px
This is proportional to x, and therefore the shear diagram is a
triangle, the maximum shear occurring at the end B, and being
equal to pZ or W, if W is the total load on the cantilever.

M, = moment of load p x about p

x
=px X 2
L ] ='p__.x2
2

This is proportional to % and therefore the B.M. diagram will be
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[
a parabola with vertex at A. The maximum B.M. will be equal to
243 or W/ and occurs at B.
2 2 .

CASE 4. CANTILEVER WITH ISOLATED Loap AND UNIFORM
LoAp.—In this, case, as in Case 2, the shear and B.M. diagrams
are obtained by drawing the separate diagrams in accordance with
Cases 1 and 3, and then adding them together as shown in the
figure.

Case 5. CaNTILEVER WITH UNIFORMLY INCREASING LoaAD.
—Suppose a cantilever A B carries a load which increases in
intensity uniformly from the free end A to the fixed end 5, Fig. 53.
This occurs in practice in the case of a vertical wall or side of a
tank subjected to water pressure.

Let the intensity of load at unit distance from A be p tons per
foot run, then'the intensity at any point P at distance x from a
will be equal to px. The intensity of load at 3 will be p/, and
the total load equal

¢ .

Plor 22 _w
2 2
S, = total load to left of p

- x_pe
=2 x 2 2
.*. Shear diagram is a parabola with vertex at A}, the maximum
shear at B being equal to W.
M; = moment of load to left of p
= _e_x.‘z x :.x.: = p x3
2 3 6
.. B.M. diagram is a curve whose ordinates vary as x? such
curve being called a parabola of the third order.
The maximum B.M. at B is equal to"-’és— - W/
3
The diagrams then come as shown in Fig. 53.

Case 6. CANTILEVER WITH IRREGULAR LOAD SYSTEM.—
GRAPHICAL METHOD.—Suppose a number of loads o,1, 1,2, and
so omy Fig. 53, act on a cantilever. To obtain the shear and
B.M. diagrams set down o,1, 1,2, 2,3, &c., down a vector line o,5
to represent the forces to some convenient scale, and take a pole
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. ‘
P at some convenient distance p from the vector line o, 5 and join
P to each of the points o to 5 on the vector line,

Now across the lines of the forces draw % g parallél to Po;
across space 1 draw aé parallel to P1; across space 2z draw b¢
parallel to P 2, and so on until the point fis reached. .

Then a b ¢ & ¢ f g is the B.M. diagrarh,

To obtain the shear diagram, project the points o-5 on the
vector line across their corresponding spaces, the line through the
point o being drawn right across the span, the stepped figure thus
obtained being the shear diagram. .

Proor.—Consider any point P along the span, and produce
ab and 4c to cut the corresponding ordinate p, P, of the link
polygon at 4’ and ¢’ respectively.

" Now consider the As a P, # and Po1.

They are similar, and as the bases of similar triangles are pro-

portional to their heights, we have

’
2o _ap
o, 1 Y

P xP b =o0,1xap
But o, t X 2P, = moment of force o, 1 about P.
td 1 t

. # x P, ¥ = moment of force o, 1 about .
Similarly it follows that
P x ¢ = moment of force 1, 2 about P,

and p x ¢ P, = moment of force 2, 3 about P.

.. Weseethat p x p,p, = p (P, +¥ + py)

= moment of all forces to right of p about P.
= M;p

.*. Since 2 is a constant quantity, it follows that the ordinates
of the link polygon represent the bending moments at the corre-
sponding points of the beam,

Now consider the shear S at ». The total force to the right
ofpis 0,1 + 1,2+ 2,3 = o0, 3, and this is obviously the value
given on the shear diagram.

ScaLes.—In all graphical constructions it is extremely im-
portant to state clearly the scales to which the various quantities
are plotted, and to see that such scales are convenient for
reading off.



Stmply Supporied Beams. 13§

® Let the space scale be 1 in. = x feet

and the load scale on the vector line 1 in. = y tons
and let the polar distance be p actual inches.

Then the scale to which the bending moments can be read
offis 1 jn. = x x x y ft. tons.

# should thus be chosen so as to make this a convenient
round number.

To take a numerical example, suppose the space scale is
1in. = 4 ft. and the load scale is 1 in. = 2 tons, then if p is
taken as 2} ins. the B.M. scale will be 1 in. = 4 x 2 x 2§ = 20
ft. tons.

If p has been taken 2 ins. the B.M. scale would have come
1 in. = 16 ft. tons, which would not be nearly such a convenient
scale.

B. Simply Supported Beams—i.¢., beands simply resting
on two supports, the loading all being at right angles to the length
of the beam. Unless it is definitely stated to the contrary, we
will always take it that the supports are at the ends of the
beam.

In simply supported beams the forces acting are the loads
and the reactions at the supports, the sum of the reactions being
equal to the total load, and their values being obtained by means’
of moments as explained in Chapter II. As the ends are freely
supported, there cap bg.no. bending moment at either el end

We will now consider the following standard cases :—

Cask 1. IsoLATED Loap IN aNy PosiTioN.—Let a load W
be supported at a point c on a beam a B of span /, the distances
of the point ¢ from B and A being 4 and a respectively.

Then to get the reaction Ry at B take moments round A.

ThenRy x /=W x a
Ry = —5°—

Similarly R, =
Now consider a point g between B and c.

w
Sy=Rn=+1a
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)
.. between B and c the shear diagram is a rectangle of

height=‘_”72
Now take a point ¥ between c and a. “
Spo = RB—W .
' _Wa _wifa=I\_-Ws _ _
w5l -1
-Ws

.. Shear between c and A is a rectangle of height =

!

In the case of the cantilever there was no need to distinguish
between positive and negative shear because there was no change
in direction of the shear; but in the present case there is a
change in direction, and so we will use the rule given on p. 105.

' Now considering the bending moment,

M, = Ry x & = W.a.x

This is proportional to x, and therefore the B.M. diagram
between B and c will be a triangle, the B. M. at c being equal
Wald
RS
we should have
Rp/-Rp. o/ — W7+ Wo/ + WP
& (W —-Ryp) + Wi - /(W - Ry)
Ry.o + Wb - /R,

Wox

e + Wo— Wb

Wiix'

to If P were between c and A and at distance x’ from a

o

I

This is proportional to «’, and therefore the B.M. diagram
between A and c is also a triangle, the whole diagram then
coming as shown in the figure.

Case 2. IsoLaTED Loap AT CENTRE.—This is a special case

of the preceding one, in which ¢ = & =-2{
Each reaction is now equal to ¥ and the maximum
/ I'4
W x - x ; _ w7
A 4 .
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Case 3. UnI1ForM Loap oveEr WHOLE Span.—Let a uniform
load of p tons per ft. run cover the whole span a B, and consider
a point c at distance x from B.

In this case the two reactions will, from symmetiy, be equal,
W

2
Then S; = Rn—px=p(_i._x)
This is a linear relation, therefore the shear diagram will be a

and each have' the value 1’;! or

triangle as shown, having values p at the ends and changing

sign at the centre,

Now consider the bending moment.
X

Mg=Rn><x—-pxx'-2-
___plx _px =l’(1x - a?)
2 2 2 )
This depends on a2, and therefore the B.M. diagram will be
a parabola.
J

The maximum B.M. will occur at the centre—i.¢, when x ==,

Then maximu‘m B.M. = f:-{(l 1) (’) } (z 4;)

Y AN Z’/:”t ¢ V4
2 4 8
CASE 4. Un1ForM LoaD OVER PORTION OF SpaN.—Let a
uniform load of # tons per foot run and of length E D equal to /
be placed on a beam A B of span L, and let the centre c of the
load be at distance a and & respectively from A and s.

Then, if total load p/ =
Ry = % and R, = V'’
The shear betwcen B and D will be constant, and will be
equal to YZ‘ between D and E the shear will decrease uniformly

N

until at £ the shear will be equal to
Rp W—‘%'--—W=:-ﬂ=—RA;
between E and A the shear will be constant and equal to ﬂ, the

shear diagram then coming as shown on the figure.
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The poi.nt Kk at which the shear is zero can be found as
follows. Let it be at distance x from the centre ¢ of the load

ThepSK=Rn—p(;1— )=
Wa _p! _
S + px (] .

px =£_1.—yg =£_’_.ﬁ_[g'
2 M -

Z_al_,(r_4
2 L 2 L
The' B.M. diagram can be drawn by setting up a length

CuF = %,—I, f.e., the bending moment at the centre?of the short

span E D, then produce ¢, F to G, making FG equal to c,F anll
join G to E, and D,, and produce to meet the reaction verticals in
A, and B,. Join a,R, and we then have the B.M. diagram
as shown.

To prove that this gives the correct diagram, consider;the_bend-
ing moment at a point at distance x from the centre of the load.

\Coy

Then Mgy = R (6 - x) - £ (.1 - )2
2
VVLa (l ) ..................... (1)
Now, G-¢; = 21 ,
eo o e_s.znfc;eg_o:z%zx% Ve
2
Similarly ¢ R = ‘%—é
W
QR = — (ﬁ - a)
QH = ‘lnf—q =-‘Z: ¢ - a
GH =GQ+QH=“';a Wa L (¢ - a)
=n\i_‘,%_a(l + b;a .

Wa(L+é—a)=\!g(é_-_|-6)=Wab

—_———
2 L 2L L
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[4

. P b-x
Again ‘J,—; =
b - x Wa(@ - x)
JP =" , = XGH= -
i 10 L 0Py
Again G, G, ,
_oGxom W/ "%
Jo = C, Dy R

I
N~
|
®
N’

“Then since curve is a parabola-—-
FC, —ON (o c.,
F Cy Cy Dy

- = x2
wi 2
8 4
W/ W7 422 Wx?
- RN OETE
w7 Wx?
Oor ON = ~g= — ———

|
Z
]

. NP=PJ]J~-JO+ON
Wa (- x) W(l ) W/ Wat
=0 -5 %)+ -

L 2 8 2
e (e
=te-m (5 Y)
=wLa(1)—x)—‘£"1(?—lx+x‘l)

2
=500 - 35 )

Comparing this with (1) we see that N P gives the B.M. at
the given point.

We shall prove later (page 125) that the B.M. is a maximum
at that point of the span where the shear is zero, apd so the
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vertical thrBugh % will give the maximum ordinate of the B.M.

diagram.
Cask 5. IRREGULAR Loap.—GRAPHICAL CONSTRUCTION, —

Let a numBer of loads W,, W,, W,, and W,, be placed any-

°
W,
W, s
N eI Ne P

5

8

3
4

-
D o

Reslftent Load N 1
\‘\Qu

NN

NN

': INNNNNNY
AV

\
\

<

P

\

Y
~

Fig. 55.—Graphical Construction for Shear
and B.M. Diagrams.

where along a span A B. Number the spaces between the loads
and set down o, 1; 1, 2; 2, 3; 3, 4, as a vertical vector line to
represent the loads to some convenient scale, and in any position
take a point P at convenient polar distance p from the vectog line,
and join Po, P 1, P 2, &c.

Acrogs space o then draw a & parallel to p o; across space x
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draw 4 ¢ parallel to P 1 and so on until e/ is reached, this being
parallel to P 4.

Join a f, then the figure a, b, ¢, d, ¢, f, a, will gne the B.M.
diagram for the given load system.

Now draw p x parallel to a f, the closing link ofithe link
polygon then on the vector line, 4 x = Ryand x o = R,

To draw the shear diagram, draw a horizontal line through x
right across the span : this gives the base line for shear. Now
project the point o horizontally across space o; project point 1
across space 1 and so on, the stepped diagram thus obtained
being the shear diagram.

Proor.—Prqduce the links ¢ 4, d ¢, e d, fe back to meet the
vertical through A in #, ¢/, &/, ¢, and let the first link a &
produced meet the last link ¢ / in v. Then, as we proved on
page 54, the point v is the point through which the resultant of
the loads acts.

Now the triangles @ 4 ' and o P 1 are similar.

LGV _or

4 V4
abd o1 x4 Wy x4
KN P
_ moment of first load about A
similarly & ¢ = moment of second l_oad about A
) B 2
and so on

wald=al + ¥ +d +d
sum of moments of loads about A

but Ry x L = sum of moments of loads about a
Rn X L
vad = — —
. p . .
Now consider As a ¢ fand x 4 p; they are similar:
L a€é 4%
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Now consider any point R along the span.
Sg = RB - W4
=4X-34=3%
but the ordinate s of the shear diagram is equal to 3 x, and
therefore the stepped figure gives the correct stlearing force at

any point.
Let the vertical through R cut the B.M. diagram in R; R,

and fe produced in e,
Then by exactly similar reasoning as before :

moment of Ry about R

R, e, = T
moment of W 4 about R
Ry = - P .

R Rg=Rye - R,ye .
moment of Ry — moment of w _4}13222*
- 2
Me
?
o Mp=p xR R,

.*. The ordinate of the B.M. diagram represents the B.M. at
any point.

ScaLes.—As in the case of the cantilever (page 110), if
1” = x feet is the space scale and 1” = y tons is the force scale,
and if the polar distance is p actual inches, then the vertical
ordinates of the B.M. diagram represent the bending moment to
a scale 1”7 = p x x x y ft. tons.

Note—In this construction the bending moment R; R, is
measured vértrcally and not at right angles to the closing line @ f.

CaSE 6. IRREGULAR LoAD — OVERHANGING EnNps. — The
construction just described is cqually applicable to the case
where the ends are overhanging. Fig. 56 shows such a case.
Set out the loads down a vector line as before and take any pole
p. Now draw a & parallel to P o across space o, z.e., between the
support vertical and the first force line. ‘I'hen draw & ¢ parallel to
P I across space 1 and so on, the last link e f being drawn between
the last force line and the reaction vertical. Joining af %e get

the B.M, diagram as shown.
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To get the shear diagram draw P 5 parallel to af; then the
horizontal through gives the base line for the shear between A and
B. The shears in the end spaces will be equal to the end forces
0, 1 and 3, 4 respectively, as shown on the figure.

This graphicgl loading is applicable to a// kinds of loading, and
any of the previous standard cases can be worked by its means.

! S

& 4

i-—o
///'

.V, T A A
7 //‘/

S
EN

B.M. Diagram e

Fig. 66.—Beam with Overhanging Ends:
Graphical Construction.

In the case of a continuous load the latter should be,divided up
into a number of small portions, and the load in each portion
treated as an isolated load acting down the centre of such portion.

Case 7. UN1ForRMLY INCREASING Loap.—Suppose a beam
a B carries a load which increases in intensity uniformly from the
end B to the end A. Let the intensity of the load at unit distance
from B be p tons per ft. run; then the intensity at any point p at
distance x from B will be equal to g x (Fig. 57).

Thg intensity of the load at A will be equal t6 2/ and the
total load W will be equal to p/ x -:- =2 zﬁ-
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Fig. 67.-—B.M. and Shear Diagiams (continued).
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The resultant load W acts through the centroid of the load

. . l
curve, f.e., at distance 3 from A.

‘. RB = “—Y ¢ ¢
3
(3 W &
R, = ?_3_
Then Sp = total load to right

w_z#
3 2
This depends on x2 and therefore the shear curve is a parabola.

The point ¢, is obtained as follows :

. Sc"_—o=}Y—-£'x..
3 2
pxt _ W _ p02%
2 3 2 X 3
.94:“:12

=l 5777
Js 2
M, =R, x x - 2%
Wx _ 22
3 6
This depends on x8, and so B.M. curve is a parabola of the third

order.
The maximum B.M. occurs at the point of zero shear |(see

X

p- 125), .., when x =--l-_—
V3
w7 _ 28
343 18 (/3
w7 (_‘ . --.L.)
373 943
sW/ _2W/J3
94/3 27
‘128 W/
The B.M. and shear curves then come as shown in the ﬁqure.

.. Maximum B.M, =

]
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»

Case & UNIFORMLY LoADED BEAM WITH OVERHANGING
Exp.—Let a beam of span L be loaded with a uniform load of p
tons per foot run, and let it overhang a distance x at each end,
the distance between the supports being /.

. The overhanging portions act as cantilevers, and the shear and
B.M, diagrams for such portions will be as show8. The B.M. for
the centre portion will be a parabola drawn on the base shown
dotted, the resulting curve being as shown cross-hatched.

If the load on the centre portion of the span were removed,
the B.M. diagram would consist of the two end parabolas and
the dotted line. This B.M. is opposite in direction to that due
to the centre portion, and thercfore on replacing the centre load
and drawing the parabola, the resulting curve is the dlﬂ'erence
between the two as shown.

To find the value of x to get the least resultant B.M. we
proceed as follows.

As x increases, the B.M. at the supports increases and the
resulting B.M. at the centre decreases, so that the least B.M. will
occur when the support B.M. is cqual to the centre B.M.

2
The support B.M. = p x
The centre BM. = 7’81: - ./’_;’_‘_
If these are equal 2% = 2e_ pa
2 8 2
* DR ﬁ._l_z
P X 5
X = .{_
: 2 /2
Y A
1 ' YL 4 2x ra
/ + Vi
= - .r. = . 2
1+ _\/é: 2 + ,\/5
2
22 2 — \J2 = 586

This gives the position at which the legs of a trestle table Should
be placed to give the maximum strength to the latter.
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q .

Relation between Load, Shear, and B.M. Diagrams.

—1Let ac' D' B, Fig. 58, represent the load curve on a span A B.

Consider any point P along the span, and consider a short piece
¢ b of the load, the centre of which is at distance x frdm P.

Then the shear at p due to this piece of the load will pe equal

to the area of the portion ¢ of the load curve. Therefore the-

Lood Curve

A P (1D BlF—R—=

M

B
Fiy. 58.—Relation belwccen Load, Shear, and B.M. Diagrams.

total shear Sp at P will be equal to the area of the load curve up-
to that point.

But we have seen (p. 57),that a sum curve is such that its
ordinate at any point represents the area of the primitive curve up-
to that point. Thcrefore the shear curve is the sum'curve of the
load curve.

Suppose B FE G A’ is the sum curve of the load curve.” Now
consider the B.M. at . '

The B.M. at P due to the portion cp of the load

= given portion of load x .
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Now if E and F are the corresponding points on the shear
curve, the difference of the ordinates at E and F gives the load on
the portion c p.

. Load on portion cp = E F,.

- +% B.M. at P due to portion CD = EF; x x.

.. Shaded portion E F F, E, represents the B.M. at p due to
the portion ¢ b of the load.

. Total BM. at p = M, = area of shear diagram up to p.

Thus #he B.M. curve is the sum curve of the shear curve. o

So that by drawing the sum curve B j H of the shear curve we
get the B.M. curve.

ScaLes.—If 1” = x tons per foot is the scale of the load
curve, and g, is the polar distance measured on the space scale
for obtaining the shear curve, then the scale of the shear curve
1" = p, x tons. If p, is the polar distance from which the B.M.
curve is obtained, measured on the space scale, the B.M. scale
will be 1” = p, #, x foot tons.

PoiNT oF MaximuM B.M.—If the B.M. is a maximum, the
tangent to the curve at this maximum must be horizontal, and
therefore the corresponding ordinate on the shear diagram must
be zero in order for the line through the pole to be also
horizontal.

Thus we get the rule that the maximum B.M. occurs where
the shear is zero.

The base lines ss and MM of the shear and B.M. curves depend
on the manner in which the ends are fixed. If one end is free,
the shear and B.M. at this point are zero. If one end is freely
supported the shear at this point will be equal to the reaction,
and the B.M. will be zero.

The above relations are expressed mathematically as follows :
Let the load at any point at distance x from the origin be F (x)

Then the shear at the point will be = f F(x)dx + c,and
the B M will be =/ F () dx + % + ¢y

The integration constants ¢, and ¢, depend on the manner in
which the ends are fixed, and correspond to the base lines above

referreg to.
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B.M. and Shear Curves for Ships.—One of the best
examples of the apphcatxon of the sum-curve construction to
shear and B.M. curves is to be found in the case of shlps Every
. ship must be looked upon as a beam subjected to‘a complex
system of loading, and in the case of large ships the shear and
B.M. diagram should be drawn from the proposed dimensions
and loads before building.

"The ship is divided up into a number of sections by planes
drawn at short distances apart at right angles to the length of the
ship. The volume of fluid displaced between each section up to
the proposed water-line in smooth water is then calculated. The
weight of each of these volumes of water is then, by the principles
of , Hydrostatics, equal to the upward pressure of the water on
each section. In this way the upward pressure per foot length of
the ship at various points of the ship’s length is obtained, and
by plotting these pressures along a base representing the length
of the ship we get a curve called the curve of duoyancy in smooth
water. This is the curve ace (Fig. 59), and the area of the
curve of buoyancy is equal to the total upward pressure of the
water on the ship. The weight of the ship, including the
structure, engincs, probable cargo, &c., is then calculated Yor
each section, and the weight per foot length of the ship is then
plotted along the base AB to the samc scale as the pressures,
and the resulting curve is called the curve of weights.

The area of the curve of weights ADpB is then equal to the
total weight of the ship, and as the total weight of the ship must
be equal to the total upward pressure of the water, the area of the
curve of buoyancy must be equal to the area of thc curve of
weights. The difference between the curve of weight and the
curve of buoyancy then gives the loads which the ship has to
carry as a beam, and when plotted on a fresh base a8, gives the
load curve.

The points E F at whxch the load curve crosses the base line
are called ¢ water-borne ' sections, and at these sections the shear
will be a maximum. On finding the sum curve of the load curve
we obtain the shear curve, and on sum-curving this we obtain the

B.M. curve.
The above curves apply only to the ship when in smooth
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water. When in rough water the problem becomes more difficult
of solution, but the two principal cases to consider are those when
a wave crest comes amidships and causes ‘hogging strains,’

Curve of woighh

Curve /q‘/anynncy infsmodth waler”
D

A

PR Sagging B.M.

PFig. 59.—B.M, and Shear Curves for Ships.

and when a wave hollow comes amidships and causes ‘sagging

strains,” The figure shows these extreme cases diagram-

matically. .
The full discussion of this problem is beyond the scope of
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this work, and for further information the reader is referred
to books dealing particularly with the subject, such as Sir
William White’s Naval Architecture.

2o’

AI_‘ 5 tons distribJted
DI

Fig. 60,

SteEPs IN SHEAR CurvEs.—In practice it is impossible to get
absolutely sharp steps in shear diagrams, because the load cannot
be transmitted at a mathematical point, but must be distributed
over,a short length. This has the effect of slightly rounding
off the corners of the shear diagram as shown exaggerated in
dotted lines on Fig. 61, p. 131. c
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NUMERICAL EXAMPLES.

(1) A freely supported beam of 20 ft span carries a m;{'/brmly
distributed load of 5 ftons, and isolated loads of 3 and 2 lons, at
distances resgectively of 4 and 5 ft. from the ends (see Fig. 60).

We havc first to get the reactions Ry and Rn

Take moments round B.

Ryx20=5x104+3x16+2x3
50 + 48 + 10 = 108
. 108 .
SRy = o = 5°4 tons
. Ry = 10 - 54 = 4°6 tons.

The shear diagram then comes as shown in the figure, the amounts
of the steps being equal to the isolated loads. The point at which the
shear is nothing is found as follows :—- . .

Let it be at distance .v from B. Then
Str=0=Rp-2-p.x

il

. L
+6 20
— 26 ="
i 4
T .6

T4
Ry

i

10’4 feet.
The B.M. at this point will be a maximum, and will be equal to
M.ux = R x 104 — 2 (104 — 5) — :l -‘?4"!1
4784 — 108 - 1352 -
= 23'52 fl. tons.
The B.M. diagram will consist of a parabola for thc uniformly dis-

]

I

tributed load, the max. ordinate of which is equal to 5% —g-— =125 ft. tons.

The B.M. diagram for each of the isolated loads will be a tri-
angle, the respective heights being 3% ‘:6"_.'9 = 9'6 ft. tons, and

2 X 54: 15 = 7°5 ft. tons. Combining these three figures we get the
B.M. diagram shown on the figure, and on scaling off the maximum
ordinate it will be found to be 235 tons.

NoTE.—In all constructions where diagrams are going to be added
together, such diagrams must of course be drawn to the same scale.
]
K
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(2) A girder of 24 ft. span is supported at one end, and rests on a
column at a point 6 ft. from the other end. The girder carries a
uniformly distributed load of 6 tons and an isolated load of 2 lons at
the free end. Draw the shear and B.M. curves. .

To find the reactions take moments round A (Fig. 61). Then
18R =6 x 12 + 2 X 24 == 120

120
. = - = 6%
.. Rp 8 63 tons

.. Ry = 8 - 6% = 1 tons.

The shear at c will be = 2 tons. It then increascs until the point
B is reached, when its value becomes equal to 3'5 tons. It then sud-
denly changes sign to a value 3'17 tons, and then decreases uniformly
to the cnd A, where the value comes 1°33. The shear diagram then
curves as shown in the figure, the dotted lines indicating what occurs
in practice owing to the impossibility of getting the loads and reactions
concentrated on a mathematical point.

Considering first the B.M. for the isolated and uniform loads
separately, the B.M. curve due to the isolated load will come as shown
in the figure, the B.M. at B being equal to 6 x 2 = 12 ft. tons. Now,
considering the uniform load, the diagram for the portion B C will be a
parabola with vertex at ¢, the ordinate B, D at B, being = —ol‘ == ; x ?
= 4'5ft. tons. Then between B and A the B.M. curve due to this over-
hanging load will be the straight line A; D, as such overhanging load
requires an isolated balancing load at A.

The B.M. curve for the portion A B will be a parabola of central
ﬁl 1 18

height = == 3 x 5 = 10°12 ft. tons, the shaded portion being the

resulting curve for the central and overhanging portions of the uniform
load. Combining these diagrams we get the resulting B.M. curve as
shown, the max. B.M. occurring at B, and being equal to 16°5 ft. tons.

(3) A beam of 20 ft. span carries loads of §,}, 1 and 2 tons, as shown
on Fig. 20.  Determine graphically the maximum B.M,

Draw the B.M. curve by the link and vector polygon construction
as shown in Fig. 55. Take the space scale 1” = 4ft. ; the load scale
1” = 2 tons ; and the polar distance 1} inches. The maximum ordinate
of the B.M. curve will then be found to be 1°09 inches. The scale of
this will be 1”7 = 1} x 4 x 2 = 10ft. tons.

. Maximum B.M. = 1079 ft. tons.
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132 The Theory and Design of Structures.

(4) A barge 8o ft. long kas for ils curve of buoyancy a reclangle, ifs
own weight being uniformly distribuled. It is loaded with 4o fons of
bricks, so that all vertical sections are trapezia with the hovizontal sides
80t and 40 ft. long. Draw curves of shear and B.M.

If the curve of buoyancy of the barge is a rectangle, and ‘its weight
is uniformly distributed, then the curves of weight and buoyancy for
the barge itself will neutralise each other, and there will be no shear or
B.M. due to such weight. The curve of buoyancy due to the load will
be a rectangle of height equal to half ton per foot run, since the total
load is 40 tons.

Curve of Waghts

/78580655 5

I // Clrve of Buoyirey
4Ton ' -§TM\
L.
20’
—i'5"—>
33
A,

Fig. 62.—Loaded Barge.

The curve of weights will then be a trapezium of area representing
40 tons and parallel sides of 4o ft. and 8oft.
9 = 2tonperft run
40 +8) 3 T
The difference between the curves of weights and buoyancy gives
the load curve showa shaded on Fig. 62, the water-borne sections k F
occurring at distances 13 ft. from either end. On taking the sum curve

.. Height of trapezium = NG
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of the load curve we get the shear curve A, E, G F, B, and on again
sum-curving this we get the B.M. curve A, G, B;. The scales may be
worked as follows :—1I.et the space scale be 1” = 1oft. and the load
scale 1” = } ton per ft.  Then if the shear curve be drawn with a polar
distance of 2 inches, Z.¢. 20 ft, the shear scale is 1”7 = } x 20 = 5 tons.
If the BML curve is drawn with a polar distance ®f 2", 7., 20 ft.,
then the B.M. scale will be 1” = 20 x § = 1coft. tons.

1t will be found that the maximum shear is 3} tons, this at E; and
¥y, and the maximum B.M. is 88 g ft. tons at the centre.

Nork.—The curves in the figure are not drawn to scale.

B.M. AND SHEAR DIAGRAMS FOR INCLINED LOADS.

In all the cases that we have considered up to the present all
the loading has been at right angles to the length of the beam.
We will now consider some cases in which this Is not the case,
and will take both horizontal beams with non-vertical loads and
sloping beams. ‘The principal difference in this case is that there
will be thrust in the direction of the beam, and we shall have a
curve of thrust in addition to the curves of shear and B.M.

The gencral rule is to resolve all forces, including the
reactions, along and perpendicular to the Deam. From the
forces along the beam a curve of thrusts can be drawn, and from
the forces perpendicular to the beam the curves of shear and
bending moment are drawn in the ordinary manner.

We will define the thrust at any point of a beam as the sum
of the components in the direction of the beam of all the forces to
the right of it, remembering that if the thrust is negative it
becomes a pull.

Caske 1. HorizoNTAL BrAM FREELY SUPPORTED SUBJECTED
To INCLINED Loaps.—Let a beam ar have inclined forces F,
and F, (Fig. 63) meeting the centre line in ¢ and D. Let the
end A rest on a free support and let the cnd B be freely supported,
but prevented from longitudinal movement as shown. If the
resultant of ¥, and F, acted towards the end 4, then this end
would have to be prevented from movement. Resolve the forces
F, and F, into vertical and horizontal components W, V§, and

Q, Q; respectively.
Thep Ry will be inclined, the vertical component Wy being
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that found' by"considering the forces W, W, in the ordmary way
and the horizontal component Qj being equal to Q; and Q,.

The reaction R, will be vertical, and will be obtamed by
considering the forces W, and W, in the ordinary way

If the resultapt of F, and F, were found it would pass through
the intersection of R, and Ry, since three forces in equilibrium
must pass through a point.

2

9,
Wy /%

wy /R

% o ,,,,,,,,J,‘,?y//////AV‘

J 7 . Shear Diagrom

;///5 lz — b

®

e— lz -
T
Wyl Ryl
B M Diagrarn

R 4

Thrust Diagrom
Fig. 63.—Bcam with Inclined Loads.

The shear and B.M. diagrams are then found in the usual
way for weights W, and W,, and are as shown.

The thrust diagram is obtained by plotting up at each point
"the vgluc of the thrust, and this comes as shown. The same
method applies for any number of loads, two having been chosen
to give simplicity of figure. ¢
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o
CaskE 2. INCLINED BeaM WITH VERTICAL LoADS—REACTIONS
ParaLLEL.—Let an inclined beam a B (Fig. 64) be supported
freely at o and pinjointed at B. Then if it be subjected to

B. M D/ajrarr
b

B,

“la

4

i s
1

///j% Shear Diagram

7//////‘}’2,/[/”’”’1"/ !

Thrust Diagram Q}'///////%B

T Fig. 84.—Inclined Beam with Lower End freely Supported.

~— S

1—9—»

vertical forces F; and F, at ¢ and b, the reaction at a, and
therefore also that at B, must be vertical, their values beingfound
in the ordinary manner.

Now,resolve the weights and reactions along and perpendicular
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L]
to the hecam, obtaining weights Wy, W,, W,, W,, and thrusts
QB! Qp Q» QA
Then the B.M. diagram can be drawn either on a sloping
base A B or the projected horizontal base a;B,. ¢
M;,, = Wz x DB
DB Ry
but -1—1 = ‘—V—n
Wp x bbb =Ry
Wc see that for a sloping beam with vertical reactions the
BM dlagram is the same as for a horizontal beam of the
same span as the horizontally projected length of the sloping
beam.
. The B.M. at a point r, for cxample, is obtained by drawing a
vertical through it, a 4 representing the B.M.

The shear and thrust diagrams are obtained as shown, and
will be easily followed from the figurc.

Case 3. IncLINED Beam wiTH VERTICAL Loaps — Top
Reacrion HoR1ZoNTAL.—In this case the resultant load must
first be found. Let this resultant act down the line x x
(Fig. 65). The reaction Ry at B must be horizontal, so draw
BX horizontal, then if this meets the line xx, R, must also
pass through X, so that by joining Ax we get the direction
of R,. The values of R, and Ry are then found by a triangle
of forces a,b,c.

Now resolve the weights and reactions as before along and
perpendicular to AB. The perpendicular components will be the
same as before, and so the B.M. and shear diagrams will be the
same as in the previous case (Fig. 64).

The thrusts will be different, and will be as shown on the
figure, which will be clearly followed. .

Cask 4. S1orPING CANTILEVER.—This is worked in a similar
manner. Consider for example a uniform load of intensity # on
a cantilever of length / at an inclination 6 (Fig. 65a). The
B.M. curve will be a parabola. Its maximum ordinate will be
21%cos 0

, because the total weight will be 2/, and it acts at a

&stance c_czxs from the abutment. The shear diagram will be
-
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L]
a sloping straight line, the maximum shear being p 7 cos 0; the
thrust diagram will also be a sloping straight line, the maximum
thrust being p 7 sin 6,

X

®
4

A\

D
x
Resullant [ oad
o
N
nT)
X
69 JE '!;;U
£
.:1‘1
L

N

Z
Thrust Diagram

Fig. 65.—Inclined Beam, with Top End freely Supported,

General Case of Shear, Thrust, and Bending
Moment.—LINE of PreEssURE.—We have seen in all the cases
that we have considered up to the present that we have to know
the reactions before we can determine the shear, thrust, and
bending moment. We will now consider any beam or rib whose
centre ljpe is A B, and which is acted on by any system of forces
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Now suppose the forces F; F, F; meet the centre line of the
structure in points D, E, &c.

Consider, a cross section at any point p, between B and D.
The stresses in the material across this section must keep in
equilibrim all the forces to either side of it, 7g., the force Ry.
Producc the cross section to meet the line of action of Rpin Ly, a
point called the /oad point for the given cross section.

I'ig. G6.——Line of Pressure.

If Q, and S, arc the components of Ry, perpendicular to and
along p, 1, then the shear at the point p, is equal to S;; the
thrust is cqual to Q, ; and the B.M. is equal to Q, x P, L,.

Similarly consider the cross section at a point p, between D
and E. The forces to the top of the scction are Ry and F;;
their resultant is x 1, and it acts down the line of pressure a 4.
Let the cross section at p, meet the portion @4 of the lne o
pressure or aé produced in L, then L, is the load point for the
«cross_seetion at P, and by resolving x 1 perpendicular to and



Veclor Fisure

Fig. 67.—Line of Pressure for Crane.
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along p, 1.2'we get the shear, thrust, and bending moment as
before. This construction is applicable to any structure, the
only difficulty which occurs in many cases being the determina.-
tion of the dérections or values of R, and Rg.

We shall deal at considerably further length with the line
of pressure in considering the stability of arche$and of masonry
structures generally.

Consider for example the case of a curved crane provided
with a ball or roller bearing at A, and having a pivot in the pit at
B (Fig. 67).

The load W is carried from a pulley c, the chain carrying
which is fixed to the crane at a point G, and passes over pulleys
D, E, F, and then passes off the crane to the hoisting mechanism.

The tension in the cable is then ‘Z
Now commence drawing the vector figure by taking o, t

vertical to represent %’ and 1, 2 parallel to the chain between
D and F, then o, 2 gives the force F, on the pulley p. The next

force is a vertical one, W, acting through ¢, so draw 2, 3 vertically

and equal also to ‘Z. Next draw 3, 4 and 4,5 equal to ‘%, and

parallel respectively to the chain between b E and EF; then j, 5
is equal to F, and if 4,6 is drawn parallel to the chain between

r and H, and is equal to Vz\” then s, 6 gives F,.

Taking the pole x at the point o, and making the first link
coincide with F;, we get the point @ on the line of pressure,
Then a 4, b ¢, ¢d are drawn parallel respectively to o, 3; o, 5; o, 6,
the point & being on the horizontal line through 4, since, owing
to the roller bearing, R, must be horizontal. If & is now joined
to B we get the direction of the reaction Ry at B, and by drawing
6, 7; o, 7 on the vector figure parallel to R, and Ry respectively,
we get the values of the reactions. Then if Kk represents any
point on the centre line of the crane, and a cross section is drawn
to meet the line of pressure in 1, L is the load point, and if o, 5
is resolved along and perpendicular to k 1. to give components S
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and Q respectively, then the shearing force across tle cross sec-
tion is S; thethrust is Q, and the B.M. is Q x k1.

For B.M. and shear diagrams for rolling loads, fixed beams,
and continuous beams, and for the lines of pressure for various
structures the rqader should consult the subsequent chapters.

A summary of the maximum B.M. and shear for various kinds
of beams and loading will be found on p. 288.



CHAPTER VI
STRESSES IN BEAMS

WE have seen in the previous chapter how the bending moment
and shearing force at different points along a beam, loaded in
various manners, can be found ; our next problem is to find the
relations between these quantities and the stresses occurring in the
beam.

We shall get a good preliminary idea of the stresses occurring.

>

Fig. 08.--Strcsses in Beams,

in beams by considering a model devised by Prof. Perry. Suppose
that a beam fixed at one end carries a weight, W (Iig. 68), at the
other end, and that it is cut through at a certain section. Then the
right-hand portion can be kept in equilibrium by attaching a_rope
to the top and passing over a pulley, a weight W being attached to
the other end of the rope, and by placing a block B at the lower
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portion of the section arid a chain A at the upper poftion. Then
the pull in the rope overcomes the shearing force; and the block B
carries a compressive force ¢, and the chain A carries a tensile
force T. Since these are the only horizontal forces, shey must be
equal and opposite, and thus form a couple. Then the moment of .
this couple musf be equal and opposite to the couple, due to the
loading, which we have called the bending moment.

. In the actual beam, owing to the deflection which takes place,
the material on onc side of the beam will be stretched, and the
material on the other side will be compressed, so that at some
point between the two sides the material will not be strained at
all, and the axis in the section of the beam at which no strain
occurs is called the neutral axis (N.A.). We sec, therefore,
that :— The neutral axis is the line in the section of a beam along
whick no strain, and therefore no stvess, occurs.

In an elevation of a beam there is also a line of no strain or
stress, which may also be termed a ncutral axis. These two axes
are really the traces of a nentral surface. .

If we know the manner in which the strain varies from the
neutral axis to the outer sides of the beam, from a knowledge of
the relation between stress and strain we can find the stresses at
different points across the beam, remembering that the total com-
pressive stress must be equal to the total tensile stress, and the
moment of their couple must be equal to the bending moment.
The moment of the couple due to the stresses is often called the
moment of resistance.

Assumptions in Ordinary Beam Theory.—We will first
make the following assumptions with regard to the bending of
beams, and from such assumptions we will deduce a relation
between the maximum stresscs, due to bending at any cross section
and the bending moment :—

(e) That for the material the stress is proportional to the
strain, and that Young’s modulus (E) is equal for tension
and compression.

(6) That a cross secticn of the beam which is plane before

. bending remains plane after bending.

(¢) That the original radius of curvature of the beam is very

great compared with the cross-sectional dimensions of the
beam. . ‘

-
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- We will also for the present restrict our investigation to the
case of simple bending, z.c., that in which the following conditions
hold : —

(1) Ther@ is no resultant thrust or pull across the cross section
of the beam.

(2) The section of the beam is symmetrica\ about an axis
through the centroid of the cross section parallel to the
plane in which bending occurs. :

To get a clear idea of the stresses in beams it is absolutely

necessary to have a clear idea of the assumptions involved in

A% A A— fe—~7A

i |
dt
ai —.E
Tensian Cross -section Dit ram of.
Inreng:y of Stress

Fig. 69.—Stresses in Beams.

formulating any particular theory, and of the effect of such
assumptions on the results.

Let A B, Fig. 69, represent the cross section of a beam which
has been bent (the amount of bending having been exaggerated).
Before bending, the line A B had the position A, B;, so that 8 B,
represents the maximum tensile strain, and A A, the maximum
compression strain. From our assumption (4), called Bernowlls’s
assumption A, B, and A B are both straight lines. The neutral axis
then passes through c, the point of no strain, and it follows from
the above assumptions that the strains are proportional to the dis-
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tances from the N.A. From assumption (g) it follows that the
diagram of intensity of stress is also a sloping straight line, A, B,,
the portions By C and CyA being continuous, because Young's
modulus is equal in tension and compressmn *

It is clear that the maximum stresses in compression and ten-
sion occur at thé points A and B, and let these be £ and f; respec-
tively, dc and 4; being the distance ac and Bc.

Position of Neutral Axis.—Now consider an element of
area a at a point P at distance » N from the N.A.,

Then the stress at the point P is equal to P, P,

But PP = Ak _ /e

P, C AC 4,
" P Py = Loy P, C
(]

=% xopn

*. Stress carried by the element = « x {% X PN
(4

*. Total stress carried by section above N.A. = Sa x -{}"i X PN
(4

=§;2ax PN

j-“:’_ x first moment of area above N.A. about N.A.

Similarly 1f an element of area at a point P, be considered, we
see that
Total stress carried by section below N.A.
= {ii x first moment of area below N.A. about N.A.

t
But we have seen that the total tension T must be equal to the

total compression C, and it follows from assumptions (a) (5) that
Lt/
d. d,

.~ we see that the first moment of the areas above and below
the N.A. about the N.A. are equal and opposite in sign. There-
fore, the total first moment of the whole area about the N.A. is
zero But we have seen that the first moment of an area is zero
about a line through the centroid.
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®
Therefore, in simple bending with the given assumplions, the
neutral axis passes through the centroid,

The Moment of Resistance (M.R.)—We have proved
that the stress carried on an element a of area about a point P is

equal to a xf‘.’ X PN

. The moment of this stress about the N.A.
= stress X PN
=a X j-r"l x PN?2

e

.. Total moment of all the stresses over the cross section

=2‘..f£xpu’ .
adc

" 2
A 2 (a x PN2)
= {_i-'i (second moment of whole area about the N.A.)
(]

L1
da.
But the total moment of all the stresses is the moment of the
couple which we have called the moment of resistance.
c t
-’;—c orf 7
The moment of resistance must, as has already been shown
be equal to the bending moment, which we will call M.

A
M = j; or j;t~ RN ¢ 9 |

It will be seen that I, 4. and 4. depend merely on the shape

of the cross section, and dl and ‘71- are called the compression
(4 t

modulus and fension modulus respectively of the sectnon, and are
written Z, and Z,.
Thus our relation becomes

M =F£Z=FfZ ceeeerrnnnnsnaa(2)

In pragfice we usually want to know £, and f; which give the
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¢
maximum stresses across the section, and so we will write the

it S M3
_M
{ f; - z—t ---..........-...c....-.(4)

In the case where the section is symmetrical about the N.A.,
d, is equal to 4,, so that Z, and Z, are equal. In this case, there-
fore, /. = f;, and we may write the relation as
M,

Z

NUMERICAL EXAMPLES.
The following numerical examples will make it clear how the
stresses in beams loaded in given manners can be found, and how a
safe load can be found for a beam of given span and section.

(1) The five sections a, b, ¢, d, e, Fig. 70, have eack an area of
4 5q. ins:  Find their relative strengths as beams for the same span, if
they are of the same material.

We have seen that M = fZ. Now if all the beams are loaded in
the same way, M will be proportional to the load they can carry, and
as fis the same for each, we sec that their relative strengths as beams
depend on their values of the modulus of each section. For table
of second moments, see p. 8I.

Section a.
= b/ 2 x 23
12 12
1 I
L=a=x
..'.Z=-2—3(—23=?,_x 8
12 X 1 12

1'33 in. units.
Section b. This is composed of two triangles.
S I=2x M , 2 in this case being the height of the tnangle.

i

=2 x_'_:.1828 X 1'4143
12
d = 1414
. “ 7 =2X% 2828 x 14143 _ 2'828
ot 1'414 X 12 3

‘943 in. units, o
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i
BM on each qirder

Fig. 70.—Examples of Beams.
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Section c. !
I = mdl _ w x 2264
64 64
d=11j3
* Z = ’r...___x 2_._221
e 64 x 1'13
= 1'13 in. units,
Section d.
I=zx4_*‘_z><'8><z'53
12 12
= 1067 — 2'08 = 8'59
d=2"
o Z = 8._9
2

= 4°29 in. units.
" Section e. This 1s composed of three rectangles.

1= 75 %x2 + 25X 43 + 15 % 2?
12 12 12
=5 + 013 + 5
= 1013
d = ,II
.. Z = 1'o13 in. units.

We see, therefore, that the order of the sections, from strongest to
weakest, is 4, @, ¢, ¢, &.

We may take it, as a rule, that the strongest beam for a given area
of cross section is that which has a depth as great as is practically
possible, and which has as much as possible of the metal at the outer
portions of the beam.

(2) A girder of 20 ft. span carries a uniformly distributed load of
10 lons, and a central load of 4 fons. Find a suitable British standard
beam section for the givder if the maximum slyess is lo be 7 lons per
sg. in.
Its maximum B.M. due to the uniform load will be equal to 2
(see Fig. 54, Cases 2 and 3)
I0 X 20 X I2;

w/
8

= g in. tons
= 300 in. tons.
The maximum B.M. due to the central load = Wi
‘ _ 4% 20 x 12 4
4 .

= 240 in. tons.
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These bot’x occur at the same point, so that the maximum B.M. due
to both loads = 540 inch tons.

Now M=,2
* jessgo=72Z

Y2 = 5—‘7‘9- = 77°14 in. units.

On referring to the table of standard sections (Appendix), we see
that the section having the nearest modulus to this is a 14 x 6 x 571b.
section for which Z = 76°12, and we will adopt this section as being
sufficiently strong.

(3) A lank whick weighs } ton and measures 10' x 6' x 3' is filled
with waler, and carried on three givders placed lengthwise, so that eack
girder lakes an equal weight., If the givders are 6" x 3" x 12 0.
Standard Beams find the maximum stress in each. (A.M.I.C.E. Feb.
1903. Altered slightly.)

10 X 6 X 3 X 62'5 y5ng
2240
= 5'02 tons.
.~ Total weight carried by girders = 502 + ‘5 = 5°52 tons
10 X 12

Weight of water in tank =

.*. Maximum B.M. on cach girder = s—g’—? X

= 27°6 in, tons.
Z fora 6” x 3” x 12 lb. beam is 6'736 in. units

= .__:3. = 4°I tons per sq. in.

(4) A cast-ivon beam is the shape of an inverted T, 9 in. decp over all, '
width of flange 6in., thickness of web and flange 1in. If its length is
12 1. find what weight at the centre will cause a lensile stress of 1 lon
per sq. in. in the flange. What would the maximum compressive stress
then be 2 (A.M.IC.E. Oct. 1902.)
First find the centroid and second moment of the section. (See
Fig. 71.)
Area of section = A =9 X I + § X I = I4 sq. in.
1st Moment about base = Ad = (9 X 1) X g +2(2% x1) X -;-
=405 + 2'5 = 43
* = 4_3 = 3" i
. d 1 3'07 in.

3
2nd Moment about base = I, = _1__><3J’ + —2-1%’-(—1- !
= 243 + 1'67 = 24467
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.. 2nd Moment about parallel line through centroid
=Il.=1-Aad?
244'67 — 14 x 307°
24467 - 132°07 |
112°6 in. units.
112°6 1126

9-307 593
18°'99 in. units.
Z = 1126 _ 3667 in. units.
3’07
.. Safe B.M. in tension = f; x Z:
= 36°67 in. tons.

Ze

Compressian ~— 9 S

593
lie*

—2bes] a—2b e 307" Sts le| 85Ng'
37 [ SR

Tension Flilthed Beam.
Cas! Iron Beam

Fig. 1.

Neglecting weight of beam itself, if central load is W, the maxi-
mum is V!
4

I _ W x 12 x 12

. Maximum B.M. = = = 36 W in. tons.

4 4
W = 3—2—21 = 1'02 tons.

thc

The compression stress - =1X593_ 1'93 tons per sq. in.

@ 307

(5) A flitched beam consists of two timbers, eack 9 in. thick and
16 i#. deep, and a steel plate placed symmelyically between them, the steel
PDlate being 8 in. deep and § sn. thick. If E jor timber is 1,500,000 Jb.
per sq. in. and for steel 30,000,000 6. per sq. in.; find the maximum
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.
lenstle styess in the steel plate when the maximum tensile stress in the
timber is 1000 lb. per sq. in.

Determine also for the same intensily of stvess in the timber the per-
centage incrense of load the flitched beam will carry as compared with
the two timbers when not reinforced with the steel plate. (B.Sc. Lond.
rgoz) ° ]

Using the notation given on p. 80, we see that ¢ = 3%99%%%°_ ,,

1,500,000
(see Fig. 71).

. The steel plate is equivalent to a timber 20 times as wide, 7.e., a
timber 15 x 8 ins.

.*. For the equivalent section of timber for the whole flitched beam

p=2%9x16, (15-8
12 12
= 6144 + 608
= 6752 in. units. .

For the timber beam not reinforced 1 = 6144.

When the stress in the timber at the outside of the section is
1000 lb. per sq. in., that 4 ins. below the N.A., 7.e. at the maximum
depth of the equivalent timber plate will be

g. x 1000 = 500 lb. per sq. in.
But steel carries 20 times the stress in the timber for the same strain.
.. Stress in stecl = 20 X 500 = 10,000 lb. per sq. in.

For the flitch beam the equivalent modulus is 6_7{_2 = 844 in. units.

. Safe B.M. in ft. b, = 8.1‘1_’:5@ = 70,333
For the plain timber beam Z = .6!845 = 768 in. units

.. Safe B.M. in ft. Ib. = 7&’:2_1200 = 64,000
.. Increased B.M. carried by flitched beam = 6333
o o/° increase = ;%—3030 X 100 = 99 °/o

We shall have further numerical examples on the stresses in
beams at various points in the book.

Influence of Shearing Force on Stresses in Beams.
—It must be remembered that up to the present we have con-
sidered only the tensile and compressive stresses due to the
bending moment. Besides these stresses there are the tangential
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stresses due to the the shearing force. The resultant stress at any
internal point of the beam is the resultant or principal stress of
the tangential and direct stresses, which resultant is found as
shown in Chapter I. We shall deal in a subsequent chapter with
the distribution of the shearing stresses across the sectipn of the

_ Compression

o

Tension B
BM and Shear Stresses Resultant Strin

Compreasion
' Tensiod =

Fig. 12.—Principal Stresses in Beams.

beam, but for the present we will assume that the shear stress is a
maximum at the centroid and diminishes to zero at the extremities.
Fig. 72 shows diagrammatically the shear and direct stresses
across the cross section of a beam and also the resultant stresses
which, as it will be seen, are parallel to the centre line of the
beam at the extremities and are perpendicular to it at the
centroid.

If the principal stresses at various depths be fougd for a
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number of ross sections at various points along the span, and
the directions of principal stress be joined up by a curve, we
get a number of lines showing the manner in which the
directions of *principal stresses vary from one point to another.
Such curves will be found in Rankine's Applied M:ham:s, and
are of the form shown in Fig. 72.

In practice it will be found that, except for very short beams
carrying heavy loads, the maximum tensile or compressive stress
due to bending moment will be much greater than the maximum
shear stress, so that the consideration of stresses due to bending
moment is, as a rule, considerably more important than that of
the shear stresses. :

CASES WHERE ASSUMPTIONS OF THE BEAM
THEORY ARE NOT ALLOWABLE.

Moment of Resistance in General Case.—To follow
the correct theory of beams it is not necessary to make any of the
assumptions previously given, and we will now find the moment
of resistance in the most general case. To investigate this, we
must suppose that we know by experimental or other means the
shape after distortion which is taken up by a cross section of the
beam which was originally plane. We must also know the
relation between stress and strain for the material of which the
beam is composed. -

Let A B, Fig. 73, represent the elevation of a cross section
of a beam which after bending is strained to the shape b c E.
Then from the stress-strain curve and from the shape of the
cross section draw a curve of stress D’ ¢ E. This is obtained as
follows : let @ & be any ordinate of the strain diagram ; then from
the stress-strain curve find the stress corresponding to this strain,
and multiply the stress by the breadth of the beam at the given
point, and plot this equal to &’ & to some convenient scale ;
joining up points such as 4 we get the stress diagram.

Now let the area of the stress diagrams be Q and T and their
centroids G, and G,. Then, of course, in simple bending Q and T
will be equal, and if ¢ is the perpendicular distance between
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the centroids, the moment of resistance will be equal to T x ¢
or Q x ¢ .

If the reader fully follows this general method with regard
to the stresses in beams, he should not have ‘the difficulty
commonly experienced in following the more particulyr theories.
We shall have ‘further notes and numerical examples on cases of
bending, in which the common assumption cannot be made, when
dealing with reinforced concrete in Chap. XV.

A D A D

al b o’ _ b' o

ﬂ

[ %
B E B
Strain Diagram Stress Dfagmm
Fig. 78.

* Beams with appreciable Original Curvature.—Let
A B D E, Fig. 74, rcpresent a short piece of a curved beam,
o being the centre of curvature and A E and B p being sections
normal to the centre line c ¢. Then, obviously, the material at
E D will not require the same #/a/ strain to produce a given
unital strain and thus stress as the material in A B will, because
its original length is less, and, as a result, the neutral axis will not
pass through the centroid.

While still making the assumption that stress and strain are
proportional, and also Bernoulli’s assumption that a section
originally plane remains plane after bending, we can find an
accurate theory of bending of curved beams, as follows:

Let the portion A B D E take up the position 4, B, D, E, after
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L]
bending. Consider an element of area a situated at a point p at
distance y from the centroid line c ¢’ and consider a fibre p Q of

the material enclosing the area a.

Fig. 74.—Stresses in Curved Beams.

After strain the fibre P Q takes up the position p, @, at
distance y, from the strained centroid line ¢, ¢,
Then unital strain in p @ = 1’1_91_;_‘(_)_‘13_
And if f; is the stress at the point p
L _mo-Pe_Po

E PQ PQ
RO Sy
P S TR e (1)
¢ —cc

Similarly unital strain along c ¢’ = T
and if £, is the stress at the centroid, we get similarly

Qs _ ./t
,ccd —1+E
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€
Dividing (1) by (2), we get

y
P xcc _1+E .
¢’ xpPQ 1+ Jo
4 E ‘
PIQI J’1+R_1_ L
But G c R, R
ca R 1
P Q Y+ R I""!f
Also since —{g and =5 Jo E ¢ extremely small, we' may write
1+ 4
(44
I+f‘}:-? ETE
1+ 24
We get By -‘—fl;g +~‘% .......................... (3)
1+
R
1+ 2L
1+ )
XA
Ik +
b4
I+
SN2
S R X
=3 - J e (4)
I+ g
E(X-2Z
R R
=+ (' ................................... (s)
1+

Then the load across the whole cross section is = /v . a and in the
case of pure bending this is zero. .
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. Wehive 2f;.a = o
E(Z-Z
=3f.a + 3 ——(—R—‘——Q .a

- ¢+ 2
ButZha =foSa = £, A .
.-.ﬁ,=ﬂz(.£_‘i).a .................. ©)
A (x +i’{—)

The moment of the force on the given element about
cc = fy.a.y and the sum of these moments is equal to the
moment of resistance and thus equal to the bending moment M.

.~ Wehave M = 3 f.7.a
E(R-%) ",

.

=3foa.y + 3 —1

(x +2)
ButXfay =fo2a.y =/, X ﬁrstmomentofareaabout
centroid =fo X 0 =o0,
. We have:
yu - .v)
M—E—u—-——.a.y ........................ )

(I + ﬁ)
This is the most general case and is true for the assumption
given,
Now consider the following special cases :

(1) ORDINARY STRAIGHT BEAM; R INFINITE, R, VERY GREAT.

E P4l
In this case f, = ¥ 2:5!1.

E
=-R‘1A2y1a=0

Then M = El—f-'—.ylya
1
¥, is practically equal to y,
(L]
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¢

E
‘e M = =3 2
R, <V
_EI
-~ R, ‘
and from equatien (5) fy = o + E.n
1
- Exy
=&
E _4
R, »
M=l
J

This is the result we have previously obtained.

(2) WINKLER’S FORMULA FOR CHAIN LINKS, &c.—Winkler drew
attention to the error of applying the ordinary bendmg formulz to
chain links, &c., where the original curvature is appreciable, and
improved such formulaa as follows :

He takes y; = y.
Then equation (5) becomes :
E.y(x, - &)
Sy =/ + '
1+ £
I 1 R
=f;+E(1-i—l—R).J;'yTR ...... (8)
Then from equation (6)
- _E (1 1 IR
2= (% - 1) 2 (%)
IRY o= - »
Nowz( R) a=32ya 2( + R)®
=0 — 2.(
y +
Now let A 42 = e
ow let A % 2(}’ i R) a

where % is defined by the above relation, and may be called the
link radius. It corresponds to the radius of gyration in the
ordinary case.
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: AA ( P V..

WCSCCT= =

]
1
1]
|
|
|

. y + R’

. y - DA
yiw) e - ‘
E A2
Thense = 3 (=, - ) &
*~ We have f, = ——-R—-(R—1 - F) ........................ (9)
From equation (7)
E (L -1

M = —1 2 y%a

_ I I R
EA/:?(‘- -—’-) .................. (10)

-, returning to equation (8) we see
_ErR(1 I fr_1y yR_
5 =50 (g - ) + B (x-w) 5

M M y R * :
- e ML (R+y) ........................ (x1)
RECTANGULAR SECTION.—If the section is rectangular and of

depth H and breadth B, we see that analysing mathematically—

+H

AR [Rz___B dy

y+R

2
;’+d-ly{ fyd_y / R
= 4.-‘?—
/}' 7y fR @y + + R

=9 - Ry + RZlog.y + R

* This is¢the stress due to bending only ; in the case of hooks we have to
add the direct stress over the whole section. M
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'H'

-.A/;2=[L—Ry+R-1ogey+R:|xR B

BR[o - RH + Rﬁlogefﬂ_g

[R loge ?_R-."‘_H H:I

!I

M R I
. +M.y. ( -»---)x
f RA R+ BR*[Rlogezk"'H—-H]

=L<{-{_I.+ ‘y P,
R A B(R+;')(Rloge:}§;ﬁ—H)’
H

This is a maximum when y = + o

GENERAL GRAPHICAL SoLuTION.—Let Fig. 75 represent the
section ADBE of a beam, and o the centre of curvature of the
centre line D E, the beam being, of course, curved in the plane of
bending.

Now consider a very narrow strip PQ of the half section at
distance y from cb. Join Po, cutting ¢cp in s and draw sr
parallel to Q¢ to cut PQ in R,

Then PR RS _ 2
PQ Qo R+y

Repeating this construction for a number of strips such as pq,
and joining up the points obtained, we get a curve ARDR;B
called the link rigidity curve.

Then the area of this link rigidity curve = Ay = 2(§ y__)

Al ¥y t
But w = Z(R__-n-}) «
v A= %f
Now let At _ 1, fe, AP =AxL xR

A



Fig. 73.—Curved Beams, &ec.
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(4]
Now put these values in the equation (11) for stress

' - M, MyR
Then we have f, = KATA L.R‘-‘(R i)
=My )
¢ AR TRL (R + )4 c

- M/ _4'__}
ARU T 1 (R +)
‘Then it d, and 4, are the distances from the line D E to the
.extreme compression and tension fibres respectively, we have

Maximum compressive stress = f, = AME {I + —]T(—lgfi_d:)}
M ¢ d;
AR\LR < d)
PosiTiON oF NEUTRAL Axis.—The value of y to make f; = o
.gives the distance & of the neutral axis from D E.

Maximum tensile stress =hf= I
.

. y =
ey | (K + 5) 1

y=—-LR -Ly
J;;:-_IZ__I.{_
1+ L

“This enables us to find the position of the neutral axis.

(3) ANDREWS—-PEARsON Formura.—In a paper* published
by the author and Prof. Karl Pearson, F.R.S,, it was pointed out
‘that in Winkler’s formula a further correction should be made,
because, owing to transverse strain, it is not true that y = y,.

The formuie in this case become more complicated, but the
stresses can be obtained by a graphical method which is not
‘much more troublesome than that in the Winkler method. In
‘the above-mentioned paper it is proved experimentally that the
formule obtained by this method are much more accurate than
the ordinary bending formulze.

A later paper by Prof. Goodman, M.I.C.E.,} confirms the
results of these experiments, and obtains results almost identical

* A Theory of Stresses in Crane and Coupling Hooks. Drapers’ Company
Research Memoirs. Technical Series, I. (Dulau & Co., Lond.)

+ ¢ Maximum Stresses in Crane Hooks.” Vol. CLXVII. (1906-7) Proc.
Inst. C.E. See also a paper by Prof. W. Rautenstrauch in the American
Mackinist, October 1909.
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[
with those obtained by the Andrews-Pearson experiments. The
reader should consult these papers if he wishes to study the
problem, as our present space forbids us entering into further

detail. *

Z

- 4O % ".__/Y
/
/

/
(e
AN

~J
‘&
S

S

P

Fig. 76.—Stresses in Asymnmnetrical Sections.

* Beams with Loading inclined to Principal Axis.—
In obtaining our formule for the stresses in beams, we assumed
that ‘the section of the beam is symmetrical about an axis through

* See also Appendix, page 566.
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the centroid of the cross section parallel to the plane in which
bending occurs.’

We saw in dealing with moments of inertia, or second
‘moments, that an axis of symmetry is called a principal axis
of the section., Our assumption, therefore, is equévalent to
-saying that one of the principal axes lies in the plane of loading
-of the beam.

When such is not the case we proceed as follows. Draw the
momental ellipse for the beam, x x and vy (Fig. 76) being the
principal axes, and let zz be the trace of the plane of loading.
Then the neutral axis will be the diameler of the ellipse conjugate
Lo the plane of loading. The plane of bending will be at right
angles lo the neutral axis.

This is proved as follows:

Consider an element of area at the point P of a section
(Fig. 76), and let PN and pM be drawn perpendicular to the
plane of loading and neutral axis respectively. Then the intensity
-of stress at p is proportional to P M, the distance from the neutral
axis, so that if ¢ is a constant we may write fp = ¢ x PM.

. The moment of the load over the area about zz is equal
t0fp X a X PN=¢ X a X PM X PN,

Now since zz is the plane of loading, the moment of all the
stresses over the section about zz must be zcro, since the couple
to the stresses must also be in plane zz.

*“Sfp X a X PN =0"
6, Z¢cXaXPMXPN=0
i, Sa.PM X PN =0
but Sa.pM.PN is what we have previously called the product
moment, and it can be shown that if the product moment of an
area about two lines is equal to zero, such lines must be corjugate
diameters of an ellipse.

Therefore to find the neutral axis draw a chord the diameter
conjugate to zz. To do this draw a chord parallel to zz and
bisect it and join c to the point of bisection.

Now suppose the radius of gyration about the N.A. is 4y 4., and
d, and d, are the distances from the extreme points of the section
to the compression and tension sides respectively. «
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Then the moduli are

Akl Ix.a.
Z, = 2ol '
7 A kg, Iya.
¢ ’ dt ' (/;

Then the maximum compression and tension stresses are
obtained by the relations

M
f=y
M
r=7

NUMERICAL EXAMPLE—A 5" X 3" X ¥ unequal angle section §s
loaded on the small side with the long leg downward. Find the safe
bending moment for a stress of 7 tons per square inch. *

From the tables of standard sections we see that for this section
the maximum and minimum values of the radius of gyration being 169
and 65 inches, the principal axes being at 19}° to the vertical line z z.
which is the trace of the plane of loading.

The momental ellipse is now drawn (to twice the scale in Fig. 76).
The major axis being equal to twice £, and the minor axis equal to
twice £yy.

By the construction previously given we get the diameter of the
cllipse conjugate to zz. This gives the neutral axis. To obtain £x.a
draw a tangent to the ellipse parallel to the N.A. and draw a line from
C perpendicular.to this axis. This will be found to be *88 inch.
Now measure the distanee d; 4; from the neutral axis to the extreme
fibres of the section and these will be found to be 1'80 and 1'83 inches
respectively. The area of the section is 3'75 sq. ins. Therefore we see

. QQ2
Ze = 17—51—)&0-38— = 1'61 inch units

375 % 880 _ 1°59 inch units

Ze 183

. If safe stress = f; = f = 7 tons per square inch
safe B.M. = 7 x 1'59 = 11'13 inch tons ....... (1)

If we had taken the N.A. at right angles to the plane of loading, a
in the case of a symmetrical beam, we should have had £ = 160
d. = 1'73, gnd d, = 3'27.
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This would give Z. = 3_75_157?:'@2 = 5°46 inch units
Z = 375 3%;-'693 = 294 inch units
.. Safe B.M. = 7 x 2'94 = 2058 inch tons ceensenaggenessnan(2)

(In finding tt:e safe B.M. we, of course, consider only the least
modulus if the working stresses are the same in tension and com-
pression.)

We see from comparing results (1) and (2) that a very large error
is made by failing to find the true neutral axis. This error is very
commonly made by practical designers.

A similar allowance should be made for symmetrical sections where
one of the principal axes does not coincide with the plane of loading.

il
N\\\

!
$

Fl

Fig. 77.—Combined Bending and Direct Stress.

Such cases occur in practice in plate girders where the wind is blowing
on one side while the load is crossing, and in sloping bridges where
the cross girders are placed with their flanges at the same inclination

as the main girders.

Combined Bending and Direct Stresses.—If the load-
ing on a beam is such as to cause a direct stress in addition to
bending stresses, then the resultant stresses across the section
will be obtained by adding together the separate stresses. Let
BD, Fig. 77, represent the elevation of a section of a beam, c
being the centroid of the section whose area is A and whose com-
pression and tensile moduli are Z, and Z;, D being the compression
side and B the tension side. .
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Then, if the direct force is a thrust Q, there will be a uniform
compression stress of —QA over the section. If the bending moment

is equal to M, the maximum compression and tensile stresses due

to bending are equal respectively to gland II. Therefore we

have :(—
. . Q M
Resultant maximum compressive stress = f, = A (1)
Resultant maximum tensile stress = f, = ;’t - _g- eee(2)

The distribution of the combined stresses across the section
is then as shown in Fig. 77, FH represent the maximum com-

S

Q
Y R.

Tra ¢ {

F
Fig, 78

pressive stress, and G E the maximum tensile stress. The neutral
axis then is at the point N, where the stress is zero.
If the direct force is a pull T instead of a thrust Q, we have
T M

Resultant maximum tensile stress = f; = itz «.(3)
t
. . M T
Resultant maximum compressive stress = f, = 7 A . (4)
(]

Stresses obtained from Line of Pressure.—If the
resultant force across the cross section is R, Fig. 78, and the line
of pressurg cuts D B produced in L, the Joad point (see p. 139), then
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L)
resolving R along and perpendicular to the cross section we get a
shearing force S and a thrust Q.

Inthiscase M = Q x cL = Q x «
andifcp =d,and cB = 4,

I AR .
] Z = el = e
we have . ) FA
. 1 A
L = - = —
A 2,

where % is the radius of gyration about a line through the centroid
parallel to the neutral axis.

.. We have from equations (1) and (2)

fom R
= 1(‘\2( 1+ "’i/"ff*') ....................... (s)

TER VAR
- ‘% ; ;’z - 1) ........................ (6)
Or if the resultant normal component is a pull T, equations (3) and
(4) become fi = 1{(1 + :_‘jt) ........................ (7)
£ = 1(&;’ - ,) ........................ (8)

PositioN or THE NEUTRAL Axis.—The position of the neutral
axis N can be found as follows :—
Let it be at distance y from c.

Then stress due to bending = IVIJ.'
_ Q.xy
AZ#?
At this point the stress due to bending is exactly equal to the
direct stress .Q.ay _Q
AR A
or ay =4
2
ze. y =% PPN (1))
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The follox.ving numerical examples will make the question of
combined direct and bending stresses clear; further examples
will occur in the course of the book.

L]

* NUMERICAL EXAMPLES.—(1) A Zfension rod is a flat bar 8 inches
wide and 1%nch thick : owing to bad fitting the line of pull, instead of
passing along the geomeltrical axis of the bar, lies } of an inch
to one side of 1, in the plane whick bisecls the thickness of the rod.
Delermine the maximum and minimum stvesses set up in this bar in a
section at vight angles to the line of puil when the pull is 36 fons,

Show by a sketch the actual distribution of the stress across the
section. (B.Sc. Lond. 1904.)

In this case the direct stress = T = 83:—-1 = 4'5 tons per sq. in.
The B.M. is equal to T x ., and the second moment is equal tb
1x8 128 .

s 1 8 6
2o 1128 1 _ 1€
k AT 3 X 8 3

_T (r + xdt)

-~

_45( 4x4x1%)

= 45 X '3}) = §°344 tons per 'sq. in,
1

D
= 4'5 1‘36— l)

= — 45 X :% = — 3°656 tons per sq. in,
The distribution of the stress is then as shown in Fig. 79.

(2) A hollow circular column has a projecting bracket on which a
load of 1 ton rests. The centre of this load is 2 feet from the centre of
the column. External diameler of column is 10 inches, and thickness
1inch. What is the maximum compression stress? (A.M.I.C.E. Oct

1905.)
In this case A=" (lo'-' - 83) = 2828
4

™ Q3 i
I= & (104 - 8*) = 289°8 inch units
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k= zggg 10'15
=A (‘ +

- I 24 X35
- 28'28 (1 + 10°25 .
= 2L82478 = 448 tons per sq. in.

Q sxd,
fi= ;‘ ,(st - l)
10 i .
= ;828 = 379 tons per sq. in.

The distance of the N.A. from the centre of the section is then
. M
gl.ven by y= = 1025 _

24 = 427 in.
The distribution of stresses is then as shown in Fig. 79.

(3) A built-up crane jib is in the form of a curved girder, and a
horizontal section ncar the base is a hollow rectangle. The oufside
dimensions of this rectangle are 54 and 36 inches, and the larger and
skorter sides are 1 inch and 2 inches thick respectively. Find the
maximum tensile and compressive stresses induced in the material when
a load of 25 tons is suspended from the end of the crane, the horizontal
distance of the load from the centre of the section being 50 feet.  Show

by a sketch how the inlensily of stress varies across lhe section. (B.Sc.
Lond. 1905.)

It will be noted that in this question no means are given to

connect the plates of the rectangle, such means being necessary in
practice.

Proceeding *15 in the previous e\'imple, we see that
= 2(72) + 1(100) = 244 sq. ins.

3
I= 36 7:,,54 -3 :: 50 _ 118,200
- k,_uSzog__ 8
244 464 5
= 25 (4 000 Xx27
Z 244 484'5
= 5215:{ X 34’5 == 3'62 tons per sq. in.

fi= .:i 6.9.;’.8%522 - 1) = 3'33 tons per sq. in.

Fi . 79 shows the manner in which the stresses are distigbuted.
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i Approximate Value of Modulus of I Sections.—In
practice girders are usually made of X section, because the most
economical section is that in which as much as possible of the
metal is placed in the edges or flanges. In this ca$e an approxi-
mate formula for the modulus of the section can bg found as
follows : Let D‘(Fig. 80) be the distance between the centre of

— J— — — — —— a—— - — - 1_
B J
e
-—tt+-—- D
F-B ~
- .{._ _/. ________ _.I_
< Tension F'anje
Fig. 80.

flanges of the section, the thickness of the flanges being 2 Then
if B is the breadth of the flanges, and #, the thickness of the web,

we have

=P+ _G-HE-H (x)

12 12

. 121 = B(D3+ 3 D2+ 3 D2+ — (B—¢) (D3 — 3 D%+ 3 D2 —13)
= B(6 D% + £8) + £ (D®— 3D + 3D2 — %)
I 72 73

1%? 631(1+-——-)+t1(n—3t+3——-5—’) . (2)

Now if # is small compared with b, %— and £ 1;5 are negligible,
121 _ 37
-B—n—6nt+fln(r D) caeene (3)

orl = -—-{6nl+ /D (x - 3f)}
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L ]
, 1 21 21 21 ?
NowZ = —— = -=° =.__.__=-_(x— -)nearly
D+ D+Y7 14 D D
N D (I + ;’)
since ¢ is small compared with p.

_ o T\ WA
2—6n{6nt+frn(1 —D)}(I—D)
D 6B/, 4 £
-2 {GBt - __ﬁ_ﬂ + 4D — 324 -t + 3_'.1_)15_}...(4)

= ED{6 B+ 4 (D - r)} to a first approximation,

neglecting all remdining terms containing #2 or # 4,

Now B x # = area of one flange = A .
and £ (D — ¢) = area of the web = q
: . Z= anp
S Z=DA + 3
a
_D(A+6) ........................ (s)

Therefore we get the following rule: Z%e modulus of an I
section beam is approximately equal to the depth between the centres
of the flanges multiplied by the area of one flange plus one-sixth of
the area of the web.

In English practice the web is usually neglected altogether in
obtaining the modulus, in which case we have Z = A x b.

We shall have numerical examples of these approximate rules,
and will show to what extent they are correct when dealing with
the design of plate and box girders.

Discrepancies between Theoretical and Actual
Strengths of Beams.—Many practical men have expressed
considerable surprise that in testing beams the actual and theo-
retical breaking strengths do not agree. A number of beams are
tested, and a tension test is also made from the same material,
and it is found that the load which, on the ordinary bending theory
should cause the breaking stress in the beam, does not cause frac-
true, the amount of additional load depending on the shape of the
cross section. This was the origin of the old ‘beam paradox,’ it
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. . .
being thought that the material must be stronger in bending than
n tension. In fact, for cast-iron beams, an old erroneous theory

. S x b,
which, for a rectangular beam, made M = i instead of
fx bR - ; . .
—g —— agrees considerably better with the breakink test than

the correct theory.

Now this discrepancy is due to the fact that the ordinary
bending theory is not applicable to breaking stresses, and no one,
who appreciated the value of the assumptions made in obtaining
such theory, would expect the theoretical and actual breaking
strengths to agree. This is because the stress is not proportional
to strain after the elastic limit is reached.

" Some experimenterswho have measured the deflectionsof beams
have stated that for mild steel the stresses at the elastic limit do
not agree, but that is due to a confusion between the elastic limit
and the yield point, and to the fact that the deflections were not
measured with sufficient accuracy. In Chapter I. we saw that for
a tension test of mild steel the elastic limit and yield point were
quite close to each other; but in bending this is not the case, the
yield point occurring at a considerably later point than the elastic
limit. Considerable error, therefore, arises if the yield point in
bending be taken instead of the elastic limit. If the latter be
carefully measured it will be found that the stresses in tension and
bending at the clastic limit agree very closely. This point is
proved, incidentally, in the Andrews-Pearson paper on Stresses in
Crane Hooks, referred to on p. 164. The reason for the yield
point coming some distance after the elastic limit in bending is
that only the material at the extreme edges has been stressed up
to the yield point, and the whole section will not yield until the
material nearcr the centre has become stressed up to the yield

point. '

We see, therefore, that there is no discrepancy between theory
and tests so long as the conditions laid down in formulating the
theory are fulfilled. If those conditions do not hold beyond a
certain point, then, after that point, we must get a new theory if
we wish to calculate the stresses.

These so-called discrepancies between theoretical gmd actual
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strengths of béams point to the desirability of choosing the working
stresses in terms of the stress at the elastic limit, and not of the
breaking stress—as we pointed out in Chapter II.—because if the
working stressin a beam is, say, one-half of the stress at the elastic
limit in tengion, then twice the load on the beam will cause the
elastic limit in the beam ; if, however, the working®tress be taken
as one-fourth of the breaking stress in tension, four times the load
will not cause failure, the exact load to do this being more, and
depending on the shape of the section.



CHAPTER VIIL,

BENDING MOMENTS AND SHEARING FORCES FOR
ROLLING LOADS.

IN Chapter V. we considered the variation in the bending mo-
ment and shearing force for different points along the span for
various kinds of fixed loads. If a system of loading travels across
a beam so that each of the loads at different times occupies every
possible position on the span, such load system is called a ro/ling
load system.

Now the B.M. and shcar at each section of the beam changes
as the load crosses. We do not attempt to determine the B.M. and
shear at each section of the beam for every position of the load,
but find only the greatest value that they can have at any point
during the transit. Thus the B.M. and shear diagrams for rolling
loads do not give the values of these quantities which occur at the
same time, but give, at each section, the maximum possible value
of the quantities whatever the position of the load may be.

We will consider only simply supported beams. Cantilevers
are seldom subjected to rolling loads, and when they are the maxi-
mum shear and B.M. occur when the load is right at the free end.

Consider the following standard cascs :—

(1) Single Isolated Load.—Let an isolated load W,
Fig. 81 (1), be crossing a beam A B of span / from left to right.

SHEAR D1agram.—I.et the load be at a point p, at distance »
from B, and let it be approaching a point c at distance & from B.

Then shearat ¢ = S, = R, = Mé:—lz

Wy
= W —_— '"1—'*

This is greatest when y is least, so that we see thgt the shear
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increases as the load approaches c, the maximum value occurring.

W (/-x)
—

Now let the load be at a point P" beyond c at a distance 2z
froms.
®Then S, =R, - W
—wd :.".) -w

_Wg
.

This has a maximum numerical value when 2 has its maximum.
possible value, 7., when g = x. Therefore we see that as the
load approaches c, the shear at ¢ increases until c is reached; it
then changes over to a maximum negative value dlrectly cis passed,
and then diminishes as the load goes on.

Maximum positive shear at ¢ = w lx) This is propor-

when c is reached, such value being

tional to the distance of ¢ from 4, and so the diagram of maximum
shear for the load approaching is a straight line A, F, F B, being
equal to W.

W x

Maximum ncgative shearat ¢ = -:—1— . This is proportionat

to the distance of ¢ from B, and so the diagram of maximum shear
for the load receding is a straight line B, D, A; D being equal to W,
These diagrams are used as follows :—Take any point m along
the line A, B, and let vertical through M cut the shear diagram in.
Qand R. Then M Q is the maximum positive shear at M and M R
the maximum negative shear at M, the razge being equal to Q r.
BeENDING MOMENT D1acraM.—B.M. at ¢ for load approach-
ing = M, =R, x x.
This is a maximum when R, is a maximum, z.e.,when load is at c.
For load receding My = R,. & — W (x - 2)
W(l 2) L -W(x-23)
W gx x
Wz - — ;= W ( 2)
This is a maximum when 5 is a2 maximum and will always be-
positive because x must be < /so that (1 - )cannot be negatwe~
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3
When 5 = &, M,= W « (1 - ”_j) AR R
= R, xx
Therefore we see that the B.M. increases until the point c is
eached, and then diminishes gradually as the load recedes frome C.
‘The maximum value of My = Wx - WTxﬂ
This depends on x% and so the maximum B.M. diagram will

be a parabola, the maximum ordinate occurring at the centre, and
/

being equal to W/ _ w(;) Rz
2 / 4 .

The B.M. diagram is then as shown at a, EB, on Fig. 81 (1).

If the load is crossing from right to left, the diagrams will be
the same, Because the shear and B.M. at ¢ when the load is
approaching and has rcached the point p will be the same as when
the load is receding and has reached the same point.

(2) Uniform Load Longer than the Span.—Let a uni-
form load larger than the span and of intensity p tons per foot run
cross a beam A B of span / from left to right, see Fig. 81 (2).

SHEAR Di1aGraM.- Consider a point ¢ at distance x fiom A
and let the front of the load have reached a point p at distance y
from a,

Then S, = Ry =77

This increases with ¥ so that the maximum ghear occurs when
the front of the load reaches c.

Now let the front of the load have passed c by a distance z.

Then S. = Rp — p.3

ﬁ(a +z)
,{*‘tf%f ti‘ -3 }

x:, 2x3 , 52
”{zﬁ YA +?1‘z}
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«

Now ( b -:-I - 1) will be positive if 27 > z + 2 x, because

2/ - (24 2x)
2/

This must always be so, because / cannot be < x + 3, and ,s0
:2/ must be > fx + 2

.~ S, will decrease as z increases, so that the maximum value
-of the shear occurs when z is nothing, or when the front of the
load is just over the given point.

. The maximum negative shear at c will occur just when the tail

of the load leaves c, because the load is then in the same position
as if we were approaching the point from the other side.

it is equal to

1

2

+ Therefore maximum positive shear at ¢ = —’;—f
. —x)?
’ negative ” 4 (: ; x)?

The curves of maximum shear are thus parabolas, the parabolas
having vertices at A, and B;, and the ordinates at the end being
I W
equal to - = -
2 2

Then, as before, if M is any point along the span, M Q and
M R give respectively the maximum positive and negative shears
at M, and QR gives the range of the shear.

BENDING MOMENT DIAGRAM.—When the front of the load has
reached P, My= R; (/—«). If the load comes on a little farther
to a point P;, the value of Ry will increase, and thus the B.M.
increases as the load comes further on. This also applies to a

2
point such as p, which is already covered, because Mp=R,. ¥ —ﬁzl—

.and R, will increase as the load comes further on the span.

.~ B.M. at every point is a maximum when the whole spar is
»covered, so that the maximum B.M. curve is a parabola of maxi-

. P2 _WI!?

mum ordinate 3-8

*(3) Uniform Load Shorter than Span.—Let a uniform
load of length 7 and intensity # tons per foot run cross a beam A B
-of span L from left to right (see Fig. 82).

SHEAR Di1AGrRAM.—It follows from exactly the samg reasoning
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given in the Previous case that the maximum positive shear at any
point occurs when the front of the load reaches the point, and the
maximum negative shear occurs when the tail leaves the point.

s -8

/j Max Shear Dfagmm

Wz-§)
Max BM. l Diagram

Fig. 82.—Uniform Rolling Load Shorter than Span.

Now consider a point E at distance # from A, where # is less
than Z ‘The maximum positive value of Sy occurs when the front

2
of the load reaches it, and its value is then equal to% This is
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the same as in the previous case, because at E the whole load has
not come on to the span. Thus we see that the shear diagram
will be a parabola up to a point at distance / from A.

Next take a point F at distance s from a, s being > /.

l /
2i(=z-%) w(z-%
The maximim value of Sy = Ry, = ( . _3)-= ( L 2-)
where W is the total load.
/
w (L -%) /
. = 2) —wii-~%

e Sp = - L W (I 2L)

Now Sy depends on the first power of z only, and so the shear
diagram for points beyond the end of the load from A will be a
straight line.

To find the point where this straight line, if produced, would
cut the line A} B, we find the value 5 must have to make Sy zero,
e, 3 = /

From these results we get the following rules for drawing the
curves of maximum shear :—

On either side of the points a; B, take points a, a;; &, 4, at

: / . : .
distances 2 from A, B;, and points a, &, along the span at distances

/ from A B,.
Set up a vertical 4 & to represent W, and set down a vertical

a ¢, also to represent W, and join ¢4, and 4@;. Let them cut the
verticals through a, and 4, in ¢ and /; then through ¢ draw a para-
bola with vertex at a,, and through fdraw a parabola with vertex
at B,, then Ze¢ A, and g f B, arc the curves of maximum shear, and
they are used as explained in the former two cases.

BENDING MOMENT Di1aGrAM.—Suppose the centre of the load
has reached a point b, the front of the load then being at a dis-
tance x from a point ¢ on the beam at distance y from B.

Then RB =£—{'AD = I’i:l(L -r+wx _:)

L
. px?
Bending moment at ¢ = M, = Ry.y - -

.2/ PR AN 2
(L y+x 2) s vernnn(1)
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‘I'his will be a maximum when d?—r--‘ =0

* e, when 2y _ px =o

L
. /v
Le., X = -
L
X J
r S = T
0 / L

Therefore we get the following rule :— Zhe B.M. at any point
s @ maximyum when the load is in suck a position that the given
point divides the load in the same ratio as it divides the span.

.*. Putting this relation in our value (1) for M, we get maximum

value of M, = 297 {1 = y 4 7 -2\ _ 27"
L \ L 21 2 1.2

_ply _ iv_/l
N L'{L Y T

-V () (- 10)

This depends on 32 and so the maximum B.M. didgram will

be a parabola.
The maximum ordinate of this parabola will occur when

y= gand will be equal to

TER) =)
2L\ 2 2L 4 2L
wL W/

v g

It is interesting to note that if / = o, the shear and B.M. dia-
grams curve the same as in Case (1), and if / = 1. we get the same
result as in Case (2).

*(4) Two Isolated Loads at a Fixed Distance apart.
—Let two isolated loads W, and W, at distance / apart cross a
span A B (Fig. 83). Then the resultant load P will be equal to
W, + W,, and will act at distances @ and & from the loads, a and

. . . W, b
b being degcrrmned by the relation W, " a
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SHEAR Diacram.—Consider a point ¢ at distance y from A,
Then if the front load has not reached c and p is at distance x

from A .
S, = .1_’_'&'
This increases with x, and so S, increases up to the value
P(y-29¢
S. = ——(—L——) cerreneneaes Ceerresentarseniennes (1)

Now let the load have reached such a position that c is
between W, and P, and let the first load be a distance ¥ beyond c.
Then S, = Rz ~ W,

PRy,
This increases as ¢ increases and is a maximum when ¢ = 4.
In this case

Py
T W, (2)
This will_be greater than the value in result (1)
. if W,< ?Ib
P

. .. L
te., if ) < w

L W,

fe if <145t

G W,
Therefore, we see that our investigation divides into two

cases.

L w .
If ) <1+ -Wl then the maximum shear at ¢ occurs when P
2

.. L W, . .
reaches c; if 5> + v then the maximum shear occurs when
9 ’

.

the first load reaches c. As in practice I[’ will nearly always

W oy e . . .
be > 1 + ;' we will limit our consideration to this case.
. o

W
.*. Maximum value of S, = P(y-9)
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188 The Theory and Design of Structures.

Now let the load have reached such a positit')n that ¢ 1s
between P and W, and let P be a distance & beyond c.
Then S, = Ry - W,
- B(.y + d) - “’;,
¢« L 2
This increases as & increases, and so the maximum value
occurs when @ = a.

ie, S, = P—(J'I-*—“). e Wy ottt ()

Now let the load W, have gone beyond the point ¢ by a
distance e.
Then S, = Ry — P
=.P(:y+a+'e) _p
I,
~- P
= —]': [L— (_J’+a+6')]
This is always negative, and it will have its maximum
numerical value when ¢ = o.

Then S, = :-I:E L= (P +a@)] i (1)

From results (2) and (4), we see that the maximum shears at
c are linear functions of ¥ and so the diagrams of shear will be
straight lines; but it must be remembered that near A and » up
to a distance / from these points only one load is on the span
at a time. The maximum shear diagrams are then obtained, as
follows :

Take points f; ¢ outside and inside the span and at distances
respectively equal to @ and 4 from A; and take corresponding
points f; g at distances respectively cqual to 4 and @ from B;.
Set down f ;7 equal to W, + W, = P, and set up £ s; equal to
the same quantity, and join /; ¢ and ;. g

Then. take points 4, /%, along the span at distances equal
to / from A, and B, and let verticals through %, 4, cut j; ¢ and
J& in & %, and join A, %, w, &. Thenif 7, ¢ and 7 & cut the
verticals through B, and A, in m, and m, the curves of maximum
shear are A, 2 m, and B, £, m.

BenDING MOMENT DiaGrams.—Consider the, casgs that we
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dealt with for the shear. If the first load is approaching ¢ and P
is at distance x from A.

. M= t-2)

This increases as x increases and has a maxipum value

P(y-2) -y
SROSAEI s . (5)

Now take the load such that c is between \V, and P and let
W, be a distance ¢ beyond c.

Then M, = Rg (L - ») - W,.%
___P(y+c—b)(L—_g}

L - Wy, T (6)
» R i .
This increases with ¢ if -P—l > *I’ - and decreases with ¢ if
W, »y
<L

Now, let the load be such that c is between P and W, and let
P be a distance & beyond c.

Then M, =R (L — y) — W, (¢ + d)
= P—(~‘y—: 9 @C=-3)-W, 6+ d)ennnnnnnnn.. (.

This increases or decreases in the same way as (6).
Lastly, consider the load W, to have gone beyond the point ¢
by a distance e.
Then M, = Rg(L —3) - P(a + ¢)
P(y+a+e (-3

L -P(a+e)
Py (- P@@+e)(L-yp
_rJ y y)+___(a‘_ '1),_0 J)-—P(a+e)
_Py(-y) Pl+eoy
L L

This decreases as e increases, and so the maximum value of
the B.M. comes when ¢ = o.
_Py(t -y Pay
M, = L T
_Py-y-a
- L

rereeresesessrsneserenensseses (8)
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From equation (5) for the load W, above ¢

P(y - -
M, = (& i) (L=
_Py-y Pi-y ‘
- L L .
[
*. (5) or (8) will be a maximum according as
P ¢:;y is greater than, equal to, or less than Po(L=2)
2'.8., ay ” ” It} ” ] (L - }')
1e, v (a+b) ”» " ”» i L
. v o
2.6, -I: ”» ” ” ” a+ b
. ’ w
5.e, JL . ”» ’» " ” P

Thus from results (5) to (8) we see that if- " —is greater than
-P‘, the maximum B.M. at the point occurs when W, is above the

. PR L W .
point, but if "I is less than -P‘, the maximum B.M. occurs when

W, is over the point.
2 D W,
Let D be such a point that - Ay s = —P‘
between A, and n, the maximum i% M. occurs when W, is over
the point, and between p and B, when W, is over the point.
We see that the curves representing equations (5) and (8) are
parabolas, and we therefore proceed to draw the B.M. curves as

follows :
Consider first the parabola of equation (5).
It has zero value for ¥ = 4 and maximum value for y =

Then for any point

N
N e

the maximum B.M. then coming

P (!: -~ 9)2 =L -y

L\2 2 4L
Therefore take a point v at distance ¢ from A, and a point F at

distance f to the right of E the mid-point of the span. Set up F H
«. [ ]
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on a conveniént scale equal to 1% (L - 4)? and draw a parabola
Y H B, with vertex at H.

Now consider the parabola of equatlon (8).

It has zero value for y = L — @ and maximum value for
»

Nt
1RY 5

-5 the maximum B.M. then coming

P(—_u)( I_‘+g—a)=P(§-~§)%=Ij—(l'—a)g-

L 4L
Therefore take a point X at distance a from B, and a point G at

distance : to the left of E, and set up ¢ J = 4P1 (L — a)? and

draw a parabola A, Jj X with vertex at J. ’

The two parabolas meet at K, and the curve.of maximum
B.M.s is therefore given by the curve A, K H B,.

EQUIVALENT UNIFORM LOAD—CIRCUMSCRIBING PARABOLA.—
In the design of girders it is customary to express the maximum
B.M. due to rolling loads in terms of an equivalent rolling uniform
load. This is done by finding a parabola which will just enclose
the maximum B.M. diagram for the rolling load. In this case we
proceed as follows: Draw a tangent B.M. to the larger parabola
by making H M = H ¥ and joining B, M. Produce this to meet
the vertical through £ in N and take Eo = } 8 N. Then the
parabola A, 0 B, with vertex at o gives the circumscribing parabola.

Let W be the uniform load equivalent to the given load system.

WL

Then oE = g

or W=38X0OE
L

In the case when two equal loads cross the girder we proceed
exactly as in the present case, but of course @ = 4, the two halves.
of the parabola then coming exactly alike.

In this case FH P (L - -l)-
4L 2

L

0E = b "2 _HFXL
(E N
24 L=
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oy

Tan Y
2
I\
L - =

W = s:l..f,.’ ( 7) 1 ('- <7)
(- )

(5) General Cases of Rolling Loads.—When a system
of isolated loads, such as those due to the axle loads of loco-
motives, crosses a span, the shear and bending moment at every
point vary as the load crosses and the maximum values of these
quantities have to be determined by some method such as given
below. It is usual in practice for a railway company to choose a
standard axle loading, based on their design of locomotives, and
with a percemtage allowance varying from 2} to ro per cent. for
possible increases. The curves of maximum shear and bending
moment are then obtained graphically, and parabolas are drawn
to enclose them, the equivalent uniform load being obtained from
these parabolas. The results are tabulated or put into the form
of a curve, and the bridges are designed for a uniform load, the
intensity of which for the given span is obtained from the table or
curve. We shall give some figures showing such tables in the
chapter on the Design of Girders (Chap. XVIIL).

The diagrams in this problem become very complicated, and
so we will restrict our load system to one of five loads, o, 1; 1, 2;
2,3; 3,43 4 5; Fig. 84. The procedure with a more compli-
cated loading is exactly the same, and is as follows: Set out the
load system at the top of the paper, and choose the scale so that
there is on both sides of the load a length at least equal to the
span under consideration. Now sct down the loads on a vector
line o, 5 and choosing a convenient pole P draw the link polygon
u, a, b, ¢, dy e, v. The pole P is best chosen so that the centre
portion of the link polygon comes at the bottom of the paper, and
the first and last links # a, ¢ 7 produced indefinitely, cut the span
just before the edges of the paper. Now let the span under con-
sideration be of length 1, and let A, B, represent one position of the
span relatively to the load system ; then if verticals through A, and
B, be drawn to cut the link polygon in x, 3, and x, ¥, be joined,
X, @ 8y, is the B.M. diagram for the given positiofi- uithe load on
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the span, and if P X, is drawn parallel to x, ¥, X, éives the base
line for the shear diagram. The B.M. and shear are then measured
at a number of points along the span, and the load is then moved
relatively to the span, and fresh B.M. and shear diagrams drawn,
and the values at the given points measured, and s¢ on. Itis
much more convenient for drawing to move the span under the
load than to move the load over the span, because in the former
case only one link polygon need be drawn The procedure is
then as follows :

BENDING MoMENT.-—Divide the span into a convenient
number of equal parts: in practice 1o will usually be sufficient,
but we will adopt 5 to avoid confusion of the figure. Then
starting from one or other of the larger loads set off lengths
representing these span segments right across the paper, and draw
verticals through the points thus obtained, such verticals being
shown dotted in the figure. If these verticals are numbered as
indicated in the figure, then a horizontal line joining successive
verticals of the same number gives the span. The closing lines
giving the B.M. diagrams for each position of the load are then
drawn. A length A B to represent the span L is next taken and
divided up into the given number of parts. By scaling off from
the diagrams to the scale obtained as previously described, the
maximum B.M. at cach section of the span is found and is plotted
up on the line A B; 12, f being the maximum ordinate for position
12, and so on. A, f, g /4, 4, B then gives the curve of maximum
bending moment, and if it is desired to express the results in
terms of an equivalent uniform load, a parabola A c B is then
drawn to enclose the curve. ‘The maximum or central ordinate

2 . .
then represents 2L , where p represents the equivalent uniform
P 8 p q

load per ft. run, and from which p is calculated.

If the number of divisions of the span is large enough it will
not matter where the first position is taken.

If the value of the maximum B.M. anywhere across the section
is required we make usc of the following rule: Zhe maximum
B.M. will occur under one of the heavy loads, and the maximum
B.M. under any load occurs when the centre of gravity of the load
system and the given load are equidistant from the centye of the span.
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This is p;oved as follows: It is obvious that the B.M. at any
point of the span is a maximum when one of the loads is over it ;
this is clearly seen from the funicular polygon. Now let the total
weight of the Yoad system be W, and let its centre of gravity be at
distance x drom the end 4, and let the given load be w at distance
» from the centre of gravity.

Then the B.M. under the load z¢ is equal to

M=R,.(x+y)-W.»
_w-2 _ _ { x(x+_y)}
=W - x+y) -Wy=W{x ———
This is a maximum whena—rM = o
dx .
:'.e.,whenx—fx._-:_’_:o
fe,x=""2

. 2
i.e.,, when W and w are equidistant from the centre.

The centre of gravity of the load system is /, the point where
the first and last links meet, so that the maximum B.M. can be
found by placing the centre of the span half-way between ;j and
the loads 2, 3 and 3, 4 and sceing which gives the greater B.M.

The reason why this procedure alone would not be sufficient
is that although it finds the actual maximum B.M. at one or two
points, it does not find the maximum values at the other points of
the span.

SHEAR.—To0 draw the curve of maximum shears we proceed
as before, by first setting out the load and drawing the link polygon.
The points on the vector polygon are then projected across their
corresponding spaces and the stepped shear curve outline E FG H
JKLMNQR is drawn in as shown on Fig. 84. This may be
done on the same sheet as the bending moment as shown, but
may, if desired, be done separately. The dotted verticals through
the span segments then determine the various closing lines of the
B.M. diagrams for the various positions. Now, through p draw
lines, shown dotted, P 10, P 12, P 14, &c., parallel to eack of these
closing lingg,then these points, 10, 12, 14, &c., determine the base
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lines for shear. If the load is much larger than the span, these
lines need be drawn only from the point where the first load
comes on to the span, until the point where the first heavy load
has gone right across the span, and also to get the negatlve shears
from the point where the last heavy load comes on to the span to
the point where the last load leaves it. Now project the points
10, 12, &c., across their corresponding spans, and the various shear
diagrams are those obtained between these base lines and the
stepped shear curve outline.

Take, for example, the base linepp. ThenD TFGHJKUD
is the shear curve for this position of the load.

The maximum positive and negative shears at the different span
segments are then measured off and are plotted on a base a B.
The points e, £, &c., and f, g, &c., are then joined up to get
the curves of maximum shear, and if the equivalent uniform
load is required, a parabola is drawn, as shown dotted, to en-
close them.

NoteE oN DrawiNG.—In practice the best method of procedure
is to draw the link polygon carefully on a large sheet of paper, and
to draw the verticals, representing the span segments, on tracing
paper. The various B.M. and shear diagrams can then be traced
through, and in many cases need not be actually drawn, and the
maximum at every point measured and plotted on the curves of
maximum shear and B.M. In this way one link polygon does for
a number of spans.

It should be noted that the forms of the maximum shear and
B.M. diagrams will be different if ten sections are taken instead
of five as in the figure.

For more detailed information on these constructions, the
reader may consult some articles by Mr. H. Bamford, M.Sc.,
AM.I.C.E, in Vol. LXXXIL of Engineering, 1905 ; and a paper
by J. Graham, M.I.C.E., Vol. CLVIIL., Proc. Inst. C.E.

(6) Combined Diagrams for Rolling L.oad and Dead
Load,—In practice there is always the dead load, due to the
weight of the structure, to be combined with the rolling load to
get the resultant stresses. The relative values of the dead and
rolling loads increase as the span increases, and ‘!:.IE["I. very large
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spans the dead load stresses are often larger than those due to the
rolling load.

We will consider the case of a uniform rolling load of # tons
per ft. run larger than the girder, combined with a uniformly dis-
tributed lead W, the span of the girder being /. |

H
Fig. 85.—Combined Rolling and Dead Load.

SHEAR Di1acramMs.— As we have already seen, the maximum
shear diagram for the rolling load is given by two parabolas ¢ B,
A D, Fig. 85. The diagram for the dead load is given by the
sloping straight line E F.

On combining these we get the curves 6 ¥ E and F X H,

E A and B F being equal to ‘-:-,, and H A and G B being equal to
W, p!
z 2z

If a point @ between v and A along the span is considered, the
shear at @ is always negative, the minimum value being a 4 and
the maximum value a .

Between the points x and v the shear changes in sign as the
load crosges gnd some writers have called x v = x the focal
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length of the girder. If the girder is a framework, c‘onnterbracing
will be necessary between x and v if it is desired to prevent
reversal of stress in the diagonals.

In the case of framed girders, the maximum shear diagrams
for rolling loads are somewhat different from the case of the ordi-
nary beam which we have considered, and we shall deal with .this
point in the chapter on Framed Structures. We shall also deal
further with the application of the rolling load diagrams to the
design of girders in Chapter XVIIL,



CHAPTER VIIIL.
DEFLECTIONS OF BEAMS.

WE have found the relation which exists between the stresses
in a beam and the bending moment; we now want to find the
relation between the deflections and the bending moment.

Let c ¢/, Fig. 86, represent a s/kor# length of the centroid line
of a beam, the original curvature of which was negligible, and
which has become bent to a radius of curvature R. This radius
R is that which agrees with the very short length ¢ ¢, and is not

Fig. 86.

the same all along the beam. If the assumptions that we previously
made with regard to the stresses in beams still hold, B F and A E
are straight lines after bending, and they meet at o, the centre of
curvature of ¢ ¢. Draw B’ F' parallel to A . Now consider the

segments B B' ¢’ and c ¢’ 0.

. . B R CC
Since 6 is very small — gl
Fc co
BB Bc _d
or - — —— =g (r
ccd co R (1)
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But a B’ represents the length of A B before bending( occurs
. BB _ increase in length

A¥ original length
But A¥ =cc¢

= strain in A B~

.

’ [ ]
.% We have ‘2—2— = strain in AB = —[, where f is the stress

E
along A B.
.. Putting this in equation (1) we have:
f_a
E R
f == g_.
OF 2 = Roreeeseresmenmsesnnnes ceeeees ..(2)
. But we have already shown that :
. =—.j..._I
M d
.'L == M
or T
*. combining these results we have
f _M_E
2 ' g (3)

This is the complete relation between the stresses in beams,
the bending moment, and the radius of curvature. In practice
we do not so much want to know the radius of curvature at
various points of a beam, but we require the deflection, and so
we will next find the relation between radius of curvature and
deflection, and then find the deflections for various kinds of
loading.

Our investigation now divides itself into two parts according
as we consider it from the graphical or the mathematical stand-
point, and we will deal with it in this order.

INVESTIGATION FROM GRAPHICAL STANDPOINT.*

Preliminary Note on Curvature.—Let aB (Fig. 86a) re-
present any curve, and let P P, be points on it at a short distance s
apart. Draw tangents PQ, P;Q, to meet any base line making

* The reader may take either the mathematical or the graphical reasoning.
Each is complete in itself,

'
—
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angles 0 and 0, with it, and draw lines perpendicular to the
tangents, then the point of intersection of these perpendiculars is
the centre of curvature of the short arc PP,

‘Then the angle subtended by P P, at the centre will be equal
to (8 — O . .

.. if R is the radius of curvature R x (8 -- 6,) = &

s
-6,
X

R
0-6, _
Ky R

or

Then _Ii is called the curvature at the given point, or rather

the curvature is the value which 9-::—61 approaches as s gets

smaller and smaller.

a B

8, (4
Q Q
Fig. 86a.

Mohr’s Theorem.—Now imagine A B to be a cable loaded
vertically in any manner, and let the load between the points p, P,
be equal to 2. Then it follows from the laws of graphic
statics that the cable takes up the shape of the link polygon,
for the load system on it drawn with a polar distance equal

to the horizontal pull in the cable. (See p. 358.)

Now let the tension in the cable at the points p, P, be T, T;.
Then the horizontal components of these tensions must be equal,
since there is no horizontal force on the cable ; let this horizontal
component be H ; the difference between the vertical components
of the tensizas must be equal to w, the load between the points.
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.*. We have H =T cos 8§ = T, cos 6,
w =T sin 6 - T, sin 6,
Hsing _Hsing .
cos 8 cos 0,
. = H(tan 6 ~ tan 6,)
Now if 6, and 6 are small, as they will be when considering
beams, we may say tan 6, = 6, and tan 6 = 0

le, w

.. We have w=H( -90,)
w _H(6-6)
s s
- H
. R
But-z;-' = load per unit length of the cable = say p.
- H
R .
or Tli = {T .................................... 4)
Now return to the case of the beam.
. 1_ M
From equation (3) S IR R TN (s5)

The quantity E x I depends solely on the shape and
material of the beam, and is called the fexural rigidity. Then
if this flexural rigidity is constant throughout the span, by
comparing statement A and equations (4) and (5) we see that:
A loaded beam takes up the same shape as an imaginary cable of
the same span whick is loaded with the bending moment curve on
the beam, and subjected to a horizontal pull equal to the flexural
.rigidity (E I).

This is Mohr’s Theorem, and the deflected form of the
beam is called the elastic line of the beam. We see, therefore,
that to obtain the elastic line of a beam our procedure is as
follows :

(1) Draw, the bending moment curve for the beam.

(2) Divide this curve up into narrow vertical strips, and set
down mid-ordinates on a vector line, and take a polar distance
equal to the flexural rigidity (E I).
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(3) Draw the link polygon for this vector polygon, and reduce
it to a horizontal base, then this link polygon' gives the elastic
line to a scale which we shall determine later.

For the present we will assume that the section of the beam is
uniform aleng its length, or rather that the ﬁexural ngndnty is
constant. We shall see later how to proceed when such is not
the case.

Standard Cases of Deflections. — In certain special
cases we can calculate the maximum deflections by reasoning
based on Mohr’s Theorem, and we will deal with such cases
now (Fig. 87).

(1) SiMpLY SUPPORTED BEAM WITH CENTRAL Loap W.—Let
A B represent a simply supported beam of span / with a central
load W.

Then A D B is the B.M. diagram, the maximum 6rdinate being

equal to W! o Let A,CyB; be the elastic line of the beam ; then,

according ‘:o Mohr’s Theorem, the shape of this elastic line is the
same as that of an imaginary cable of the same span loaded with
the B.M. curve' and subjected to a horizontal pull equal to the
flexural rigidity.

Now consider the stability of one half of this cable. It is kept
in equilibrium by three forces: the horizontal pull H. at the
point c,; the resultant load P on half the cable; and the
tension T at the point a,.

Take moments about the point a;, then we have:

Hxd=Pxy
_Pxy
b—“ﬁ'

In this case P = area of one-half of B.M. diagram
1 L Wi _wea

2 2 4 16
» = distance of centroid of shaded triangle from A
!
3
H=EI
2 3
=W, L WA

16 3.E1 48EI
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(z) SiMPLY SUPPORTED BEAM WITH UntrorM Loap,—Let
A B represent a simply supported beam of span /, with a uniformly
distributed load W.

W R ®

fo— Y 1€ —
[ y

H <
Centval Load Unhiform L.oad
S/m/:{y .su,bIborfeJ Beams

7 el =
A » ZZ’ZECE_.J
- x 4 y
i - L
L ;i L
P o — e m e e
y A g

4
1
d

r Isolaled Load Uniform Load

3 iform Loa 5.

'3) Canlilevers O
Fig, 87.—Deflections of Beams.

Then the B.M. diagram is a parabola, the Feight being equal
to ESI Then considering the stability of half the imaginary
cable, we have as before

Pxy
H
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In this case P%= area of one-half of B.M. diagram.

=z, W _wa
2 3 8 24

4 16

I=EI »

8=Wl2. 5/ 5 W/

24 16E1  384EI

(3) CANTILEVER WITH AN ISOLATED LoAD Nor AT FREE
END.—Let a cantilever of span L carrying a load W at a point at
distance / from the fixed end a.

Then the B.M. diagram is a triangle, A D being equal to
W/, A, B, represents the elastic line of the beam and the
imaginary cable. In this case we must imagine the load as
acting upwards.

The cable is horizontal at a,.

Tgke moments round B, then we have as before

Hxé=Pxy

P x
5= BX2
In this case P = area of B.M. curve ACD
W/l W/
}’=L—‘1'
3
H=EI

WA
: zBI\" "3

In this case it should be noted that the portion c B of the
beam is straight.

(4) CANTILEVER WITH AN IsoLaTED LoaD AT FREE EnD.—
This is the same as the previous case when / =L

5 W L2 L
=:B1\* " 7%

W
3EI
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(5) CANTILEVER WITH UNIFORM LoAp FrOM FIxEp END
T0 A POINT BEFORE THE FREE END.—Let A B be a cantilever
on span L, and let-a load W be uniformly distributed from a to
a point ¢, Z being the length of a c. '

Then as before : .
Py
& = H
In this case P = area of B.M. curve A ¢ D
1 Wl ) W /2
32 ] =
-—— L l
PR,
H=EI

s_we z
CTerI\" T

(6) CanTILEVER WITH UNIFORM 1.OAD OVER WHOLE ILENGTH.
—This is the same as the previous case when / = L.

N W 1.2 L
“6EI\" " 4

- W o3n Wil
= 6EI " 4 ~ 8EI

* (7) SiMPLY SUPPORTED BEAM WITH ISOLATED LOAD ANY-
WwHERE.—The reasoning in this case is somewhat long, but
should not otherwise present any great difficulties.

. The first important point to notice is that the maximum
deflection will not occur under the load, so that, 2% it is the
maximum deflection that we nearly always require, it is of very
little use to find the deflection directly under the load as is
commonly done.

We have seen that the ordinate of the bending moment
curve or link polygon of a beam is a maximum where the shear
is zero, so that treating the B.M. curve as a load on the beam,
the deflection will be a maximum where the shear due to this
load is zero. e

Let a load W be placed at a point c on a beam A B of span /,
Fig. 88, c being at distances a, 6 from A and B. _Then AEB is
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"L . @ . Wabd
the B.M. diagram, c E being equal to 7 The total load

represented by this B.M. diagram treated as a load will be equal
Wabdb (! Wabd

X == = .

to the area of the AAE B =

» I'4 2 2
It acts at the centroid ¢ of the A. >

Fig. 88,

The vertical through this point G is at distance g F ¢ from c,

F being the mid-point of the beam, so that the distance of this
centroid from the end B is equal to

2(1 ) I b (+90)

b+=\>-28)==+>=
3 \z 373 3

... The reaction at o due to this imaginary load is equal to
Total load  (/+4) Was (/+2)
I'4 x 3 2/ " 3
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Now let the deflection be a maximum at tHe point » at
distance x from A.
Then the shear at this point is zero.

re., R.-2.KH=0
, Wabfi+d\ x Whx
2.6., 27 3 P 7 = Q
A .
3 e
or x=JM ......... (x)

The maximum deflection & is then obtained by considering
the stability of the portion A; D of the imaginary cable.
Then we have as before & = P.y

H
In this case P = area’a Kk H

y=-x

s Watl+d 2 [a@rs 1

© Wb a(l+ont
=sE {5 )

This can be put into somewhat snmpler form for use by putting
a=al Thend=(1-a)l

Then § = ___(‘_‘ a) {‘l 1(2 - a) l}

3EI(I_G){2a—u’}

For additional applications’ of Mohr's Theorem to the
deflection of beams, see Appendix, page 576.
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Graphic2l Construction for any Loading.—Let A c B
be the B.M. curve for any given load system. Divide the base
into a convenient number of equal parts and let e be the length
of each base segment. The number is such that each piece of
the B.M. djagram is approximately a rectangle. Now set down

. . . ... . . I
the mid ordinates of each section diminished in the ratio p ona

vector line. These ordinates are diminished in order to keep the
vector diagram of a workable size.

Now let the space scale be 1” = x feet, and let the B.M. scale
be 1” =y foot tons. Then considering any section of the B.M.

[

-}
/
1| L1
e M .

<] L~
c

Fig. 89.—Graphical Construction for Deflections.

diagram, say 2, 3, the area of this section is ¢ x mid ordinate.
Therefore, on given scales, one inch in height of mid ordinate,
since the area of each segment is proportional to the height of the
mid ordinate, represents ¢ x x x y square ft. tons. Since each

. R | . .
portion of the vector line is o of the ordinates, the portion 2, 3

of the vector line represents the area of its corresponding section
of the B.M. diagram to a scale 1" = # x ¢ X & x y square ft.
tons. Now calculate the length of E I on this scale. This
will be too large for practical use, so take a pole P at distance

I . . . .
%—’ where » is some convenient whole number. With this

pole P, draw the link polygon A’ ¢’ ¥, then this is the elastic line
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of the beam for the given loading, or more strictly speaking
A’ ¢ B, when reduced to a horizontal base, would give the
elastic line. The scale to which the deflections are to be read is

then obtained as follows :
If the polar distance were taken equal to E I, the deflections

fe— 65 r—_ \\N
k ) BN crform|L AN

>0

3
° 2 + ]e 7o |
o= PPN ittt dod” LT[ |

\ //
.L L
]

— af'.#ae

— Max. Defir. = 464"
—

3

CYY I )

Fig. 90.—FExample on Deflections.

would be to the space scale 1” = x feet, but as the polar distance

is E71, the deflections will be to a scale 1” =; feet. The

foltowing numerical example should clear up the difficulty as to

scale :—

NUMERICAL EXAMPLE.—A 16" x 6" x 620b. rolled steel joist of
24 ft. span carries a uniformly distributed load (including ils own
weight) of 8 tons, and also an isolated load of § tons, at & poin* 6 ft.
JSrom the left-hand support. Find the maximum deflection (Fig. 90).

In this case E = 12,500 tons per sq. inch, I = 7257 inch units.

S EI= 12’50017:;—725—'2 62,980 sq. ft. tons.
First draw the B.M. diagrams for each of the loads, taking as
linear scale, say 1” = 4 ft., and for the B.M. scale, say 1" = 20 ft. tons.
Now divide the B.M diagram into a convenient numper of equal parts,



Graphical Construction for any Loading. 211

.
say 12, and draw the mid ordinate of each part, treating these as force
lines, then set these ordinates down a vector line, o, 1, 2, &c.... 12 to
a reduced scale, say one-fourth for convenience.
4xaxzo_

. Then 1 in. down the vector line represents ~ 160 sq. ft. tons,

because each base element is § in.

.% E I on this scale = -6—2’989

[ ]
= 3937 in.
This is obviously not convenient, so take 3237- = 6'56in. Then

1in. on the link polygon represents gg in. deflection. The maximum

ordinate of the link polygon will be found to be *58in.
‘. Maximum deflect on = 58 x ‘8 = "464in.

< -~Correcled BM. Curve
s\/

A X D B
Fig. 91.

ALLOWANCE FOR DeviaTION oF CRoss SEcTiON.—The cases
up to the present have all been on the assumption that the section
is constant, or rather that the Moment of Inertia, 1, is the same
all along the span. If such is not the case, the deflection can be
found accurately by first altering the B.M. curve to make up for
the variation in the section as follows :—

Suppose A c B (Fig. 91) is the B.M. curve on any beam A D B,
and suppose that I, is the maximum moment of inertia or second
moment of the section, this occurring at the point . Then take
any point along the beam at which B.M. is xv¥ and moment of

xv x I,

inertia I, and find x v, so that xv, = I Do this for a
number of points along the span, and join up the points thus
obtained, and we get the corrected B.M. curve from which the
deflections can be found by the construction given above. The
value I, is taken in obtaining the expression E I for this
construction.» o R
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Deflections of Girders of Uniform Sfrength and
Constant Depth.—If the cross section of a beam vary so that
the maximum stresses are constant along the span, then the
modulus of the section must vary in the same way as the B.M.,

and so the ratioc _I\ZE is constant. If the depth of the girder is also

. M
constant, then the ratio T will also be constant.

The corrected B.M. diagram will in this case be a rectangle,
and the deflection can be found by Mohr’s theorem as follows :—
As in the several previous cases we have

Py
, ®=ET
M.L L . .
In this case P will be equal to —= andy = A - since the curve is
a rectangle.
C s = M2
) 8EI
In case of uniform loading M = -VEV—E
s = WL
64E1
In case of a central load M = WL
4
L s = Wis
32E1

Another simple proof of this relation will be found on p. 2z0.
Further numerical examples will be found at the conclusion of

this chapter.

DEFLECTIONS FROM MATHEMATICAL STANDPOINT.

From equation (3) EIYI—I -

R
Now when R is great, as it will be in this case, we have i-—-—j;y
.d%y _ M

"daf  EBI
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[ ]
. dy Mdx
o 7-5 = slope of beam = f Bl

y = deflection of beam = f / Mdx

Now cdnsider the following standard cases (sge Fxg 87).
(1) Simply Supported Beam with Central Load W.
—Consider a point Q at distance x from the centre of the beam.

'IhenM-y(!——x)

o fsne [ 2E)

2
——(_—x) Wix Wx +cl .
T4 4 .
2
TR ) ) 2
2 \2 4 4
Wl Wt L,
The slope is zero when ¥ = o .. ¢; = o, and the deflection is
Z
zero when x = * A
LW ws _
. —?2' ‘9—6— + C2 =0
C ?_w_f
2 - 48
Then maximum deflection occurs when x = o o
—c, W/

Then & = —3 =451

(2) Simply Supported Beam with Uniform Load.—
Taking a point as before at distance x from the centre, we have

- 215 ) - 4(0-e)
L
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fM plx p:s+c,

as before ¢; = o -

Sfwe [

20 _
16 24 + C

214

= o when x =-I-
2

~c, =8 2
27 64 384
—pnf6-1) 522
) 2! \ 384 } 384

Then the maximum deflection occurs when x = o
8= —C_ 524 _ s5W£&
"EI 384EI 383EI
(3) Cantilever with an Isolated Load not at Free
End.—Take a point Q at distance x from load.

M= -Wx

.*. Slope x EI=/de
= —W_iz.;.cl

2

When x = /, slope = o
‘ w72

e Cl = -z—
. EI x slope under load = v?-

s Mdx
deflection = / BT

Wat Wo22x
=(-*'-6‘-+—2—+C’)x-—-
When x = /, deflection = '
\\' Wl' - W

NG = —— = L8

6 2 3
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.. Deflectlon under load, where x = o
S _(-WEY,
El 3 EI

Deflectjpn at free end
= deflection under load + slope under load (L - /)

wzs wza
I Y ’)}EI

- {”L L‘
T ET
- W22 l
=ZEI\"~ 5) .

or neglecting the minus sign, which indicates only that the deflec-
tion is downward, we get
2
- Maximum deflection = § = wa L~ -{)
2EI 3

(4) Cantilever with Isolated Load at Free End.—
This is obtamed by putting / = L in the above case,
W L3

fe & = JEIT

(5) Cantilever with Uniform Load from Fixed End
to a point before Free End.

—pxﬂ

In thiscase M =

.-, Slope x EI=/de

- pad

=~ ta

When x = / slope = o
73

- EI x slope under load = 2 613
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e

E I x deflection =/ Mdx

-p plx
YR + —-6—--+C2

L3
When x = /, deflection = o

_pr_pl_ -t

2 e — - =

24 6 8
.. EI x deflection under load, when x = o

- /4
=C2= Sp_

—ph
8

» EI x deflection at free end = + slope under load x EI
x (L—-17)

— pls - 8
=48 w- 20
2 43

3
- :1’{2{‘:_ 4
2 3 1z

_ -2 Z

6 (L_i)

_-wa 7
76 (L'Z)

.+ Neglecting — sign we have:

s woe( 7
6E1 i

(6) Cantilever with Uniform Load over Whole
Length.—This is the same as the previous case when / = L.

s WL L
e =gR1\" "2

_ Wis
8EI

(7) Simply Supported Beam with Isolated Load
anywhere.-—Let a load W be placed at a poipt @ on a beam
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A B, Fig. 92, of span /, and let it be at distance a / from the end
A, the distance from the end B being (1 - a) Z

Then Ry =W;I= Wa

R‘=M=W(I =2 a)

al -0yl -

R) R,

Fig. 92.

Consider a point at distance x from A between A and c.
Then My = Rya =W(1 —a)x

. azy
..Elm=W(l—a)x (1)
Lg%y W —aa?
"EIa'x + q .(2)
w _ 3
Ely=-% (1 6..3)_”. +C % 4 Cyuueen .(3)

Now consider a point at distance x, from A between c and B.
Then Mx, = Ry %, — W (x; — a /)
=W —a)x, - Wx; + Wa/
=Wa/l/-Wax

. a2y _ _

. El?félﬂ =Wal V&A’mac1 ................. vernn (4)

.'jEIil_J'=Wa1x —wa¥ e .(5)
dx 1 2 8

2 8
Ely = Ml. _ W“Z_xl + Cyy + €4 .. (6)

In equation (3) whenx = o, ¥ = o
“c =o0
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In equation (6) whenx = / » = o )
‘ «
. WalZd W“l+c,l+c4=o.

— Wa/s
-—%—Csl .......... | T (7)

These two equations representing the elastic line on either
side of the load have the same slope and the same ordinate when
®=x =al
.. putting in these values in equations (2) and (5) and equating
we have :

M_-_f_)i_l_g.pcl:Waﬁ[ﬂ_

2
=Wa212+

, S C=

7 o8 /2

“al_'_c‘
2

Ca (®

Putting in value x = x; = a / in equations (3) and (6) and
equating we have:

C

— a) a® /8 83 48
W= aa? +clal=ﬂ—“——l-—wa 4 +cal+c,
6 2 6
873 8
al=WeLE, a- W’;Ti - 6
Was/2 Wal
C = - -_- +C a - 1
1@ 3 3 s ( )
Wall2 Walt .(cl-W“”’)(a-x)
3 3 2
Wa/2 Wal2 Wadl2 Wadl2
. = - -—_ =
3 3 2 2
- - wazﬂ(.! + @ -‘-‘)
3 2
- 2
= “;al (2 -3a+a?
- Wal?
=——6“—(1 ~a)(2 - a)euennnne. (9)

.*. equation (3) becomes
Ely = W( - DL W‘;”"(x - @) (3 = @) wr(20)
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' [ ]
Assume a > -:', then the maximum deflection occurs between

Aand c yisamaximumwhen%=o -
' t'.e.,whelxw(I —6a)3x’ - Wal’ -a)(g-a)=o0
s.e., when a2 = 1—-—“—(23——“)
fe,x =1 :—G—:—i) .............. J(11)

Putting this value in equation (ro0) we have:
WwW2B(>G-—- I _Wa2,
Els =W/ _(6:__¢) {u(z a} a 1{ a(z2- a)}l (1 a)(z—ae

WB( - a) {_(_23;_92}* (6 _ _g)

W /3 a2 — a
._i;_a) _(2?_)}*

3

W2(1t — a) (2a - a?\i ,
3(EI ) 3 } .............................. (r2)

The deflection under the load is obtained by putting £ = a /
in (x0).

ord =

W (1 — a)a® /8 Wa’l’(x_a>(2_a)

ThenEIy = 3 - ¢
=E‘L’i_%(_’__‘_1)[a_(,_a)] i
J’=wa2;s%ll—l_“ .............................. (13)

Deflection of Girder of Uniform Strength with
Parallel Flanges.—If the section of a girder varies along its

length so that the stress is constant, then _I%I is constant, so that if

the depth is also constant M is also constant. Assuming also

1
that E is also constant we have
1 M

N i‘ = _T = constant.
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. .
.. Wherever M is constant, the beam bends to an arc of

. EI
a circle. .

Let Fig. 93 represent a beam bent to an arc of a circle.
(N.B.—The beam is shown vertical instead of honzontal for con-

venience of figure.)

A

®* o

Nlt"-—-h

Fig. 93.

Then, if o is the centre of the circle and ¢ D the deﬁectlon
of the beam, we have from the property of the circle
cp(co + op) = ac?
As ¢ D is very small we may write

R = (.1.)’= s
2 4

12

?=3x

1 M
NowR— ET
M /2
8 SEI

A summary of deflections for various kinds of beams and
loadings will be found on p. 288.

Resilience in Bending.—The work done in bending a
beam to a given stress may be obtained as follows.
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The work done by a couple in moving through an angle is
.equal to the product of the moment of the couple into the angle
turned through. Therefore, if a short portion of a beam subjected
to a bending moment M is bent to a slope &7, the work done in

bending is

M;S '; because M gradually increases fyom o to M.

.. 'Total work done in bending over whole beam

_p_ [Mai
J
Now g:-v =—11, ie., }Il = rate of change of slope

. P

/-— dx
b 'K=
P = / ——dx

If the B.M. is constant, and the section is reclangular, then :

2L
zEI_/‘”‘ ET

2
ButM? = L1

o fﬂl L
P=rEs

3
Now1=?.",d="
I2 2

’P=/:.2._4:)$_bh_sXL
) E "2 x 12 x A2
=Ly
T6E"
Where V is the volume of the beam.

. e _P_ 1
K Resnlience =V 6E
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If the load is isolated and the section is nctangu?ar.—Consider
one-half of the beam, then x is the distance from the abutment.
_Wx
Ry

L
2

'.1_’=/M=_4_,x
‘2 A 2E1

L

_ [ Wratds

- S8EI1"
W2 1.3
192 E1

L

96 EI 2

I

P = W.

I
|
|

Now M at centre

P =

BB , _h

As before I = -,
12 2
.p= /St 4t .1
6 E 12 /2
2
- ;Q_E.v
P V&

Resilience = V= 3E

NUMERICAL EXAMPLES ©ON DEFLECTIONS, ETC.
(1) A girder kas a span of 120 feel, and has lo support a uniformly
distyibuted load of 1} tons per foot run. What depth must the girder
kave in the centre if the maximum deflection is not lo exceed ooy of the
span? The maximum stress in the flanges, is not to exceed 6} lons per
5¢. in. and E is 12,000 lons per sq. in. (B.Sc. Lond. 1907.)
This question is not quite clear, because if the Jepth is'not the
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same throughon!t we cannot calculate the deflection until we know the
way it varies.
We will assume the depth constant :

Now at centre M = \lnl = 'j_’.‘_.'_?x_‘” ft. tons

¢ 0 = 27,000 in. tons. »
. If maximum stress = 6} tons per sq. in. since f = 7
Z= 27;::’0 in. units,

Now ¢ = éy 1:3

v 384 E1
. =L _1g
1200 10
12 _ 5 X 150 X 120 X 120 X 120 , 1,8 .

" To 384 x 12,000 I

I = 405,000 in. units. !
Now% = gwhere D = depth.
D=21_ 2 x 405000 X 65 ins.

Z 27,000
=30 :‘ 65 _ 1625 ft.

This is a greater depth than would be usually adopted in practice
for a solid web girder.

(2) A cast-iron waler pipe, 10 inches external diameler and § inch
thick rests on supports 4o feet apart. Calculate the maximum styess in
the ouler fibre of the material when emply and when full of water, also
the corresponding deflections. (A.M.I.C.E. Feb. 1906.)

is _m(Dt Y _ (10t = o) -
In this case I= 6 62
= 168'8 in. units.

V2= %—= 165.8 = 3376 in. units.
Volume of pipe = i—(loo - 81) x 39- = 414 cub. feet.
Volume of water =—:- 844 X 40 = 17 67 cub, feet.
. ; ipe = w = 414 %X 450 _
. Weight of Pipe = w 2245 *832 ton.
Weight of Water = w, = i%:oiz_é = *492 ton.

L ]
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o W=+ w, = 1324 tons ('about) ¢

M_'832x40x12

.. Max, stress when empty == = = 1°48 tons per sq. in.

Z 8x 3376
Max, stress when full = 148 :—3—;——3’—25 = 2°35 tons per sq. in.
Taking E as 80op tons per sq. in. ‘e
_ 5w
¢ when empty = 3E1

— 5% '832 X 40 X 40 X 40 X 12 X 12 X I2
384 % 168'8 x 8000

‘89 inch.

¢ when full =89 x 1324 1°41 inches.
‘832

(3) A pole made of widld steel tube, 6 inckes diameler and § inck
thick is firmly fixed in the ground, the toﬁ being 10 feel above the
ground level. « A horizontal pull of 2000 lb. is applied at a point 6 fzet
Jrom the ground. Find the deflection at the top. E = 13,500 lons per
square inch. (B.Sc. Lond. 1903.)
(Dt —-d%) _ = (6* - 5%

64 64

= 32°9 in. units.

This is the same as Case (2).

In this case I=

W /2 7/
~o=cEr (& 3')
In this case /=6 ft. L= 10ft.
W = 2000 Ibs. = 222 tons.
2240
. zooox6x6x12x12><8__>5__1;
. : 2240 13,500 X 32°9 X 2

= °5 inch, nearly.

<

(4) What is the least internal radius to whick a bar of steel 4 inches
wide by & inck thick can be bent so that the maximum stress will not
exceed 5§ fons per square inch? E = 13,000 fons per square inch.
(A.M.IC.E. Feb. rgoy.)

The general formula for bending is :
S_M_E
d 1 R
L_E
“"d R
d

SE

+ or
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In this case @ = distance from N.A. to extreme fibre,
3

= -l—6m.

. R=i x 13,000
16 5

= 488 inches.
= 40°7 feet.
It should be noted that the width of the bar is not necessary in this
problem,
The result is the radius of the centre line.

(5) A cast-iron beam has a rectangular cross section, the thickness
being 1 inch and the depth of the section 2 inches. [t is found that a
load of 10 cwt. placed in the centre of a 36-inck span deflects this beam
by 11 inck. Through what height wounld a weight of § a cwt. have (o
Jall on to the centre of the same span to produce a defleclion of *30
inck ? (B.Sc. Lond. 19oy}.)

It takes 10 cwt. to produce a deflection of ‘11 inch.

.. It would take Io,’]‘?‘}? to produce a deflection of 30 inch.

Now the work donc in deflecting a bar when loaded in the centre
=31Ws,,

.. Work done to produce °30 inch dcflection

I 10X 30
AT
= 341 ft. cwt.
If /2 is the height from which the % cwt. falls, work done by it

X "30 in. cwt.

=% (/z + %g) ft. cwt., because we shall take /£ as the height above
L ]

the unstrained position of the beam.
These two amounts of work must be the same,

. r 39) .
.. We have 3 (/l + lz) 341
—_ ‘30
/= 682 — 1z foot.

= 8'18 — *30 inches.

= 788 inches.
o
\’n
* ] N e
T P
d c p i Lo e
.“,.:{.. . , , s s J ;.’\ -
Sl e, T Ly
» I A E
Vi, PR
oy fom
e 9



CHAPTER 1IX.

FIXED AND CONTINUOUS BEAMS.

IF the ends of a beam are fixed in a given direction so that
they are not able to take up the inclination due to free bending,
or if a beam rests on more than two supports, the B.M. and
shear diagrams will be different from the cases of simply supported
beams that we have considered up to the present.

In the first case the beam is said to be jfixed, built-in, or
encastré, and in the second it is said to be continnous.

We will consider how the shear and B.M. diagrams can be
found for such beams, and will point out their advantages and
-disadvantages compared with simply supported beams.

FIXED BEAMS.

. If the ends of a beam are fixed in a horizontal direction,
then the beam when bent takes up some form such as aBc
(Tig. 94). If the ends were free it would assume the dotted form
A'BC, and to get it back to the form A Bc, negative bending

‘d' /—( c’
AN R ’.E\. e

V-]
Fig. 94.—Fixed Beams.

moments, shown diagrammatically as due to forces F;, F,, have
to be imposed upon it. The ends of the beams will therefore be
subjected to bending moments which will be negative because
they cause curvature in an opposite direction to that due to the
load. ‘This change in sign of the bending moment means that
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the tension and compression sides of the beam are reversed.
We will consider the cases of fixed beams both from the graphical
and the mathematical standpoint, as we did in the case of the
deflections of beams.

. )
—INVESTIGATION FROM GRAPHICAL STANDPOINT.

According to Mohr’s Theorem, the deflected form of a beam is
the same as that of an imaginary cable of the same span loaded with
the bending-moment curve of the beam, and subjected to a horizon-
tal pull equal to the flexural rigidity (E I). If the ends of a beam
are fixed in a horizontal direction, the first and last links of the
link polygon determining the clastic line will be parallel ; this
means to say that the first and last points on the vector line on
which the elemental areas of the bending moment curve are set
down must coincide. But this is equivalent to saying that the
total area of the bending moment curve for the fixed beam must
be zero. This enables us to enunciate the following rule :

If the ends of a beam are fixed in a horizontal dirvection at the
same level, and the section of the beam is constant along its length,
there t0ill be negative bending moments induced, and the area of the
negative bending moment diagram will be equal to that due to the
load for the beam if considered freely supported.

We will speak of the negative bending moment diagram as
the ‘end B.M. diagram,’ and that for the beam freely supported
as the ‘free B.M. diagram.’

The problem now divides itself into two cases: (a) That in
which the loading is symmetrical. (4) That in which the loading
is irregular or asymmetrical.

Symmetrical Loading.— If the loading is symmetrical
then the beam looks the same from whichever side it is viewed,
and so the end bending moments will be equal, and their value
can be found by dividing the area of the free B.M. diagram
by the span. This will be made more clear by considering the
following cases :—

(1) UniForM Loap oN Fixep Beam.—Let a uniform load of
intensity p cover a span A B (Fig. 95) of length Z. The free B.M.

. . 2
curve is in this case a parabola A ¢ B, with maximum ordinate ‘%
®




228 The Theory and Design of Structures.

Therefore, since the area of a parabola is two-thirds of the ,
area of the circumscribing rectangle, area of free -B.M. curve

ki 8 12 .
¢ End BM. = g w7 2
12 12
(o}
E anl [—y 2 F
(]
, pL
e Bend lomenl” I}Q
1 o orf
7
% /
e e e e e e o be e l _________ -
MNP e/ [

1

I

n<

I
T

Shear

P 5
—F7

Fig. 95.—Fixed Beam with Uniform Load.

DN,

Y

~

Then setting up AE and BF equal to p{? and joining EF we
get the end B.M. diagram, and the effective B.M. curve is
the difference as shown shaded. At the points ¢ and H the B.M.
is zero, and these points ave called the points of contra-flexure, the
curvature of the elastic line changing sign at these points.

Suppose the point G is at distance x from the centre of the
YL

beam, then the ordinate of the parabola must be equal to o
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.., 2 (13 xﬁ) ‘?Ls

2\ 4 12
t 2 24
* o’ x3= gi °
12
=t
24/3
Distance of 6 from E =-l- -x = l ~_¢
2 2 ,/
1(J3 -1) _
2
='2ul

SHEAR] D1acraM. — With symmetrical loading the shear
diagram willtbe the same as for the simply supported beam.
‘This is because ithe shear at any point of a becam is equal to
the slope of the B.M. curve at that point, and the slope of the
B.M. is not altered in the case of symmetrical loading because
the base line of the diagram is merely shifted vertically.

DEerLECTION. — The deflection at the centre can be found
as before by considering the stability of the imaginary cable a, B,.

Considering the stability of the left-hand half of the cable,
then taking moments about A;, we have

EI x 8 =Py, - Py,
=P -

In this case P = area of one-half of the frec B.M. curve, *
2,008 208

32 8 24 .
=5
yl 16
z
Vs
CEIx§=28(5f_Fy_2%
24 \16 4 384
Pt W

383ET 384 EI
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It will be noted that this is one-fifth of the deflection for a
freely supported beam with the same loading.
(2) IsoLaTED CENTRAL LOAD ON A Fixep BEam.— In this

2
case the area of the free B.M. curve = ;l x -‘-A-‘:—Z = &g
<
- _wz, . w/
.. End B M. = g Ti=5

s
1)
]

I

Fig. 96.— Fixed Beam, with Central Load.

The B.M. and shear diagrams are as shown in Fig. 96, the
points of contraflexure being at } and  span.
DEFLECTION.—As in the previous case we have :
ETIxé="P( -5
W7z 7 W2

In this case P = A
¢ 16

N =

VNN

Y =
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°
~ EIL.$ =V_V_{’(£ - ’)= wa
16 192

3 4
o 6 = M
) 192 E I
This is 'one-fourth of the deflection for a freely supported beam
with the same loading.

* Asymmetrical Loading.—In this case the end B.M.s
will not be equal, and in this case, in addition to the condition
that the areas of the end B.M. diagram and free B.M. diagrams.
must be equal, we have the further condition that their centres of
gravity must fall on the same vertical line.

This can be proved as follows: Considering the imaginary
cable and taking moments about one end, the tension at the othér
end passes through the point so that its moment is zero. There-
fore the moment of the B.M. diagrams about this point must
be zero. Since the areas of these diagrams are equal, their
centres of gravity must be at the same distance from the given
point.

Let a span A B, Fig. 97, of length /, be subjected to any irre-
gular load system which produces a free B.M. curve A ¢ @ B, and
let the centre of gravity of that diagram lie upon the vertical line
G G. Suppose the end B.M.s are M, and M,, and A a and B &
are set up equal to these end B.M.s, then the trapezium A @ 4 B is
the end B.M. diagram, and the conditions that have to be satisfied
arc that the area of the trapezium shall be equal to the area of the
curve A ¢ d B, and that its centre of gravity shall lic upon the line
G G. Join a B, thus dividing the trapezium into two triangles, and

draw verticals x x and v v at distances equal to :{; from A and B.

The centres of gravity of the triangles A @ B, B ¢ 4 lie on the lines
x x and v v respectively, and our problem resolves itself into
dividing the total area of the curve a ¢ d B (which area we will
denote by a) into two areas acting down the lines x x and v v.
This is effected by treating the areas as vertical forces, and setting
down a vector line o, 1, to represent the area «. Taking any con-
venient pole p, we then join o P and 1 P and draw x g, £y across
the verticals x X, 6 G, v v parallel to o P, 1 P respectively, and
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join x y ; then drawing p 2 parallel to «x y, 1, 2 gites us the area
which must act down the vertical ¥ Y and 2, o that down x x.

X G Y
[ §
[ 4
NN
< Z \&&J 4
MA ~\‘\s‘\\\ MB
. A......_..___-_J. L — ____’B
o -1--—-& - F’- 34-—-—)-
ac<
g
2 X G Y

(Builders' Journal.

Fig. 97.—General Case of Fixred Beams.

Fhen M, x {- = area of triangle A @ B = 2,0

WM, =20X%2

L2 x2
l
This enables the B.M. diagram to be drawn.

Similarly M,
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SHEAR DiAGRaM.—In this case as the end B.M.s are not
equal the shear diagram will not be the same as for a freely sup-
ported beam, but the base line will be shifted. Since the shear at
any point is the slope of the B.M. curve, the base line of the shear
curve will Be shifted downwards by an amount %‘-‘- 'I' M. because
this is the change in slope of the base line of the B.M. diagram
between the freely supported and the fixed beam. If in the figure
ACEDB represents the shear diagram for a freely supported
beam with the given loading, then the effect of building-in the
ends on this diagram is to lower its base line by an amount

AA =BB = -N—[‘—:l M’, thus giving the diagram A’ ¢ &' b B,

Special Case.—Fixed Beam with uniformly Increas-
ing Load.—Let a beam A B of span / be subjected to a load of
uniformly increasing intensity, the intensity at unit distance from B
being # tons per ft. run, the total load being W. Then, as shown
on p. 1zo for a freely supported beam R, = ‘-!, R, = 2 W and
the free B.M. diagram is a parabola of the 3rd order, the maximum
B.M. being equal to ‘128 W Zand occurring at a distance 577/

from B. Then the arca of this free B.M. diagram is equal to

W /2 . . . 8/
L2 and its centre of gravity occurs at a distance s from B.

This can be proved mathematically as follows :

7
Area of B.M. curve = fM ax »

3

- prx _pat
‘/(‘6' 6 )‘“‘

!

=[Aﬁf_££+c]

12 24

The area = owhenx = 0. ..C =0
4 4 \

. Area =1’-.1 _ﬂ.= Pl. = .V-If

12 24 24 12
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Fig. 98.—Fiaxed Beam with Uniformly Increasing Load..



Fixved Beam with Uniformly Increasing Load. 235

. l
First mt. of B.M. curve about vertical through B = / Maxdx
:
- / 2R l’_x.‘) dx
6 6
- P2 a3 5 >
=[25% _ 2% ]
18 30 G o

Moment = owhenx = o0. .. ¢, = 0

: 5 5 h
.~. First moment = 20 _pl =27
18 30 45

. . . st moment
.*. Distance of centroid from vertical through B = Ei_zﬁe? —
45 24 .
24/ _ 81

45 ]
This fixes the line ¢ G, and the arcas that must be considered
W2 ond wve
o 30

as acting up X X and v v respectively are thus

since the total'arca ‘—‘:2[—2 acts at distance :-5 from Y Y.

.. Taking moments about Y v we have :
L_we 3!

Area acting down x x x -
3 12 15
.*. Area acting down xx = we + Lowe
6o 3 20
M, = Ve 2 W y
20 / 1o
M, = we 2 _ W/
30 / 15
The resulting B.M. diagram then comes as shown shaded in
Fig. ¢8.
The amount of shifting of the base line for shear will be
(W~l - W + 7= w so that the shears at the ends are W
10 15 o 10

and 3w respectively, the shear curve for the fixed beam then

coming as shown.
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Graphical Method of finding cc. If the nature of the
loading is 'such that the position of the line G ¢ cannot be cak
culated without difficulty we may proceed as follows: Divide the
free B.M. diagram A c B up into a number of vertical strips, not
necessarily equgl, and draw vertical force lines through the centres
of these strips and set down the ordinates on a vector line, and with
any pole draw a link polygon. The point where the first and last
links meet will be a point on the line ¢ 6. This is the same
method as adopted in finding the centroid of a figure by Mohr'’s
method (Chap. IIL.). The area of the B.M. diagram can be found
by sum-curve construction, and the problem completed as indi-
cated with reference to Fig. g97.

INVESTIGATION FROM MATHEMATICAL STANDPOINT.

As we have previously seen :
M
Slope of beam __/E i dx

If the end of the beam is built-in this slope must come zero at

the two ends.

Consider the following special cases :

(1) Uniform Load on Fixed Beam.—Taking the in-
tensity of load as p and the centre of the beam as origin, then
considering a point at distance x from the centre, then for the

freely supported beam we have :

M. =2 (l)' - x‘-’) (See p. 213.)

[ . R4 2 4

Let the effect of the building-in be to cause an end B.M = M,,

2
Then for the fixed beam M, =2 (’4. - x2) - M,

M
.* Slope = E——I—a’x

=E_II &g‘_x_ péxa_ M”HC)
Slope is o whenx = o. .. Cc = o.

Also slope must be o when & = :
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)
W28 _pE [
16 48 M‘z °
. i _pid pB®
f.e, My x= = T T
=22
24
M, = 2%
I2

‘To obtain the deflection we integrate again, and we get :

deflection = / / i*?{l dx

1 (pRar_ g Mer .
TEI 16 24 2 1
_ I (plar  pat 15;12 a?
F;_J.- ’ [—6_ - —‘QT 24 + cl
_ 1 [plrat  pat
TR ("48‘ e T Cx)
This is o when x = :
i 4
!’i—f-l-+cl=o
192 384
: -l .
LGy = AT
T 38
.. When x = o, deflection = EC‘I‘ i
- -2
384 EI
p w /3

.. Maximum deflection = 34E1= 8B
The B.M. and shear diagrams are then as shown on Fig. 9s.

(2) Isolated Central Load on Fixed Beam.—Taking
as before a span / and the centre as the origin, if the load is W,
for a freely supported beam we have :
w - (L)
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. If the end B.M. due to fixing the ends is I’IA, we have for
the ﬁxed beam :
2 ) My

[ 4
/Eldx

Wi Wyt I
(T— p —MAx+C2)xﬁ

M.

]
NZ

A
L
|

]

*. Slope of *beam

When x = o, slope = 0. .. ¢, = o,
When x = é, slope also = o in this case.
. ) Wiz we ! 1
..Wehave. O_('S--—.W—MA;)XE_i
/. w2
+Ma- 16
w
M, =
To get the deflection we integrate again, then:
deflection =// . d x
_ 1 (Wiat Wat M, a? c
* LI 8 12 Tt
_ 1 (Wia® Wab +c
. ' EI\ 16 12 3
This is o when x = :
WA owe
“ Ea 06 3 = 0
. - W2
. Cy =
192
. c
When x = o, deflection = Eif
w3

. Maximum deflection

192 E'1
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*(3) Fixed Beam with Uniformly Increasing Load.—
Let a span A B of length / have a uniformly increasing load, of zero
intensity at the point B, and let the intensity of load at unit
distance from B be p units per ft. run. Then taking the end B as
origin, we have in the caséof the freely supported beam :

. _plax _ pat
M. 6 6
Now let M, and My be the end B.M.s, then the negative

B.M. at distance x from B is equal to:
(I\/h_;_l_ﬂ_n) X

M, +
.*. for the fixed beam
_plx _ pad_ _(My - My).x '
Me == 6~ Mp - T

*. Slopc of beam f B dx

- L (228 P — (Ma - Mz}
E1\ 12 24-—M,,x T +c4} ()
When x = o,slope = o. .. ¢; = o.
Also when x = /, slope = o.
+ - 2
PPty MMy e
12 24 2/
Ml M2 -2
2 2 24
3 >
., MA + MB = %}1—- --------- (2)

To get another relation between M, and My, consider the

deflection,;
then deﬂectlon = / / £ d x

2 8 5 2 -
LI {Pl %  pa® Mz _(MA Mg). ‘Z:.+ cs}...(3)

120 2

!

" ¢, = o.
=/

Deflection = o when x = o.
Also deflection = o when x
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2B _ PP _MpZ (Mo‘MB Lo

36 120 2 6
L= Mg22 M2 Mgl2 pls pl8
oo - + =4 _ L0
2 6 ’6 120 36
. [y
. M2 Ma 2 gpl
e 3 360
. _122
oMy + 2 Mg = 6o B 7}

.. Combining (3) and (4) we get:
Mg =17 s _p

60 12
=22 _W?
30 15
3 3
oM o 2P 2P W
12 30 10

The B.M. diagram then comes as shown in Fig. 98. In all
the above cases we have assumed that the beam is of constant
cross section along its length. If such is not-the case, the end
B.M.s can be found by taking the corrected B.M. diagram
as explained in the previous chapter with reference to the
deflections.

Advantages and Disadvantages of Fixed Beams.
—We have seen that, in the examples that have been considered,
a fixed beam is stronger than the corresponding freely-supported
beam, and that the fixed beam has smaller deflections and is
thiis more rigid. In most cases, moreover, the maximum B.M.
occurs at the abutments, where the beam can be strengthened
without adding materially to the bending moments and thus
increasing the stresses. In the freely-supported beam, on the
other hand, the maximum B.M. occurs at the centre, where an
addition of weight to strengthen the section would add materially
to the B.M. The reason why such beams are not more commonly
adopted is because, in fixing in the ends securely, the tangents at
each end to the beam must be absolutely horizontal, and any
deviation from this will alter the stresses, and any difference of
level at the two ends due to unequal settlement would cause
considerable stresses in the beam. There is also considerable
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stress due to® change in temperature if the beam is securely
built-in to the masonry, and all these points make the actual
stresses in any practical case somewhat uncertain, so that many
designers do not use this type of beam. , All the above objections
can be obwated by cuttihg the beam through at the points of
contraflexure and resting the centre portion on the two end
portions. This is the principle of the cantilever girder construction
and for large spans is very economical. This is shown diagram-
matically in Fig. 98a, in which a fixed beam A B is shown divided

Fig. 98a.

at the points of inflexion ¢ and p and the centre portion is
represented as hanging from the end portions. The B.M. in the
centre portion will be the same as for a freely-supported beam of
span / loaded in the given manner. The B.M. for the cantilever
portions will be the same as for cantilevers of span / loaded with
the given loading and also with loads at the ends equal to the
reactions at the ends of the centre portions. In the figure,
uniform loading is shown, and in such case these reactions fre

cach equal to ]—)2—1 It will be found that the resulting B.M. and
shear curves obtained in this way will be the same as shown in
Fig. 95. The deflections can also be found by adding together
the deflections at the centre of the centre portion and at the end
of one of the cantilever portions.

Fixed Beam with Ends not at same Level.—Suppose
that a fixed beam a B, Fig. 99, has its cnds at a different level,
then apart from the loading on the beam, the deflected form of
the beam will be as shown in the figure, the point of contra-
flexure being at the centre point c.
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The deflection & e of the portion A ¢, assuming the beam
divided at c, will be equivalent to that due to a weight P hanging
downwards at ¢, but for a cantilever with load at end

5 w3

, = 3E1
In this case we have

I b

G

- 3EI
24 EI xed
S0 =
12E1I xcf
=S T
2EIxd

= - -la

6(/?

P =

S —— .
—

A
B0

M, ;; % % 3 % E ! Qa”a
a 3 M %Z_’
. v N 4
B A

End B lower End A bwer.
Fig. 99. -Beams with Ends fixed at different Levels.

The B.M. diagram due to this is a triangle ¢ A, D, A; D being

equal to P x l;
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o

Similarly the portion ¢ B is as if it had a load P at its end
acting upward, the B.M. diagram for this portion being c B, E,.
B, E being equal to A, D.

Therefore, this diagram must be combined with the ordinary
diagram for’ a fixed beam if the ends are at different levels, the-
figure showing the effects for the case in which B is lower than a,
and also that in which A is lower than B.

The condition that the end B.M. diagram must be equal in
area to the free B.M. diagram still holds in this case, but their
centroids are not on the same vertical line because there is a
resultant deflection at one end.

It can be shown by ‘considering the stability of the imaginary-
cable of Mohr's Theorem, that E I x 4 = area of B.M:
curve x horizontal distance between the centroids of the free-

and end B.M. curves (g). .
ie, EI xd =ﬁ712: xIxg
1zEIl x &
o g = —7 75——
Now, if M, and M, are the end B.M.s, the end B.M. diagram.

is a trapezium,
D b (2 My + My
=7 T 3\ M, + M,
- LMy~ M)

6 (Mp + M,) ¢ 2p 2
. =6x Xy .
12EId

="y
Now, in the figure M, — My = 2 4; D

M,-M; 6EId
AD = - T =T — -

This gives the same result as the previous reasoning.

Beams with Cleat Connections, &c.—In building work
the girders are usually connected to the stanchions or columns by
means of cleat connections, which, owing to their rigidity, make
it doubtful whether the girder will act as a freely supported beam,.
although their sgrength is almost invariably calculated as such.

e M‘, - MB
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Neither is an ordinary cleat sufficiently rigid for the girders to be
considered as fixed at their ends. The actual B.M. diagram for
such beams will be somewhere between that for a freely supported
beam and a fixed beam. It has been suggested that these beams
should be treatpd as ‘half fixed,” that is, that the’end B.M.s

2
should, in the case of uniform loading, be taken as 4:—1 The

B.M. diagram then comes as shown in Fig. 100. It will be noted

2
that the maximum B.M. in this case is still {—g— as in the fixed
beam, but such B.M. now occurs in the centre.

. 7.

74NN N,

900000000¢ 0000000000
Fig. 100,

Bk

In beams where the tensile and compressive strengths of the
material are different, as in cast iron and reinforced concrete
beams, it must be carefully remembered that at the ends, the ten-
sion side is at the top, and so the additional strength must be
placed at the top at these ends; we shall have further examples
of this in the chapter on reinforced concrete.

¢ It must also be carefully remembered that in all the cases we
have assumed that the cross section of the beam is constant along
its length, and the results obtained will not be true if such is not
the case.
CONTINUOUS BEAMS.

If a beam is continuous over a number of supports A, B, ¢, the
deflected form of the beam has to take some shape such as shown
in Fig. 1o1, the curvature changing in direction at the points
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a, b, ¢ d. As'in the case of fixed beams, this chahge in the cur-
vature means that a negative bending moment occurs at the sup-
ports, such bending moment being called in future the ‘support
B.M. )

< .

B.M Diagram on 'straight base

Fig. 102.—Uniformly Loaded Continuous Beam
of two Equal Spans.

Consider first the case of a continuous girder, a, B, ¢, Fig. 102,
of two equal spans, each of length /, subjected to a uniform load
of p tons per foot run, the supports a, B, and c being on the same
level, and the beam being of uniform cross section. Now imagine
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the centre support removed, then there would be a central deflec-
tion §, given by
- 520320

384 E1
Now, if the centre support be replaced, the pressuxz Ry on it
‘must be such thatas a central load it causes an upward deflection
equal to &.

§ = Rx (20
48 E1
R x (223 _52(212)*
T 48E1L 384 E1
R =52x20l_5p! .
. 8 4
or if W is the load o one span, R = 5—4}‘—1

~. Since R, = R; from symmetry, and R, + Rp + R¢ =2 W,
3W _3p!?

8 8
In the ordinary case of two separate spans R, = R¢ = ‘—:i

we see that R, = R =

.*. Support B.M. diagram will be as if there were an upward force

-of‘-Y acting at A and c. This causes at Ba BM. = W x = w?

8 8
'so that the negative B M. at B = “;l p—{ and the B.M. diagram
for the continuous beam then comes as shown in Fig. roz.

As the reactions arc § p/at A and c, the shear diagram will
have an ordinate equal to # p/ at these points; the shear then
decreases uniformly from c to B until it has a value — §p/at B.
It then increases to + § g/, since Ry = §p/ and then decreasecs
to — § p/ again at A, the shear diagram then coming as shown in
ithe figure.

The points of contraflexure ¢, H, where the B.M. is zero,

‘occur at distancesé from B.

This can be shown as follows :—
Let H be at distance x from c.
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)
Then negative B.M. due to support B.M. = lvsf =%‘

positive B.M. for freely supported beam = p—if - %‘f

These must be equal, so that

&=£_I.£—P_'x2 [ ]
8 2 2
x_ 4 _ 4 _3/
"2 2 8 8
x=:3_1
4
3/ _ !/

. 4 4
If the B.M. diagram be reduced to a straight base, the lower
diagram shown on the figure will be obtained. .
3!

The maximum intermediate B.M.s will occur at distances -§-

from c and A. J 2 e J a1
s wi 213l 2 (31y_2! 3!
This will be equal to Pakle 2_( § ) 3 '8

128 128

* Two Equal Uniformly Loaded Spans with Sup-
ports not on same Level.—Now consider the case in which
the centre support B is at different level from A and c, and let B

be at distance % below a ¢ (Fig. 103). .
* As before, if the support B is removed, there will be a central
jon § = 52(20)!
deflection & 384 E1
The reaction at B is now only sufficient to cause an upward
deflection equal to & — 4.

.5 _ 5 Ry(2/)®
- k= 48E1
48 EI
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o Ry =L 52GD1(, )
)

Y (Y)Y VS F | .
7
] — ”
€ =5’;l_5_ﬁj’1
4 49
.'.RA=R0=3P1+5/21)1
SRV T — »

*. Reasoning as before, negative B.M. at B due to the second
portion of R, or R,

ie, My = Pﬁ(x S5 s 3)

. the B.M. curve will be somewhat as shown shaded, the
position of b depending on the value of ;‘ .

Now consider the following special values of /.

If 2 = o, M = 4’85215 in the previous case.

If = -'-S—, My = o, and the B.M. diagram is the same as for
two simply supported beams.

Jf 7 = 8, My =£Flf (r—35) = __f{_?

This is the same as we should have obtained for a simply sup-

ported beam of span 2 /.

Now let 2 = _536

Then M, =2;_’(x + 3) =i‘_'2’_2. This is the same as if the

supports A and ¢ were removed and the beam were two cantilevers
+

BA and BC. The free deflection at the ends is then = 813]:{, T and

this will be found to be equal to :—;6.
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L ]
Now % must lie between & and = 39 for the beam to act as a
continuous beam, therefore take points k, E' on. the vertical

2

through B, such that BE' = BE = 2—:—, then the closing line of the
[ )

B.M. diagram for the continuous beam withe the supports at

different levels must lie between AEc and AE' c.

I
LAY
N
’
/ \
Vi \
/7 \\
AY
/ \
4 \
/ \
’ \
’ \
,/' \ *
4 \ \
s < \
/ N
ﬂ C
. .7 '3 ;
. .
N ’
\ ’
\ Ve
\ ’ \
AN /
N 4
N ’
N /7
\ ’
\‘ P
\‘ ’
’
\\ /7
\ ’
‘\ I’
YE

Fig. 103.—Continrous Beam with three Supports
not on same Level.

The following example on this problem is interesting : .

A continuous beam of uniform section and two equal spans ! has a
uniform load of intensily p, and the supports A BC are initially level.
The support columns are, however, equally elastic, the force necessary
lo cause unst comfres:z‘on being e. Find the central reaction and B.M.
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If the centre column is removed, & =

" The upward deflection due to Rg = §; =

The Theory and Design of Structures.
speyt ¢

Then 8 — &, = difference in level between final positions of A, B,and C.
Now let Rp =p{+ 2/, 2/ being the additional reactich due to the

beam being continuous, then

Ry=Ro=2!_ 7

.~ Sink of central column =

Sink of end columns .

. .~ Difference

pl+af
Z : s

)

- ()

R

= 5%
24E1l
=520
24 E1
spn
o Rp = 2%
skl

+ 3

2¢

“ Rp (4

_Re?
6EI
+2!
4

+2

5498

- prl5

Lt
kitez
e

2¢e

6Kl

i
4

ll'

651

It will of course be noted that if the piers had been of the same
material and of areas proportional to the reactions, the amount of
L[]
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s'inking due to their elasticity would have been equal, and the B.M.
«diagram therefore would remain as shown in Fig. 102.

* The Theorem of Three Moments. ‘We will now find
the- relation which must exist between the support bending
moments anll the loading for a continuous bear of any number
of spans, the supports all being on the same leverf

Let AB and BC be any two consecutive spans of length / and
Z, of a continuous beam of any number of spans, and let AeB,
Bfc (Fig. 104) be the free B.M. diagrams for the loading on these

/ £
e

Z 1G % Gz . ;c
A B C

— ly ~> c-—-ye —

7, A
6

p 85| A5 |-

A 7 Lloslhc Line

Fig, 104.—Theorem of Thrce Moments.

spans. Let G, and G, be the centroids of these free B.M.
-diagrams, and let them be at distances y,, ¥, respectively from
A and ¢, the areas of the diagrams being respectively S, and S,.
“Then, if M,, My, Mg are the support moments at A, B, and c
respectively, Clapeyron’s Theorem of Three Moments states that :

M2, + 2 Mg (4 + 2) + Mo/, = 6{S~lf’__1 +-S-3;f'-f}
1 2
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We can prove this with the aid of Mohr's Theon;m" as follows :
Let A’ 8’ ¢’ be the deflected form or elastic line of the beam, then
if the beam is of the same material throughout, and of constant
cross section, the elastic line is of the same shape as that of an
imaginary cable loaded with the B.M. diagrams and Subjected to
a horizontal pull equal to E x I. Now the tangent to the
imaginary cable is common at the point B. Let such tangent be
at angle 0 to the line A’ B, and let the perpendicular from A’ on to
it be of length p,, the tension in such cable at B’ being Ty ;
then considering the stability of the imaginary cable we have by
taking the span A B and taking moments round A’:
Ty x g, = moment of B.M. diagram about A’

‘ = S, 5, — moment of support B.M. diagram about a

. L/ 5L 2/
=S1J’1—MA:;>( ;—Mnix -3-1-
2 2
=S —Mgl‘ - zM,,lé- ........................... (1)
because the support B.M. diagram can be divided with two

L oMy

triangles of arca M;-‘ and = »1‘-, the distances of their centroids

from A’ being 'respectively!; and 2311. Now p, =/, sin 6, and
Ty = clc;:slﬂ’ E I being the horizontal pull in the cable.
) _EIjsin® _ o,
‘..Tn,x[;,— cos 0 =EI/tan6
: 2 2
' Ellltan0=Sl_;'l—Mgl’ -ZMG“I‘

: =S M4 2Mu4
. Eltan 0 = / % —% cerennenennn(2)
Now by considering the second span, as # is the same for
both spans and EI is constant, we get
= — (5 - Mch _ 2Ma),
EItan 8 ( A G St USRI (3)
The — sign is used because the moments are taken in

opposite directions.
* See p. 201.
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Then com!;ining equations (2) and (3) we get
Sip  Ma4y _2Ms/ (S,_y, - Mc4 _ ’_.RLBL’)
6

A 6 AT 6
or M®, + 2Ms (4 + 4) + Mol = 6(55175!1 + %L) ...... )
10 2

This is the general formula applicable for all loadings.

If the loading is uniform over each span and of different
intensities g, and p,, we get

3 8 12
=4
Similarly
S, =22 L
12
¥y = {'—'
22
S Sy 1 3 3
: 11 + /2 24(1"111 +p212)
.*. In this case we have
My + 2Mg(4 + L) + Mg/, = :(1’1 IF + 230 ennn (5)
If the load is of the same intensity p on the two spans we get
Myl + 2Mg (4 + 2) + Mg, = f(/p L (6)

o

Reactions and Shear Diagrams.—As in the case®of
fixed beams, the shear diagrams for continuous heams will have
their base lines shifted, due to the change in slope of the B.M.
curve,

Consider any support, say B, and let 7, be the reaction at B
due to the span /; if the separate spans were simply supported, R,
being the corresponding quantity for the continuous beam.

Then change in slope of B.M. curve = My - M,
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Similarly if »,, R, are corresponding quantities for the span /,
S Ry=7+ My - Mg ',' M,
MB_— MAJ_ MB - h‘c;
L' I
Then R, and" R, give the ordinates of the shear diagrams on

.. TotalreactionatB=Ry=R, + Ry=7+7,+

20 Tons 15 Tons
a EI c 10 Tons |
20’ « 10’ 15' -
%0 77%g-75
y by o
B M DI ram (Flf "n FT.’;ns)

N

Shear Diagram(Fige nTns)

"

. Fig. 105.—Continuous Beam of Three Spans.
*

either side of B. This will be made clearer in the following
numerical example :
A continuous givder, A B C D (Fig. 105), consists of three spans, 20,

10 and 15 1. long, and the first span carries 20 tons, the second 15 lons,
and the third 10 tons, uniformly distributed, Draw the B.M. and shear
diagrams.

First draw the B.M. diagrans as if the separate spans’ were freely

supported.
Now take the first two spans, then by the theorem of three moments.

= If20 15
M.‘x 20 + 2 Mp % 30 + Mg % '°_4{zo'2°_3+m"°s}
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But the end 4 is freely supported. .. M‘ =o0
. Weget6o Mg + 10 Mg = — (8 + -
or5 Mp + Mg = 237 Sererersrmniernnnsvonnas (I}
\Iow conflder the next two spans. Then we have :

9
Ms X 10 + 2 Mg X 25 + Mp x 15 = {:g m"+——.15}

The end D being frecly supported, we have
3
10 Mp + 506 M¢ = %—{12 + 18}

or Mp + 5 Mc = 9375 ceevreverrenrncnnnes w(2)

Solving the two simultaneous equations (1) and (2) we get

My = 3775 s
Mg = 11720

.~ Putting up these values we get the B.M. diagram as shown on

the figure.

To get the shear diagram we first calculate the reactions as follows:
Bk L My~ Mp_ 20 _ 3775 - 8 ;
=5 + 1 =7 20 = 811 tons

Rp = + 17 75 + 15 + 2?055 = 11'89 + 10’15 = 22°04 tons

Ro = '_25 - '-’655 +~;°. + ”1520 = 485+ 574 = 10759 tons

Rp = 12 - 1I'20 = 426 tons

2 15
Total 45°00 tons

The shear diagram then comes as shown in the figure, the cohti-
nuity of the beam altering only the base lines, and not the form of the
curves.

If there are more than three spans, consecutive spans are taken two
together, and a series of equations obtained by the theorem of three
moments. Further numerical examples will be found at the end of
the chapter.

* Continuous Beams with Fixed Ends.—If the end of
a continuous beam is fixed, the end B.M. is obtained by imagining
a beam to exist beyond the fixed end of the same length, and
loaded in the same manner as the last beam. This is because the
fixing of ends makes the beam horizontal at such ends, and this
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[}
occurs at the centre of a continuous beam symmetrically loaded.
An example of this will be found in the worked examples at the
end of the Chapter.

Equal Spans with constant Uniform Load.—In prac-
tice the spans (/) are often equal, and the uniform Yoad (p) per
foot run constant, the extreme ends being frecly supported. A
diagram is shown in Fig. 106, from which the support B.M.s and
reactions can readily be obtained for any number of spans up to six.

—r—7
£ , 38 | 3
a /0 10 o
s AF  ZE A
) F b4 % 0
% 5 B M A
o 3 ) -+ 5
& 43482 103 & e #
P . 5 = % & ¢
/% /;, /’O“O IO%I.%I‘ ’O’; o* 104 jo¥ e 6’:‘ /::

Fig. 106.—B.M. and Reactions on Uniformly Loaded
Continuous Beams of Equal Spans.

Above the span lines are the support moment coefficients,
which have to be multiplied by p /2

Below the span lines are the reaction coefficients, which have
‘to be multiplied by p 2.

From these the B.M. and shear diagrams can be readily drawn.
The student should check these by working them through by
means of the theorem of three moments,

* GRAPHICAL TREATMENT OF CONTINUOUS BEAMS.

In dealing with a considerable number of spans with irregular
loading, the application of the theorem of three moments becomes
a somewhat laborious process. Although the following graphical
method is somewhat involved and takes considerable time to
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.

explain, it is interesting and useful, and shows to what extent the
graphical method of reasoning can be pursued.

Consider the imaginary cable of Mohr’s theorem which gives
the elastic line of a beam. It is a link polygon for the bending
moments, dfawn with a polar distance equal to E,x L

Now the slope and position of the first-and last links of a link
polygon are quite independent of the exact distribution of the forces,
provided that they have the same resultant in magnitude and direction.

Fig. 107.—Continuous Beams—Graphical Treatment.

This will be clear by considering the figure in Chapter III.
with reference to this construction.

As we shall see later, we shall be able to obtain the support
moments if we know the sugport tangents to the elastic line. Let
A B, Fig. 107, represent a span of length /of a continuous beam,
and let A c B represent the free B.M. curve for the loading on it,
A a and B 4 being the support moments, M, and M, If the
centroid of the curve A ¢ B is G then the vertical G G is called the

S,
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centroid vertical, and if the support B.M. curve be divided into two
triangles A a B and B a 4, the areas of such triangles act down the
right and left hand third lines X X and v v. Now replace the

v,

x, |G ‘Y, Q Xf G |2
{ ' [ | !
1 ! !
LTI bl | 7T TV 77
I~k / S =TT
N 1 a1 | ¢
. Lo L !
3 ;P | 1 ' i i
3 l ] . H
4 ] I ]
: \'\ 5! = | J—
i 1
| X~ 1
I -T— g f !
| Ao
1 ! F"'Ku' !
] s /u |L !
I A N g
i |l
: L %L |
] ﬂl | I
Ll Lo
- ‘__LI'_- 1 [} ﬁle :
'X, G Y, IQ ‘XZ G, l)é

Fig. 108.—Continuous Beams—Fixed Points.

actual B.M. curve for’purposes of finding the elastic line by single
forces acting down and up the lines ¢ G, X X, Y V.
On a vector line,
set down 1, 2 = area of free BM.curve ACcB = S
s 3» O, I = area of triangle Aa B = S,
” » 23= » ” abs = 5,
Then with pole P at polar distance () = EI if a, 4 is drawn
paralleltoop,dktor P, sgto2pPand gv to 3P, d2 and A g
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]
are called the mid links, and A, d and g B, give the support
tangents.

Now in our problem we do not know the position of the points
o and 3, and we see that these would be known if the mid links
were found, 8o that our problem now reduces to that of finding
these mid links.

On both sides of the centroid vertical G ¢ draw lines at distance
2, and set down lengths 1, 2, equal to 1, 2 and join them across,
intersecting on the centroid vertical. These lines are called the
cross lines.

Now draw any vertical U v, then clearly the intercepts made by
the vertical on the mid links and cross lines are equal. From this
it follows thatif a point on one mid link is known, a point vertically ,
below it on the other mid link can be found.

Again, let the right-hand mid link of this span m'eet the left-
hand mid link of the next span in a point /, Fig. 108, on a vertical

line Q Q.
Then consider the triangles g7 4, P 2, 3.
. . 'k _x
They are similar SLE=H
¢ 23 7

P Xjh=23%xx
=x X areadaB

Ml z|
2 i
Similarly considering the triangle g 5 4, we should have
M4
P xjhk= . Xy

Where /, is the length of the next span.
SoXh =x4

Further x, + x, = ;—(11 + 4)

Y/
x, =—32
4
Xo = —
)

* Q Qis at a distance = -{_‘;’ from Y v, and is thus called an

tnverted third line.



260 . The Theory and Deszgn of Structures

Determination of ¢ Fixed Points.’ Let ABC, Fxg 108,
represent two consecutive spans of a continuous beam, and let the
third lines be drawn as shown.

Suppose that we know that the nght-hand mld link of the
span A B passes through a fixed point F. Let this ‘mid link cut
the inverted third line Q @ in J and the third line v v in 1, then
L B’ must be a support tangent. Produce L B' to meet the first
third line of the span B c in L', then j L' is the left-hand mid link ;
and then join r B’ and produce it to meet j L' in ¥, then ¥ will
be a fixed point on the mid links of the second span. This is
shown as follows:

Let the vertical through ¥ be at distances z,, 2z, from the
third lines.

Then the triangles ¥ J N, ¥ K’ 1. are similar.

IN _z -3 '
TS gy e (1)
and triangles 8" k' 1, B’ k L are similar.
KL 4
KL g s, . (2)
further the triangles F L K, F J N are similar. )
KL
B o
Multiplying tog(,ther (r), (z) and (3), we get

Tk

2 1
zl_:___-’f_{? / f;

3 e 2, = /fi
h+dh

e 3 el = constant.
) YDA A

(4
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In this way'a. number of fixed points right along the various
spans can be found as hereinafter further explained.

A fixed point is found at the terminal spans, as follows :

Cask (1). FRreeLy SupporTED ENb.—The end B.M. here
must be zerd, therefore, support tangent and mid link must be
collinear, so that A’ is the first fixed point.

Case (2). Buirt-IN or Fixenp END.—Support tangent is
horizontal, so that first fixed point is where horizontal through
A’ cuts the first third line.

Graphical Construction for any Given Case.—We
are now in a position to set out the construction for obtaining the
B.M. diagram, which is as follows :

Draw the free B.M. diagrams and the third lines, the inverted,
third lines and the centroid verticals. Fig. 109, shows a con-
tinuous beam of three spans, one end being freely sdpported and
the other fixed, X x representing the left-hand third lines, v’y the
right-hand third lines, Q @ the inverted third lines, ¢ G the
centroid verticals.

Now draw the cross lines at the bottom of the paper, such
lines being obtained by setting down the areas S,, S,, &c., of the
free B.M. curves on vertical lines at each side of the centroid
verticals at distances representing the value of E I reduced in
some convenient ratio, the scale of E I being the same as that of
the areas. If the support moments only are required and not the
deflections, and E I is the same for cach span, E 1 need not be
calculated, any convenient polar distance being taken.

P, P,, and P, are the intersections of the cross lines. .

Now find the fixed points. The end A is fixed, so that r is
the first fixed point ; now set down ¥ ¥ equal to the intercept ff;
on the cross lines and draw any line ¥’ Jj; to the inverted third
ling, cutting Y v in L; join 1. B’ and produce to meet the third
line X, X, in 1, ; then the intersection of 1, J, and ¥’ B gives the
fixed point F; on the second span. This is repeated as shown,
and the points ¥/, F, F,’ found.

Now start at the other end pb. This is freely supported,
therefore, as we have seen before, 0’ is the first fixed point H,.
By means of the cross lines, we then get the corresponding fixed
point H,, and by repeating the same construction as for the
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pomnts F, we get a number of other fixed points H,, H;, H', H.
‘The mid links and support tangents are now drawn in, and there
will be two checks on the accuracy of the construction, vgg :
. (@) Mid links must meet on centroid verticals.
() When adjacent mid links are joined, they must pass
through points of support. . .
Now, from the points 1, 2, &c., on the cross lines, draw parallels
to the support tangents, and obtain the poles R, R, R; and then
draw parallels to the mid links, thus obtaining the points o, 3, &c
Then MA _ ?_ xl_o, !
and so on, the support moments thlen being set up and the true
B.M. curve for the continuous beam thus being found.
Another interesting graphical method of finding the support
moments in a continuous beam, has been devised. by Professor
Claxton Fidler, and will be found in his book on Bridge
Construction.
Advantages and Disadvantages of Continuous
Beams.—It will be scen by considering the B.M. diagrams
for continuous beams, that the maximum B.M. is less than that
which would occur if a number of separate simply supported
beams were placed across the same supports (cxcept in the case
of two uniformly loaded equal spans, when it is the same), and
that such maximum B.M. occurs at the abutments. The prin-
cipal disadvantages are:
(@) It is not easy to ensurc all the supports remaining at
exactly the same level. .

(2) The method of calculation of the stresses assumes that the
beam is of uniform cross section throughout, this condition
not being an economical one.

(¢) The method of calculation does not allow for rolling loads

which often occur in practice.

Many of these disadvantages can be obviated by making sec-
tions through the beam at the points of contraflexure, and resting
the centre portions on the support portions, or cantilevers. This
is the principle of the cantilever girder bridge, and has been used
with great success for bridges of great span. As span of a beam
increases, the relative effect of its own weight on the stresses
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increases rapidly until a span is reached, when it is impossible to
use a simply supported beam, because the stresses .due to its
weight are greater than the allowable stresses. In the case of the
cantilever girder bridge, the maximum B.M. occurs at' the sup-
ports, and it is easier to increase the strength at such portions
without adding rfaterially to the B.M. One of the best examples
of this is the Forth Bridge, a good account of which is very instruc-
tive and intecresting, and should be consulted by those who wish
to follow the design of bridges of great span.

It is largely on account of the above disadvantages that British
designers do not commonly adopt continuous beams, although
under favourable conditions they may be safely adopted with
considerably increased economy.

Beams Fixed at one End and Freely Supported at
the other.—-If a beam is fixed at one end and freely supported
at the other, the B.M. and shear diagrams will be the same as

4

Bending Momenl EJ

—— ——— U —

&

%’! Shear

(Ruilders' Journal.)
¢« Figs. 110 and 111.— Beams Fixed at one End and
Supported at the other.

for the half of a continuous beam of two equal spans of the same
span as the given beam, and loaded in the same manner..

This is because fixing the end of a beam makes such end
horizontal, and this is what happens at the central support of a
continuous beam with two equal spans loaded in the same manner.
The consideration of the following two standard cases should
make this clear.

(a) BEaMm, FIXED AT ONE END AND FREELY SUPPORTED AT

THE OTHER, SUBJECTED TO A UNIFORM Loan.—The B.M.
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4 .
and shear diagrams in this case are the same as for one
span of the first case of continuous beams that we have
considered, and will therefore be as shown in Fig,110.

(6) BEaM, FIXED AT ONE END AND FREELY SUPPORTED AT
THE OTHER, SUBJECTED TO A CENTRAL Loap.—Let the
central load be W and the span /. ¢

Then, if B is the fixed end, A the freely supported end, and A’

the imaginary freely supported end existing beyond the fixed end,
we have, by the Theorem of Three Moments,

Wil L WL L
My/+ 2 My +0) + Mud = 6{="x xS+ 2o 21}
Now M, = My =o \

W/ w/s
..zMn.zl—ﬁ{—-ﬁ-[+T6._l )
- 3W/ :

+ M 16

The B.M. diagram then comes as shown in Fig. 111.
To get the shear diagram we first work out the reactions.

Ry = W Mo My
W _3Ww/
2 16/
=5W
16
. _1Ww
o Ry = N

The shear diagram then comes as shown in the figure. *

We will conclude this chapter with a further number of worked
examples of fixed and continuous beams.

WORKED EXAMPLES.
(1) A beam of 20 ft. span is built-in at one end and is supported at
a point § feet from the other end. Draw the B.M and shear diagrams
Jor a uniform load of § ton per foot run.
Let A B (Fig. 112) be the beam, fixed at the end A and supported

at the point C.
The portion BC of the beam acts as a cantilever, and therefore the

B.M.atc = Mg =~ x 3X5 _ 625 fi. tons.
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To find the B.M. at A, we imagine a span AC’ exactly similar to A ¢

to exist within the wall, .
Then, by the Theorem of Three Moments, we have :—

M x 15+2MA(15+xs)+Mc.15=§(153+ 153)
but Mo = Mg = 625 ¢
< 60 Ma + 30 X 625 = g (2 % 159

2
o4 Mp 1275 = !45—

2
o4 My= 145- - 12°'§

= 56'25 — 12'5 = 43'7§5
.. M, = 10°94 ft. tons nearly.

£

A bendg Momeol (Fl Tons)

le— — — 5 — — L 5 —

4“/"“" (Tons] 29

Fig. 112,

(Builders' Journal.)

The B.M. diagram is then as shown in the figure. To get the re-
action at C we proceed exactly as in the case of continuous beams,
115, Mc~Ms 15, Mc—Ms

] 1'.8., Re=-.-2 -- .
2" 2 I5 272 5
= 3'75 — ‘31 + 125 + 1°2§
=344+ 23
= §5°Q4 tons.

The shear diagram then comes as shown in the figure.

(2) A rolled joist is firmly built-in at one end, and the other end
rests freely on the top of a cast-iron column. The span of the joist is
16 feel, and it carries a single Joad of 10 tons, 12 feet from the column
ends. Determine the reaction on the column, and draw the B.M. and

shear diagrams. (B.Sc. Lond. 1907.)
Let A B represent the beam, fixed at the end A, the load being at
the point ¢, Fig. 113. B
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Then the free B.M. diagram is a triangle A D B, C D being equal to

Was _ 10 "l‘; X4 _ 30ft tons.

"Then area of B.M. diagram é X 30 X 16 = 240 sq. ft. tons.

The centroid G of the B.M. diagram occurs at a distance 4 EC from
E the centre of the beam, 7.¢., at a distance 93 ft. from A.

2675
FE T 4 .
B.M Diagram
Zl C o'a’ ;‘-' B
8'
914 .
Tons Shear Diaqtam
'] 56
ons

Fig. 113.—Example of Beam Fixed at one End and
Supported at other.

Then, imagining a span exactly similar to A B to exist beyond the
fixed end, we have, by the Theorem of Threce Moments,
.

16 Mg + 2 My (16 + 16) + 16 Mp: = 6{2%2—91‘ 4240 % o

16
M'B'= MB=°
64 M —6_L_2._x ?.4_0.* 28—7x24°
4 Ma = 16 x 3 -
_7x240_zl0
MA'— 64 8

= 2623 ft. tons.
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(
The reaction on the end B for a freely supparted beam

=7 = L°!’; 4_ 2°5 tons,
eRp = + M2 - My
= gc 4£0.7.2625
=25+ 16
=25 - 164
= 86 tons.
1xTans per Ftrun 2Tons per Flron

A AE g &

e~ 40 >t )OO’ 120 ——te 40"7

K
G ul -
1 1875 360 |
Y
B-M.Di pgrarm
24 o2
i a0

655\
1

. 60 "

\ \ 84-07 —

Shear D/'agmm

Fig. 114.

(3) A continuous givder consists of two unequal spans of 100 ft.and
120 f2. respectively.  The givder is 300 f2. long and overkangs the end
supports at eack end, and is loaded as shown (Fig. L 14.) Draw the
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B.M. and shear diagrams and show the points of inflexion and mag-
nitude of the supporting forces. (B.Sc. Lond. 1907.)
In this case the end pieces A B, D E act as cantilevers.
40 X 1} X 40

® - Mp= 2 = 1200 ft. tons.
[
Mp = 19..%’5_&’ = 1600 ft. tons.

The free B.M. curve for span B C is a parabola with niaximum
ordinate = 1} x '°8° X109 1875 ft. tons.
The free B.M. curve for the span €D is a parabola with maximum
ordinate = 2 -X—Bg—i 120 o 3600 ft. tons.
Then applying the Theorem of Three Moments we h'we
100 Mg + 2 Mg(100 + 120) + 120 Mp == 4 (13 x loo" + 2 x 120%)
. 120,000 + 440 M¢ + 192,000 = 375,000 + 864,000
440 M¢ = 927,000

M¢ = 2107 fi. tons nearly.
We now proceed to the determination of the reactions.
1 1 Mn - MA_ 1 Mn - Mc
Rn—5x4ox1§+--4b— +2><loox12+ 60
=30+ 30 + 75 — 907
= 60 + 6593 = 125'93 tons
| V[C - M]j 2 ]VI M])
Re = ;xxoox12+ 160 +2x X 1204+ — 170 .
= 75 + 907 + 120 + 422
=84'07 + 12422 = 20829 ,,
1 Mp - Mc Mp - Mg
Rp-;xzx120+ 70 2xz><4o+ yr

= 120 — 422 + 40 + 40 .
= 115'78 + 80 = 19578 ,,
Total ... 530 tons.

The shear diagrams then come as shown on the figure, and the
points G H K L are the points of inflection.
]
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(
(4) A continuous beam of total length L has three spans and is
uniformly loaded. Find the most ec cal arrang ¢ of the spans.

It follows from symmetry that in the best arrangement, the two end
spans will be equal. Let the end spans be of length /, and the centre
span of length Z, Fig. 114a.

‘ Then L =4 + 24
Now by the Theorem of Three Moments :
Mal,+2Ma(l +24) + Mo/, = 1:‘;-(1,s + 1)

From symmetry M¢ = Mg
also M, =o

“Ma@h+36) =50 - 5)

/ N

A £ 4
) Lz —_— L,

L -

Fig. 114a.

We now require to find the relation between /; and /, to make
Mp a minimum, and then see if Mp is then greaterjthan the inter-
mediate B.M.s: if so, this relation will give us the most economical
arrangement.

£+ )
(24 +34)
Now =L -2/

2{(L - 240 + 42}
@BL-644+214)

d Mn
arn

d (L3 -6L24 +12L}2 —71,)=°

This will be a maximum when -

f.e., when F 3L =44
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[ ]
fe,when 3L — 44) (- 212+ 244 L - 6L9)
+4(L3—-6L24 +12/2L - 743)=0

ie., 563 - 11 L2+ 72412 - 1413 =o0.
The solutdon of this equation will be found to be /, = *35 L, such
solution being found by plotting. 1Y

Thus we see that the least value of the support moments occur
when the end spans are each "35 L and the centre '3 L. In this case
the intermediate B.M.s are less than the support moments, so that this
gives the most economical arrangement.



CHAPTER X.

*DISTRIBUTION OF SHEAR STRESSES IN BEAMS.

WHEN a beam is deflected there is a horizontal® shearing stress
at every point of the beam, resisting the sliding of one layer over
the other. We have already shown (p. 12) that in_an_elastic
material a shear stress must always be accompamed by a shear
stress of equal intensity at right angles to it; in the case of the
beam we see that the horizontal and vertical shearing stresses at
any point of a beam are equal. Now the total shearing force over
any vertical cross section of a beam must be equal to the shearing
force, obtained, as in previous chapters, by considering the forces
on the beam; but the intensity of stress will not be the same
across the section, so that by dividing the shearing force S by the
area of the cross section A, as is commonly done, we do not get
the maximum shear stress.

The existence of the horizontal shearing stress can be seen
clearly from the following diagrammatic representation. Fig. 115
A shows a short beam deflected under some loading. Now imagine
the beam to be replaced by a number of plates placed one above
the other. They then take the form shown at B on the figure, the
plates sliding one over the other as shown. The second case will
not be nearly as strong as the first case, and it is clear that in case
A there must be stresses tending to make one layer slide over the
other.

We will now obtain an expression for finding the shcaring
stress at any point of a beam, and will consider later certain
special cases.

"GENERAL CasE.—Let A B, A, B, (Fig. 116) be two cross sections
of a beam at a short distance x apart, and let the cross section of

* We will assume through this investigation that the beam is horizontal.
If it is not, the words ¢ parallel to the axis of the beam’ and *perpendicular
to the axis of the beam’ should be substituted for ‘horizontal’ and ¢ vertical.’
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such beam be symmetrical about a vertical axis, and let the load-
ing be wholly transverse. Then EcG and E, ¢, G, as we have
previously seen, give the intensities of transverse stress at any
point. Now consider the portion of the section A B above any
line pp. C&nsider an element of area a at a pc‘int P at distance
P N from the neutral axis.

Fig. 116.—Horizontal Shear in Beams.

Then we have by the theory of bending that the intensity of

stressat p = fp = Mfi.f_‘\_‘, where M is the B.M. at the point and

I the second moment of the section.

MxpPN-
.. Force on element a = fp x a = -

3
I
.*. Total force on area above DD = = M XI—P—IS .a
=F = %!EG.PN
M

- % first moment of area above p D about N.A.

1
M
XAy . Cerereeeaes PPN ¢
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Where a is the area above pD and y the distance of its centroid
from the N.A.
Similarly taking the section A, B, and taking the force above a
line n, p; we have
Total fo.ce on area above p, b, = F, = —1}{-1 X ay
Now, if « is small, and the beam has no abrupt change in
cross section, we may puta = a;, y =3, and I = I,.

LF-F =M= ELDLE A— (2)

A A
N 7257

D, D B} -0

IR
| |

[ c ' C N \C

x
B GG B B

Fig. 116.—Distribution of Shear.

Now this difference in transverse force is the shearing force
which has to be carried along the line p p;. We will write this
M-M).ay.5

T

F-F ="

Now, if x is very small M

;Ml is the rate of increase or de-

crease of the B.M., and this we have shown to be equal to the
shearing force S at the given point,

. Wehave F — F, = S X@:0:%" (3)
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’
Now the area over which this shearing force acts is equal to.
D,DXDD=DD XX =% X &

.. Mean shearing stress along D D = F—;—El-'-l—
~Sxay.x
bx. Y
_S.a.y
Sp = T?) .................... (4)
We can express this in terms of the mean stress m = S over
the whole section as follows :—
Sp = S._'_.a -y
PTA A
a.y .
=m., _,-g; .............................. (5)-

We may call the shear coefficient.

It will be noted that @ x y increases up to the neutral axis
and then decreascs, because the first moment of the area below
the N.A. is negative.

We thus see that 2ie shear stvess is a maximum at the neutral axis.

It must be remembered that s, gives only the mean shear stress
along D p. This stress is not uniform along b D, but for sections
which are narrow at the neutral axis, the sections used in practice
generally falling under this head, the maximum shear along the
neutral axis will be not much greater than the value of s, at the
neutral axis as given by the above result. For sections like the:
square and the circle the maximum shear along b will be fidm
5-107, greater than the mean shear, while for scctions such as
an oblate ellipse or a broad rectangle the difference may amount
to as much as 259, It is beyond our present scope to go further
into the question as to the variation of shear stress along p b, but
we should remember that such stress is not uniform; the maxi-
mum stress for various cases has been worked out by St. Venant.

Consider the following special cases (Figs. 117, 118).

(1) RECTANGULAR SECTION.—Mean shear along a line at dis-,
tance x from N.A. of a rectangle of height % and breadth &

a.y

= Sx =m.k”
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In this case @ = (é - x)b

oret(ien)-(E)
C

« m="

S =

]
—td
L]
'
1
"
[]
L]
L]
]
.
.

N
D

bo i v

S RSy
Circle
Redtingle

Fig. 111,

This depends on &2, so that the curve showing the mean shear
stress at various depths will be a parabola. The maximum value
of s, occurs when x = o, 7e, at the neutral axis. This gives

So = 3:5 = 1'5m. Thus we see that in a rectangular beam the

maximum shear stress occurs at the centre, and is equal to 15
times the shearing force divided by the area of the section.
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(2) CircuLar SecrioN.—This case is not quite so simpleA as
the previous case, but we can find the shear stress at the N.A.
simply as follows.

In this cage we have

D2
a = -— -
8
,_2D
) 3
PLI Ly
16
b=D
1rl)f= 2D
_ 8 ‘3w
A= Mt
16" D
=47 _ 1°33 m

So that the mean shear stress along the N.A. is 1} times the
mean shear stress over the whole section.

In this case it is interesting to note that the maximum shear
stress along the N.A. is 1°45 m.

(3) PrpE SecrioN.—Let a thin pipe be of mean diameter
D and thickness #

Dy
Then a=7—r
2
D
y_ﬂ'
D2
2 =
£ =g
b=21¢
D¢ D
2 X7
o J‘N_A_=MX—D, =2m
3 x2¢

So that the mean shear stress along the N.A. is twice the
mean shear stress over the whole section.
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(4) X SecTION.—To0 calculate the proportion of the shearing
iforce carried by the flanges and web, respectively.

Take a beam of X section of breadth & and height 4, and let
the thickness of the flanges and the web be 7 and w, respectively.

{

Fig. 118.

First consider a horizontal line P P in the flange at distance
x from the top edge, Fig. 118,

s _ a.y
Then mean shear along p P = m .
_m.bx (k- x)
= 5,‘ = ﬁ k'z 2
e
‘ = é'k'z'(’l x = af) s (1)

This depends on 2 so that the curve showing the variation
of stress is a parabola.
When x = 7, s.e., at the junction of web and flange, ~

m "
St =35 (R &) N (2)

Now consider a horizontal line P, P, in the web at distance

from the top.

Then mean shear along p, P, = %Z .
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In this case— ‘
a y = first moment of area above p; P, about N.A,
btk -2) {Iz X -t

=——>—"+w(x -1 ;—(t+ 2 )}

=bt(lz—1)+w(x1-t)(lt—-xj—i0
2 2

also & = w in general expression for shear stress.
m (be(h—1) +w (= 2) (::,_ x - r)}

V. Spy =
L BaP 2] )

=__;’;.2 b._t_(%’ti) +(hxy— a2 -ht+ 12)}

m (X3 ’
= (/l X - x,‘z) + (% - f) (;”' - f)}.

m mt(h—2t) (b~ w)
— ;k2 (’l x - x12) + - - 2 M o ) edieiiesiees (3)

The second term of this expression is constant for all values
of x, and the first term is the shear stress which would occur if
the flanges extended down to p; P;.

We thus see that the diagram of distribution stress is obtained

as follows :
First draw a parabola A K D, the centre ordinate J K of which

. . . k. .
is obtained by putting x = 5 in equation (1).
- m (B _E\_m .
new JK =74\ 2 4] 8
At the points B and c corresponding to the inside edges
of the flanges set out ¢ E and u F equal to the expression
th-2) (- .
mt z_,éé‘)ﬁt(w—m ) and re-draw the portion 6 K H of the parabola
between the points E and F, then the curve AGEL F H D gives
the shear stress at the various depths of the cross secticn.
Then total shear carried by web is equal to area of piece
BEL Fc of curve multiplied by width of web.
%

Now take the case in which # = -—/‘— and w = 3 and 4 ="' —
A 10 20 2
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this being about the proportions for a rolled steel joist, then

BG = § = 2'éz(lu'—t?)

mo(R R
2 A2\10 100

m 9 A2
24" 100
NS, . (}z‘-’- 9 lz-) _.m 16  m 4
Ry 100 24" 100 ~ 24 " 25
also G- " ¢k ;/:z) ,(: -
m k£ ok ok 20
' = 24 1010 " 20" 4
- m 81 A*
= 24" 100
m 9 A m 81 A?
SBE= 50T 2 4 oo
m W/
T 24 10

Areaofcurvenr.x,rc::p.c(nr-:+§mx)
| o om (ohF 842
EELACCIET
2R _ (b w) (b= 2 )
12 1z
[ N _ it _9__]_1 4/53 1_
24 20 "\ 5 ‘12
= ‘o417 &t — o192 /it

H

4
5

1
i

Now in this casc 1

= ‘0225 At

The arca of the section =4 % — (4 -~ w) (% - 2 ¢)
ok 4k
A=, "% 5
= ‘14 A%

‘0225 /it

= - -= 1608 /?

I
. . 2 o - =
o= =T
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Returning to equation (4) we get area of curve BEL F C
amh (oh? 8 Iﬂ}
= 7 ORGSR e
1082 | 10 75
_ 4mh x ooy At

1608 42
10 X ‘1608 /& .

= 4 x _looy
=meh xR
= 2505 M Meveiiiiiiiiiiiiiiin (s)

.*. Shear carried by web = 2'505 m 2 x width of web
= 2505 m & x a
20 "
="1252m B i - (6)
_ Now area of whole section = ‘14 /4?
.» Total shear S on section = ‘14 42 x m
. Shear carried by web _ 1252 _ o
"7 Total shear = 14 894 7

It is commonly assumed in practice that in plate and box
girders the whole of the shear is carried by the web, and the above
calculation shows that in an X beam, in which the flanges are
larger in proportion to the depth than in most plate and box
girders, this is true within 109, so that in plate and box girders
designed according to the common rules,* this assumption will be
quite justified for all practical purposes.

It must, however, be remembered that in girders built up of
joists and plates, such as the comparatively shallow and heavy
girders used in buildings, that this assumption will not be so
nearly true. The error, however, lies on the right side, because
the stresses in the web will be less than assumed.

GRAPHICAL TREATMENT FOR FINDING DISTRIBUTION
OF SHEAR STRESS ON A CROSS SECTION.
Consider the section, composed of joists and plates, shown in
Fig. 119. The first step is to ‘mass the section up’ about a
vertical centre line: this is done by drawing horizontal lines
across the joists, and adding on each side of the centre joist the

* See Chapter XVIII.
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corresponding horizontal ordinate of the outside joists. This gives
the section shown in the figure (de.,ad = a b + b¢c + cd).
Consider any line p p. We have shown that the mean shear
stress along PP = §p = m . ‘21 ; .
Now a .y =! first moment of area above P P about neutral
axis x . Draw the first moment curve of the section above x x

about the line «x x, as explained on p. 73. As the section is

T

SBtit tlle e

Fig. 119.

symmetrical about a vertical axis, we need draw the curve for one
half of the area only, x Q c being such curve.
Thena x y = zareaJX QN x A

.~ Mean shear along p P; = Z’:Lb L2 _J_xf N x4

Now find the sum curve j R s of the first moment curve taking
. 9

the polar distance p = &.

A .
Then N R x p = area of first moment curve above P p
2
o NR XA area JXQN
A 2
m 2NR.ZA
.. Mean shear along pp =~ . ———— x &
g f5 42 %
g 2NR
=m.—;

Buté =rPp=2NP

.*. Mean shear along p p

I

N
'
¥
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Then the maximum shear stress, which occurs at the neutral

axis, ism . S5,
CB

Nou-,—-Flg 119 is diagrammatic only and is not drawn to
scale. Thé student should work this case as an example, taking
the plates 2z0” x }” and 16” x 6” beams. ¥or accuracy the
drawing should be done to a large scale.

Deflection of a Beam due to Shear.—In considering
the deflections of beams up to the present we have dealt only with
the deflection due to the bending moment. We will now see to
what extent the deflection due to shear is comparable with that
due to the bending moment.

Let c c, Fig. 120, represent a short length & of the centre line
of a beam gubjected to a shearing stress s.

Then the shear causes the line c ¢ to take the*position ¢ ¢,
the slope being o.

Then if G is the shear modulus, we have ¢ = é
The deflection ¢ c, of the short length of beam is equal to
x X o, as o is small.

.*. Deflection of short length x of beam = ¥ : d
.. Total deflection due to shear = 3™ ;—‘f
x

Now we have shown that s = m . % where m = -i S being

1 k‘
the shearing force at the point, and A the area of the section,

If the section is uniform along its length, i k‘ will be constant
and equal to, say, f3.
.. We have : deflection due to shear = 2 «. fé
= sas

But 2. x S = area of shear curve up to given point
== B.M. at point
=M

tion due to shear = y = B . M. .covvierunnne,
Deflec ion due to shear = y = - M (1)
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Now consider the following special cases :
(1) Isolated Central Load.

i ' w/
Defl t - B
eflection at centre = u = AG 4 ‘
As we have prpviously shown, the deflection § in this case due
. w2
to B.M. is equal to SE1

B W/, wWp

M L W
O T AGT T4 T 4ETL
=12E AI
G A/
' S
L]
— " M
T P = s
______ "
x X
c c {
N < <
o
s
Fig. 120. Fig. 121.

Taking g = g and noting that I = A 42

kﬂ
= 30'6 B sestressers sisierersaens (2)
(2) Continuous Loadmg.
. B W
In this case u = AGT R
- swa
T 38 K1

LM 4Sﬁ E I
e 5 "G'Az
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Taking 1—3 = gas before,

- i
§ = 24 B. T e (3)
For recfangular section 3 = 1'5 and A? 2 -i‘—; y % being the

depth of the beam.
(2) becomes g = 3'75 (f)'

L (Y
(3) becomes s =3 ( 1)

It follows from this that if f = Ilo’ the deflection due to

shear is 3'75 per cent, and 3 per cent. respectively of that due
to B.M. in the two cases. .

We see, therefore, that for solid rectangular beams in which
the span is more than 1o times the depth, the deflection due to
shear is negligible. .

It must, however, be remembered that for rolled joists, plate
girders, and the like, the deflection due to shear will be quite
appreciable for sections which are deep compared with their
span. Bridge engineers often state that the deflection of a bridge
is more than the calculated deflection. Part of this difference
may be due to the giving in the riveted connections, but certainly
the measured deflection would agree better with the calculated
deflection if the latter included the shear deflection. It has been
suggested that this could be remedied by taking E about 10,000
tons per sq. in. instead of 12,500 in the ordinary defleetion
formula.

It should also be noted that we have taken only the strain
due- to the maximum shear stress, neglecting the fact that it is
variable. This gives results a little too high, but is better than
taking the mean shear stress.

Distortion of Cross Section of Beam due to Shear,
&c.—In finding an expression for the relation between the
stresses and the B.M. on a beam, we made use of Bernoulli’s
assumption, that the cross section remains plane after bending.

The two causes tending to distort the cross section are (r)
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shear stress, (2) differences in lateral compression due to extension
in fibres. .

Consider two cross sections of a beam at distance x (Fig. 121)
apart, and let the B.M. at the sections be M and M, respectwely,
and consider pomts pand p, at distance y from the centre line,
the section bemg the same at the two points.

Then stress at P = ]\%y’ atp, = %y
Lateral compression strain at P = 3 ]léI{ yat P = g 1\;[‘,' Iy
stress

because longitudinal strain = =2 and lateral or transverse

’ I
strain = » x longitudinal strhin.

-, Difference in latcral compression strain = E’-'—I». M, - M)y
*. On a short length & y of the section, the difference in lateral

compression = P’ p’ (M, -M).y.dy

El
e _ 7 M -M

. a = slope of pp/ =~ y.dy

x  ET"  «x
but we have shown that when & is very small
M‘: M . the shearing force S
. .'.u=LI S.y.d»

To find the total change in angle between any section and the
line originally parallel to the centre line, we must add all the
elementary changes in angle.

‘. Total change = 0 = S-1 y.dy

because m =
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Now we have previously shown that due to the shear there is
m.a.y

a change of angle equal to T 4

".». Totalechange due to both causes

=n(ar 22
T E\l(G T 2E

m_ fay ¥ G)

“ece\s t
. I,,. m fay v?
utting E = 2~ and » = - thiscomes to -5 {-,- + = -

P g E 2 " 4t § co GA\ o +zo)

From this relation the slope at any portion of the section can
be found, and the distorted form of the cross section can be
obtained. Our present scope prevents us from dealing with this
interesting problem further, but what we have given should serve
as an indication of the method in which the problem may be
attacked.
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Summary of Shear, Bending and Deflgctions

Kind of Beam.

Simply
supported
5 e

Fixed ... ...

'Y eve

Cantilever ..

. for Beams.
(Span L).
Max. Shear | Max. B.M.
=au.l ’ =m.WIL
Loading. e e e
n m
. T 1
Uniform 2 3
I 1
Central 2 4
Unif T T
niform ... 2 13
1 I
Central 2 3
. 1
Uniform 1 2
At End | 1 1
I

Max. Dell
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CHAPTER XI.
FRAMED STRUCTURES.

Introductory.—A theoretical framed structure is built up of
a number of straight bars, pin-jointed together at their extremities.
If the centre lines of the bars all lie in the same plane, the frame
is termed a plane frame; if in different planes, it is termed a space
Jrame. .

For the present, we will deal only with the plane frames.

A framed structure is designed so that, as far as possible, there
are only pure tension or compression stresses in its members,
bending stresses being obviated. In Continental and American
practice it is common to make the framed structures pin-jointed,
but in British practice the joints are nearly always riveted.
There are points in favour of both systems: In the pin-jointed
frames—or Zsrusses as they are called—we can determine the
stresses in the members with greater certainty than in the case in
which the joints are riveted ; but on the other hand the pins
often become troublesome to design, and in the case of failure
of one pin, the structure probably collapses, whereas in a
riveted joint we may have warning by the giving of one or two
rivets. *

In any case, the stresses are always calculated as if the joints
were pinned. These joints are often called nodes.

Kinds of Framed Structures.—A framed structure may
be one of three kinds, viz. : Deficient or under-firm; perfect or
firm, and redundant or over-firm.

A deficient or under-firm frame is one which has not sufficient
bars to keep it in equilibrium for all systems of loading. Such a
frame is shown in Fig. 122 (1r). For certain values of the forces
acting on it, the frame would be in equilibrium, but it would
collapse if the forces were changed.

A perfect or firm frame is one which has a sufficient number
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of bars—and no more—to keep it in equilibrium for all systems
of loading. Such a frame is shown at (2) in the figure.

A redundant or over-firm frame is one which has more bars
than are necessary to keep it in equilibrium for all systems of
loading. Such a frame is shown at (3) in the figure.

’ S SR

Fig. 122.—Kinds of Framed Structures.

Objections to Deficient and Redundant Frames.
—If a deficient frame is actually pinjointed, it is in unstable
equilibrium ; if its joints are riveted, then its stability depends
on the stiffness of the joints and its members are subjected to
bending stresses which it is the object of the framework to avoid.
Redundant frames have the following disadvantages :—

(1) Any stress in one member caused by bad fitting or change’

of temperature causes stresses in all the other members.
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(2) The stresses in the members cannot be calculated by any

simple mathematical or graphical process.

Such frames are sometimes called ‘statically indeterminate.’
The stresses in the members depend on the relative sizes of such
members and the elastic properties of the materials ; they can be
found by the Principle of Least Work. Our present scope
prevents our going further into this, but the reader requiring
further information should consult Statically Indeterminate
Structures, by W. H. Martin, published by Engineering.

Semi-member or Counterbraced Frames. — Some
frames which have the appearance of redundant frames act a
perfect frames and may be trcated as such. Fig. 122 (4) shows
such a frame. There are two diagonal bars R p and A ¢, but,
each can act in tension only, so that if the loading is such as
would tend to put one of the diagonals, say A ¢, in dompression,
such diagonal would go out of action and the frame would act as
if B D were the only diagonal.

The diagonals A ¢ and B v are called semi-members or counter-
braces and are commonly used in practice, especially in the centre
panels of railway-bridge trusses in which the crossing of the load
causes a reversal of the stress in the diagonals.

Relation between Bars and Nodes in a Perfect or
Firm Frame.—Considcr a firm frame such as shown at (2).

. The first bar » ¢ has 2 nodes.

It requires two more bars A D and A ¢ to produce the next

node A, and so on. .

Fig. 123.

Therefore, if there are 7 nodes, 2 of them go to the first bar
and the remaining (# — 2) require 2 (# — 2) bars. ‘
.. Total number of bars = 2 (# — 3) + 1 = 2 » — 3. There-
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fore, in a perfect or firm frame the number of bars is equal to
twice the number of nodes minus 3. .

If the number of bars is more than this, the frame is
redundant ; if less, the frame is deficient.

The student should test this relation with the framed structures
shown in the fo]iowmg figures.

The converse of the above statement does not hold. The
number of bars might be = 2 » — 3, and yet the frame might not
be perfect.

Fig. 123 gives an example of this. In this case the number
of nodes is 12 and the number of bars 21, so that this fulfils the
above condition, although it is not a perfect frame.

. Ties and Struts.-—If a member of a structure is in tension
it is called a e, and is designed in the simple manner previously
explained ; if it is in compression it is called a s¢ruf, and has to
be designed with an allowance for buckling, as will be explained
in a subsequent chapter.

It is desirable to distinguish between the tics and the struts in
the drawing of a framed structure. This can be done by any of
the following ways :—

(1) By drawing the struts in thicker lines than the ties.

(2) By drawing a short single line across the ties and a double

line across the struts, e.¢., 1 and 1.
(3) By indicating the struts with a p/us sign and the ties with
a minus.

Loading of Framed Structures. — Framed structures
mest always be taken as loaded at the nodes only. If a given
bar is loaded between the nodes, then it acts as a beam and dis-
tributes to the nodes at each end the reaction of the beam. We
will deal further with this question later on.

Curved Members in Framed Structures.—I. some
cases the members or bars of a framework are curved. For ob-
taining the forces in the bars (not really the s#resses, although this
term is most often used). we replace the curved bars by straight
ones; but it must be carefully remembered that such bars must
be designed as bars with eccentric loads and allowance made for
bending stresses, as explained on p. 168. See also the example

on p. 332.
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STRESSES IN PERFECT OR FIRM FRAMED
STRUCTURES.

When the forces, including the reactions, acting on a perfect
frame are kndwn, the stresses in the individual members of the
frame can be found by any of the following meth®ds :—

(1) Clerk-Maxwell’s Reciprocal Figure method.

(2) The method of Moments or Sections, or Ritter’s method.

(3) By resolution.

In any important structure the stresses in all the members
are obtained by one of these methods, and those in some of the
members are checked by one of the other methods.

RECIPROCAL FIGURES. :

Two figures consisting of lines and points lying in a plane are
said to be reciprocal when—

(1) To any zode or point of one figure at which a given
number of lines meet, there is a corresponding polygon in the
other figure, bounded by the same number of sides.

(z) To-every line of onc figure there corresponds a parallel
line in the other figure.

(3) To a line of one figure joining two nodes there corre-
sponds a line in the other figure separating the polygons
corresponding to these nodes.

Clerk-Maxwell enunciated the theorem that if one of these
figures represents a framework with the forces acting on it, the
other or reciprocal figure will give the forces on the framewerk
and the stresses in the individual members.

We see, therefore, that we can find graphically the stresses in
a framework by drawing its reciprocal figure.

Example of Simple Roof Truss.-—-Take the case of the
simple roof truss shown in Fig. rz4. In this method we will
adopt Bow’s notation of lettering or numbering the spaces between
the bars or forces. In this case we take the vertical loads on the
nodes as equal, the reactions then being equal and vertical.

To commence the reciprocal figure set down lengths 1, 2; 2, 3,
&c., on a vertical line to represent the forces, to some convenient
scale, the reactign 4, 5 being equal to half the total load, and
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giving the point 5 as shown. At the left-hand end of the truss
three lines meet, viz., 5, 1; 1,A; A, 5. On the reciprocal figure,
therefore, we require a corresponding triangle, so draw 1,4 parallel
to 1, A, and 5, @ parallel to 5, A, their point of intergection deter-
mining the point a on the reciprocal figure. From & draw a4

FRAME DIAGRAM

e
2
S
a 3
b <+

RECIPROCAL. DIAGRANM
Fig. 124.—Stresses in Simple Roof T'russ.

parallel to A B, and 2 4 parallel to 2 B, thus obtaining the point &;
then & ¢ parallel to B ¢, and 5 ¢ parallel to 5 c, thus obtaining the
point ¢, and so on.

To serve as a check on the accuracy of the drawing, the line
joining the last point e on the reciprocal figure to the point 5
should be parallel to the bar E 5 of the frame.

Then the lengths of the lines of the reciprocal figure give—to
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the scale to which the loads were set down—the stresses in the
corresponding bars of the frame.

To Distinguish between Ties and Struts.—To ascer-
tain which members of a framework are ties and which are struts,
the following method is adopted and can be apphed for all sys-
tems of loading.

Consider any one of the nodes of the truss at which the direction-
of one force is known, say the node x. Corresponding to this
node we have the polygon 1 2 44 1 on the reciprocal figure. The
direction of the force 1 2 is known to be vertically downward, so
continue the arrow-heads in this direction round the polygon
126a1. Now transfer the direction of these arrow-heads to the
corresponding bars close to the given node. Then if the arrow-,
head on a given bar points towards the node, the bar is a strut;
and if it points away, the bar is a tie. In this way it is seen that
the bars 1 A, A B, and B 2 are all struts.

Now consider the node v. Corresponding to this we have the
polygon 5adc5. Since A B is a strut, the arrow-head at the node
v points towards the node, and so the arrow heads go round the
polygon in the direction a 4, b¢, ¢5, 5a, as shown. Transferring
these arrow-heads to the Frame Diagram, we see that the bars 8 ¢,
c s, and 5 A are all ties.

With practice one can tell by inspection in most cases whether
a given bar is a strut or a tie by the following rule:—1If, on
imagining the given bar cut through, the forces would tend to in-
crease its length, such bar is a tie; if the forces tend to decrease
its length, the bar is a strut.

Example of Warren Girder with Uneven Loadmg
—As a further example of reciprocal figures, take the example of
the Warren girder loaded as shown in Fig. 125.

We must first find the reactions before we can proceed with
the reciprocal figure. These reactions, found in the ordinary
manner by moments, come 4'75 and 525 tons at the left and
right hand ends respectively. Choosing a suitable force scale, we
set down 1, 2 and 2, 3 to represent 2 and § tons respectively ; next
set up 3, 4 to represent the reaction of 5°25 tons; and then set
down 4, 5; 5, 6; and 6, 7 to represent 1 ton each, the length 7, 1
checking back to give the reaction 475 tons. We now proceed
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as before, drawing 1 & parallel to 1 A, and 7 @ parallel to 7 A ; then
a b and 14 parallel respectively to A8 and 7B, and so on, the
reciprocal ﬁgure coming as shown, and / 3 coming parallel to L 3,
and thus serving as a check on the drawing.

In cases of complicated frames where some dl('ﬁculty is expe-
rienced of gettu{g the last line to check, it is weil to start the

2T ST
2 3
!/
8 O ~ M K
A C £ G J L
T 1T
. 60’

k
Fig. 125, —- Warren Girder unevenly Loaded.

reciprocal figure from each end of the frame, the errors being in
this way minimised.

Points of Difficulty in Reciprocal Figures.—In some
cases we shall find that when we attempt to draw the reciprocal
figure for a framed structure we get to a certain point and can
proceed no further. If we start drawing from the other end, we
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shall get stopped at a corresponding point. This happens when-
ever we reach a point when there are more than two bars with
unknown stresses in them,

Fig. 128.—Stresses in French Roof Truss.

The most common example of this is that of the French truss
shown in Fig. 126. For simplicity we will take the loading as
uniform, although this is not necessary for the problem. It will
be seen that when the point ¢ on the reciprocal figure is reached
we cannot proceed further.
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The difficulty may be overcome by the following methods :—

" (1) By calculating the stress in 0 G by the method of moments,
and then working back from the point g in the reciprocal figure.

As we shall see later, the stress in 0 G as determined by the
method of moments is equal to %{ , where M is the bending
moment at the centre of the span due to the forces, and % is the
height from the bar o G to the ridge. og is then set out on the
reciprocal figure to represent this force to the given scale, and the
points £ ¢, 4 are obtained by working backwards from the point g

(2) By Bar?'s method, according to which the diagonals » E
and E r are replaced by a single bar zr. We can now proceed
and find the points z, £, and g on the reciprocal figure. The diago-
nals DE, EF are now replaced, and by working backwards from
the point f thé points 4, ¢ on the reciprocal figure can be found.

The remaining half of the figure is drawn in exactly the same
way, and so is not shown.

It will be found that for uniform loading the lines @ 4 and ¢ f
come in the same straight line, and so the point £ could be found
in this manner, but it must be carefully borne in mind that this
rule is not true in the case in which the loading is irregular.

Reciprocal Figures for Various Cases.—Figs. 127-132
show the reciprocal figures for various forms of framed structures.

The student should draw these out to obtain familiarity with
the construction.

With regard to the truss shown in Fig. 132, we proceed as
follaws :—

Consider first the forces on one half of the span. Assuming
them uniformly distributed, they are as shown in the figure. Now,
since there are pin joints at B and ¢, the reaction Ry must pass
through both B and c, this being the only force on the right;
therefore, by joining Bc, and producing to meet the resultant
force W, and joining such meeting point x to A, we get the direc-
tions of R, and Rp, and the reciprocal figure can then be drawn
as shown. The reciprocal figure is shown in the figure in two
parts, one for each half of the truss, to avoid complication of the
figure. The stresses are found in a similar manner for the forces
on the other side, and the stresses are then added together.
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Fig. 120,—Bowstring Truss with Live Load on Half Span.
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Fig. 181,—Crescent Roof Truss.
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Fig. 132.—Truss with two portions Pin-joinled together,
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Reciprocal Figures for Wind Pressure on Roof
Trusses.*—In the design of roof trusses of span greater than forty
feet, it is necessary to determine the stresses due to the wind
blowing on either side. The principal difficulty in obtammg such
stresses consists in finding the magnitude and diréction of the
reactions. Ther¢ are three principal ways of finding such re-
actions, viz. :—

(1) Assuming one end of the truss fixed and one end on
rollers or free,’ so that the reaction at the free end is vertical.

(2) Assuming one end of the truss fixed and the other end to
rest on a metal plate, so that the reaction at such end is inclined to
the vertical at the angle of friction for metal on metal (about 18°).

(3) Assuming each end of the truss fixed and each reaction to
be parallel to the resultant wind pressure.

Now it is most common in practice for no provision to be
made for movement of one end of the truss, although in some
instances rollers are provided at one end and in more instances
the holding-down bolts are placed in slotted holes. It would
therefore at first sight appear that, in the cases where no such
provision is made, the third method above would be the most
satisfactory. But in such cases some prefer to use the first
method ; because even if both ends are fixed we cannot say that
each end gives equal resistance to the wind, and the stresses .
according to the first assumption will in most cases be most
severe. The first method really assumes that all the resistance to
the horizontal forces is given by one end or supporting wall or
column, whereas the third method assumes that each end gives
equal resistance. Having dccided on which assumption to make,
we then proceed as follows :—

We will take first the case of a roof with a straight rafter.
Fig. 133 shows a simple case of this. We will assume that the
end A is fixed and that the end B is free, and that the wind is
blowing on the fixed end. Having decided on what wind pressure
to allow per sq. ft. of vertical surface, we find by the table given
on p. 50, the pressure for a surface at inclination 6. Multiplying
the pressure by the area exposed to the wind (.., length of
rafter x distance between trusses or principals) we get the total -

* See also Appendix, page 583.
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Fig. 133.—Wind Pressure on Roof Truss.
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wind pressure W which acts at right angles to the rafter and at
the centre of it.

Now since the end B is free, the reaction Ry at this end must
be vertical, so produce the resultant wind pressure W to meet the
vertical through pin c. The only forces on the structure are the
wind pressure W and the two reactions R, and Ry, so that since
three forces in equilibrium must meet in a point, R, must also
pass through ¢, ze., A ¢ gives the direction of R,.

The wind pressure is considered as a uniform load, and is thus
distributed among the nodes of the rafter in the manner shown
on the figure. We are row in a position to draw the reci-
prqcal figure. On a line 1, 5 parallel to the wind pressure
set down lengths 1,2; 2, 3, &c., to represent the wind pressure
on each node, and draw 5, o vertical ‘and 1, o parallel to R, ; this
determines the point 0. Now draw oe parallel to o and 2
parallel to z , and so on. It will be found that the points
J» &y &, my 2, p on the reciprocal figure coincide, thus showing that
the stress in several of the bars is zero.

Now take the wind blowing from the other side. Fig. 134
shows this case. The point ¢ in this case comes above the point
B, and the construction of the reciprocal figure can be followed
from the Figure.

Combination of Wind and Dead Load Stresses.—
Having obtained the stresses for the dead load and for the wind
blowing on either side (this being equivalent to assuming either
side of the truss to be fixed), we next have to combine the stresses
by tabulating them in the manner indicated as follows :

STrESSES 1IN TONS.

MEMBER.
Jead Load. | Wind on Rn;,hl i Wind on Left. l Max. Stress. V:\rmtlon

RS  +235 | +33 305 565 | 635

To these is added a column for equivalent dead load if this
method of allowing for the variation is adopted as indicated
on p. 45.

This method gives the maximum range of stress which can
occur according as one side or the other takes the whole of the



Stress Biagrams for Dead Load and Wind. 307

C
3
L] 4 Wino
(2 -
5 o [
O
g H L 3 \,Ay
FIXED z L G J K m\Y N 14
END AL P ¢ FrEE
” ) ] &vo
~n B .
]
2
3
o \hskh m )

¢

Fig. 134.—Wind Pressure on Roof Truss.

horizontal thrust, and is for this reason superior to the method of
assuming each end to offer equal resistance.

Combined Stress Diagrams for Dead Load and
Wind.—The reciprocal figure can be drawn for the dead load
combined with the wind, if desired. To get the maximum stresses
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and their variation by this method it is necessary to draw two
such combined diagrams, corresponding to the wind' blowing on
either side. It will often be found that the drawing of these two
diagrams is more troublesome than drawing the three separate
diagrams—one fqr the dead load alone, and two for the wind on

either side.
Fig. 135 shows an example of a combined diagram drawn in

this manner.

The resultant of the dead load and wind load for each node is
first found as shown in the figure. The reactions have first to be
determined, and this is effccted best by the link and vector
polygon construction as follows: Set the loads down a vector
lne P, 1,2,3....Q and take any pole o, preferably on the side
opposite to that on which the reciprocal figure will come : #ien
starting at the fixed end P and drawing the first link parallel to o 1,
draw the link polygon ra, b, ¢, d, ¢, f; join Pfand draw o 15
parallel to it, mecting the vertical through ¢ in 15; then @
-gives the reaction R, at @, and 15 P gives the reaction Ry at p in
magnitude and direction. An alternative method which is not so
-convenient is to find the resultant of all the forces by the link and
vector polygon construction, not necessarily starting the link
polygon at p, and producing the resultant to meet the vertical
reaction as in the previous cases, and thus obtaining the direction
of Rp. The reciprocal figure is then drawn without much
difficulty ; 15, 14 is drawn parallel to 15, 14 and 1, 14 parallel to
1, 14, thus fixing the point 14 and so on, the reciprocal figure
‘being shown in the figure, which also shows the manner in which
‘the question of tie or strut is settled for the node 2, 3, 10, 12, 13.

Wind on Roof with Curved Rafter.—This case is more
«complicated than the previous ones because the wind pressure
will have different intensities according to the slope. The manner
in which such a case is worked will be clear from considering
Fig. 136. This roof truss is of 50 ft. span and 8 ft. rise, the
nodes lying on arcs of circles, the depth of the truss being 8 ft.
The end x is fixed and the end v is free, and the wind is blowing
on the fixed end. The inclination of the bays 24, 3B, 4D are
measured and found to be 55°, 37°, and 19°, respectively. Using
a vertical pressure of 56 Ib. per sq. ft. the pressures on the bars
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Fig. 136.— Wind Pressure on Curved Roof Truss.
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— obtained from tables or curves—are 49, 39, and 23 Ib. per
sq. ft. respectively, Multiplying these by area covered by each
bay, s.e., length of bay x distance between principals, the forces
carried by each bay are 2, 158 and 94 tons respectively. Placing
half of these at the ends of the bays we get the wind forces
on the truss. Now set these forces down on W vector line, Ze.,
1z = 22" = 1 ton; 2'3 =33 = '79 ton; 3'4 = 45 = ‘47 tons;
then joining 2, 3; 3,4 we get the resultant forces 2,3; 3,4. To
get the values of the reactions we draw parallels through the
nodes to the resultant forces at them and take any pole p; then
as before we start at X and draw the link polygon x =, #, , ¢, the
first link being parallel to P 2, and draw a parallel through p to x ¢
to cut the vertical through 5 in 6, then 56 = Ry, 61 = Ry.
Having obtained the point 6 the stress diagram can be drawh
without much trouble, but great care must be taken.in seeing that
long lines such as 2 @ are accurately parallel to their comparatively
short bars, In some cases on important work it is advisable to
calculate the inclination of such bars in order to get accurate
parallels to them.

Loading of Framed Structures.—Local Bending.—
It must be very carefully remembered that the stresses in a framed
structure obtained by the method just given are worked on the
assumption that the loading curves wpon the nodes only, or that
there is no local bending. If in any actual case a load curves
upon one of the members between the nodes, then there will be
a bending moment on that member, and, treating that member as
a beam, the reaction at each end will be trcated as the loag, at

" the two nodes, from which the reciprocal diagram is obtained.

Let A B, Fig. 1364, be onc of the members of a framed struc-
ture, and let a load F be applied at a point ¢ between A and B.
Then there will be a bending moment between A and B, the

amount of which is easily obtained by projecting horizontally
as to the base A, B, the maximum B.M. being equal to ¥ f‘ 4.

By projecting vertically, this B.M. diagram may be placed on aB
as shown in the figure. The reactions at A and B for A B con-

Wi Wa

sidered as a beam are equal to 5 and e respectively. Then
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loads /4, /s equal to these are placed on the nodes A and B, and
the reciprocal figure is obtained by replacing the load F by loads
Ja /oo The method of allowing for this should be quite clear
from the following example from practice :— .

A saw-tooth roof Iruss, shown in Fig. 137,is of 20 feet span, and
carvies a uniform®load of 4o lb. per square foot of ground plan, the
principals being 10 feet apart.  Shafting is carried from the ties, in lhe
position shown, cack load being 10 cwt. per truss. Draw the stress

D

4

Y B,

-,

Fig. 136a.— Local Bending in Framed Structures.

diagram, and find the maximum sivesses in the tics if they are af
2 angles, 35" x 21" x Y placed ¥ apart, with short legs horizontal and
at the bottom.

The total load carried per truss, apart from the shafting, is equal to
40 X 10 X 20 = 8o00lb. This is distributed along the rafters as fol-
lows :—The bar 2 A carries § X 10 X 40 = 20001b., 10c0lb. at cach
end being taken as the load on the two nodes from this. The bar 3B
carries 10 X 7°5 X 40 = 3000 lb., half being taken at each end. Thus
the load at node 2A 83 is 1000 from 2 A and 1500 from 3 B = 2500 in
all. The load of 10cwt. on the bar A 8 will cause a B.M. diagram as
shown, and will contribute its rcactions, viz., 750 and 3701b. approxi-
mately at its two ends ; this makes the total force 1, 2 ="1c00 + 750 =
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17501b. The load on the bar D6 has a B.M. diagram as shown, and
contributes 5601b. at each end. The two reactions at the ends of the ,
truss are each equal to one-half the total load, 7.e., 3 (8000 + 2240) =
s1201b. By setting down the loads as shown on the ‘ﬁgure, we can
now draw the reciprocal diagram. On scaling off from this diagram,
we sce that the fosces in the bars A 8 and D 6 are 19501b. and 52501b.
respectively.

NOTE.—We have assumed in this working that the tie is in three
separate portions pin-jointed at the nodes, although this will be prob-
ably untrue in actual practice.

To obtain the stresses in the bars, we see from the tables, using our
previous notation, that

I=2x320=640; A=2Xx2752=5%0; ¢4 = 120, d, = 2°30

6-

. o e =23 = 533
. Zo =840 — 28

*3 P, M

. Taking bar A 8, maximum tensile stress = A + T

_ 1950 a1z _ .
550 X 2240 5738 2°4 tolr:s per sq. in.
Maximum compressive stress = - — -+
Z: A

J2o_ 1959 _ _ o5 tons per sq. in
281 550 x 2240 493 per sq. in.

Fig. 188.—Roof Truas with Knee-bracing.
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Taking bar D6,

Maximum tensile stress = -S-;go"’—zxs%n——s 5—(;-3 = 2'09 tons per sq. in.
. _ 9 _ __520  _ . ) .
Max. compressive stress = 281 550 x 2340 = 2 78 tons per sq. in.

Roof Trussg, with Knee Bracing.—In order to give to
roof trusses further rigidity against wind pressure, ¢ knee bracing,’
consisting of bars a, X; @, X, Ilig. 138, is often provided. The
columns supporting the roof may be considered as pin-jointed at
Y and z, and in order to get the stresses in the truss we will assume
that the support of the columns is such that each can resist an
equal horizontal force. We then find, as in previous cases, the
resultant wind load on the rafter, and then find the wind load
at the side. Producing thesc to meet, and finding their resultant,
we produce this resultant to meet vz in a;,. (Fig. 138.) Then,
dividing the resultant o 7 at its mid point ¢, we project o 7 horizon-
tally to meet the vertical through ¢, in &, &, and divide it at x so

bx _7Za,
that ‘dl v Yul'
assume additional bracing as shown in dotted lines, and can then
proceed without difficulty. At the junction of knee brace and
column there is a B.M. equal to ob, x dist. from base to junction.
If the columns are securely fixed at the ends, the points vy z may
be taken halfway up.

To draw the reciprocal figure we must first

THE METHOD OF MOMENTS OR SECTIONS.*

This method is also known as Ritter's method, because
Ritfer extended the method and showed its application to
several cases; he dcals with it at length in his book on
Bridges and Roofs. In some cases, such as parallel flange
girders, it is just as quick as the reciprocal figure mcthod,
and in other cases it is very useful as a check on the stresses
in some of the bars found by the latter method. I.et ABcD
(Fig. 139) represent one bay of a framed structure. Suppose
we cut it by a linc x x. Then since, if the actual bars were cut
the whole structure would collapse, it follows that the forces in
the bars A B, 8 D, Dc must neutralise the forces acting on the
structure to the right or left of the line x x; therefore, the

* See also Appendix, page 584.
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moment of the forces in these bars about any point whatever must
be equal to the moment about that point of all the external forces
to the right or left of X X. Thus, by taking moments about one
of the pointsgwhere two bars meet, we see, since the moment of a
force about a point in its line of action is zero, that the moment
of the force in the remaining bar about such poifit is equal to the
moment of the external forces about that point. If, therefore, we

X 8 _

Fig. 139.—The Method of Monents. *

require the force in A i, take moments about the point n, then
moment of force in A B about »
= fip X £ = moment of external forces about D
bending moment at »
= M,
Similarly, to get force in ¢ D take moments about B, then
Joc X ¥ = My
Again, to get force in B D take moments about E, where B A
and c p, produced, meet, then
Jop x y = momtnt of external forces to left or right of xx about E.
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In this last case we cannot say the B.M. at E, because that
would include the moment about E of the forces between E and xx.

As a simple example, take the roof truss shown in Fig. 140.
In this method it is simpler in many cases to letter the nodes
than to adopt Boy’s notation.

Take first the bar A 8. If this were cut through, the structure
would collapse and the bar A j would turn about the point Jj
elatively to the remainder of the truss.

... Force in A B x distance from j = moment of forces to
left of bar A B about point j;

Ze, fin X 5 =R, x 1333 = 3 x 13'33
) 3 % 1333
. Sfap =

= 8'o tons
. 5

Fig. 140.—Example on Mecthod of Moments.

[}
It is clear that if A B is cut through it tends to shut up, so
that A B is a strut.
Next take the bar a j. If it were cut through, the structure
would collapse, the bar A B turning about the point B.
.*. Force in A j x distance from 1B = moment of forces to
left about B;
i.e., fos X 228 = 3 x 667
3 X 6°67
oS =g
A J will clearly open out if cut through, and is therefore a tie.
Consider next the bar j H. If cut through, the whole structure
callapses about the point . Therefore, rea.so'ning as before,

= 7'1 tons
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Jim X 9°5 =3 X 20~ 12X 1333 -~ 1'2 X 667 = 36
S fm=ge =3 ons.

. Consideryfinally, the bar yp. Then considering a section such
as X X as in the general case, the moment about any point of the
forces in the three bars cut must be equal to the nfoment of external
forces about the same point. Take moments about c; then

Jio X 325 + fin X 575 = 3 X 1333 - 12 X 667
S X 325 + 368 x 575 = 32
10°84
Jip = "3“:;-”" = 3'33 tons.
J 1 L

Fig. 141.—Method of Momenis using B.AM. Diagram.

Vertical Members in Method of Sections.—If Tt is
required to find the stress in a vertical member of a framed
structure by means of the method of sections, we have only to
imagine it slightly inclined. If, for example, the stress in A D,
Fig. 139, is required, imagine it slightly inclined, then two of the
bars D G and B A mcet in E.

.. fap X # = moment about E of forces to right or left of
given section.

Method of Sections applied to Graphical Con-
struction.—Let A k G, Fig. 141, be a truss or other framed
structure loaded in any manner and let the B.M. diagram, drawn
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with a polar distance p, for the given loading treated as loads on
a simple beam be a bcdefg. Then, as previously explained,
considering one bay,
_pxm nf 6
S = -

P x le
Ser LL EL”

moment of forces to right of  about r
Jue = - - }, — =

Where ¢ and » are points on vertical through p, where 7 m
and ¢ f produced cut it. This follows from the reasoning for the
link and vector polygon construction given on p. 61.

Similarly—

moment of forces to right of ¢ about p

JSar = T T T T
p XS
= 'II i

Where s is point where f ¢ produced cuts vertical through p.

Girders with Parallel Flanges. — The method of
sections is particularly simple in the case of girders with parallel
flanges, because the depth in each casc is constant,

Let Fig. 142 represent a Linville truss loaded in any way.

Then stress in ¢ D = fq, = %i’ ; stressin P o = _fpo = -lt—gi

Therefore to some scale the B.M. diagram gives the stresses
direct, or by drawing the D.M. diagram with a polar distance
equal to the depth &, the B.M. diagram will gives the stresses to
the load scale.

When we come to obtain the stresses in the verticals and
diagonals, we cannot take moments as before because the top and
bottom flanges do not meet at finite distances.

Consider any diagonal, say o ¢; since P 0 and ¢ p are
horizontal, the forces in them cannot have any cffect on the
vertical force acting on the bay. Therefore, vertical component
of force in 0 ¢ = resultant vertical force over bay = what we have
previously called the skearing force on the bay. We thus see that



“ Girder with Parallel Flanges, 3ar1

we obtain the stresses in the diagonals by resolving the shearing force
in the direction of the diagonal, ‘.., drawing ¢ & parallel to o c we
get the forces in 0 ¢.  Similarly, the force in any vertical is equal
to the shearing force at the given point, 7.e., forceinp 0 = ce.

q P O_ M 9 K
G 4 \
| Y 5y Ev Yy Sy F'v JJ
e o—%
(4] AN
J
Shelar DI-:7ram
| —
B.M Diagram

Fig. 142.—Method of Momends for Parallel Girder.

Girder with Parallel Flanges — Trigonometrital
" Solution.—In the above case, if all the diagonals are of the
same angle the sfresses can be very simply calculated as follows:
Take first the stresses in flanges.

.ﬁm=R"dAB-=RAcot0
fqp——'RA:“‘B R, cot 0

Jeo Ry-ap-Wep-W,cp 11 (3R —2W; — Wy) cot 6 =/ox

and so on. Y
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If we take the #** bay from end A, the diagonals remaining in
the same direction, :
Stress in lower flange
=R, - (n-1)W, = (n-2) Wy....¢- W,_;]cot &
Stress in upper flinge =[(z — 1) Ry — (2 — 2) W; .. .. W,_ 4] cot &
Now take the diagonals.

Jag = R, cosec 0
Jfap = R, cosec 8 - W, cosec 8 = (R, — W,) cosec 8§

and so on.
Stress in #** bay, the diagonals remaining in constant direction,

.ﬁlmnlhaonnl = (RA - W1 chee — W,,.l) cosec 6.
Finally take the verticals,

ﬁzn =R,
fi'c =R, - ‘Vl
and so on.
f;“‘vertlenl = RA - wl fee e = Wu-l
B C D £ F Gr
w’
A +M *,L ‘K 1*.1 R
2Tons 2Tons 2Tons eTons 2Tons *
5Tons 5Tons
Fig. 143.

"

ExXAMPLE.—Take the Warren girder shown in Fig. 143. For
0 = 60°, cot § = '577 . cosec 6 = 1°155. .

. Jax = 5 cot 60° = 5 X 577 = 2'885 tons = fus
Sxu= (5 x 3 — 2) cot 60° = 13 x '577 = 7°501 tons = fix
Sur=(5 % 5 -2 x 3—2)cot 60° = 17 X '§77 = 9909 tans = fr.
JSBc = (5 % 2) cot 60° = 5770 tons = fgr
Jop = (5 X 4 — 2 x 2) cot 60° = 16 X ‘577 = 9232 tons = fyr

Joe=(5%6—-2%x4-2X% 2) cot 60° = 18 X *577 =10"386 tons = fgp

faB = fsx = § cosec 60° = 5 X I'I55 = 5775 tons = fme = fos
fxc = fou = (5 — 2) cosec 60° = 3 X 1'I55 = 3465 tons = fix = fyk
Jju =Jo=(5 — 2 — 2)cosec 60° = I1'155 = I'I55 tons = fke = fiL.
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Stresses in Framed Structures by Resolution.—This
method consists in resolving the resultant force acting on any
particular section in the three directions of the three bars cut by
the section. 1t is particularly applicable to finding the stresses in
verticals and diagonals of girders, with non-paradlel flanges, sub-
jected to travelling loads.

Let A BC D, Fig. 144, be one bay of a framed structure, and
let F be the resultant force acting on it. The line x x cuts three
bars A B, BD, DC, and the stresses in these bars must have a
resultant equal and opposite to F.

X
A
F1 D C
b Foc X ,e
Feon
F d

8
c Fa
Fig. 144.—Resolution Method.

Produce one of the bars, say A B, to meet the line of action®of
F in a, and join a to D, the point of intersection of the other two.

Set down a line &#¢ to represent F, and draw &4 parallel to
aD and ¢d parallel to A B; then draw 4 ¢ parallel to pc and de
parallel to D B.

Then c¢d = Fap; be = Fpg; de = Fyp.

Stresses in Framed Structures from Line of Pres-
sure.—If we have any framed structure, and the line of pressure
for the forces on it is known (see p. 139), we can readily
determine the stresses by the method of moments. In arches
and other similar structures the whole real difficulty lies in finding
the line of pressure, because the reactions have to be determined
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before such line can be drawn. We will deal later with this in

Chapter XIII.
Let A BEC D, Fig. 145, be a portion of a framed structure, and

let abcd be the line of pressure, the resultant forces for the
separate portiong being F, F;, F,.

s d

Fig. 145.—Stresses from Line of Pressure.

Then to get f,p take moments about c.
Then faup x % = F; x x,
F, x «x
Sas = ._17_2..
1
To get stress in D ¢ take moments round A.

Then foc x &4 F x x,
F x x
Joe

To get fao produce A B and D c to meet, and let perpendicular
distances from this point to A ¢ and & ¢ be respectively £ and y.

Then fig X2
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*Stresses in Parallel-flange Framed Girders with
Uniform Rolling Loads.—In finding the stressesin a parallel-
flange framed girder with a uniform rolling load of length not less
than the span, the maximum stresses in the flanges are obtained
by the method of moments or reciprocal figures by considering
the span fully covered. To get the position®of the load to

A B
| 1 O O
, .
f ~E ey y y—
B
| L
A e’ ] ?’ J

D
Fig. 146.—Maximum Stresses in Diagonals for Rolling Loads.
o

give the maximum stresses in the diagonals we proceed as
follows :

Divide the span into a number of equal parts, one less than
the number of bays, obtaining points such as a, Fig. 146. Ona
horizontal base line a, B, set up and down lengths a, ¢, B, D, each
equal to —}’TL (—-—————b ; I) where p is the intensity of the load, L
the span, and 4 the number of bays. Through c and D draw
parabolas with vertices at B, and 4, and project points such as &
down to meet these parabolas in points such as ¢, ¢, and project
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horizontally across the bays as shown. Then the maximum
stresses in the diagonals are obtained from this stepped curve, as
explained on p. 321.

The proof of this construction is as follows: Let each bay
be of length y, and let the load have gone a distance x beyond
the end E of thet #tt bay.

2
Then shearat E = S; = R, — %ﬁ, since the portion p x of

the load is distributed as 2% at ¢ and px (1 - i) at E.
2y 2).

Now Ry x L=232+ 223+ ...e(n - 1) py?

fﬁz (_i‘_} 2=
+ ny +pxf1 27 +2y(n+r)_y ...... (1)
2 2 2
=5y {n(u l)}+ +npxy ”ﬁ;?""ﬁzz'i"'&;'"(z)
=2 1.202 _ ; 2!
_2\” (n n+n)+zna._y+.x}
2
=’:{x + ny} ...................................................... 3)
2 [, ?
R\-2L1x+ny}
+ ny)? «?
Sy =7 {(.___L ) .y} .................. @)
P . (lSE '
¢ This is maximum when ~ "% = o
dx
ie., whenz(x-'-_f—}—,) -Er¥ _ 5
L ¥
ie, (x + ny)y =aL
(L —y)=anypt
v = ny? n.y? n.y

C-n=Cr-»"-D
fe., x = n x the length of one bay + one less than the
number of bays.



o Whipple-Murphy Truss. 327

Putting this value in equation (4) we get—

Se = {[w e (o'iy:w}

y
6 (n v)" n? y? } ,

LG - 0 Ty )
Y R o R S U 2 ok o O
) - 1)

G- \L " yf 206 - 1) \L
_ p.nyre _ P18
2L(0 -1 2. L.8@ - 1)
- 2.7L
2606 - 1) .

This is obviously a parahola.
Atendn = (b - 1)

L ol =D)L _pL -
o = (0)

SUPERPOSED FRAMED STRUCTURES.

Many framed structures, which are in reality redundant
frames, are often treated for the purposc of finding the stresses
in them as being composed of a number of superposed firm
frames, the load being equally divided between them, and the
stresses in bars common to the frames being added together.

‘The following trusses show typical cases of this kind : |

Lattice Girder (Fig.' 147).—This can be broken up into
two N or Linville girders as shown in the figure at (2) and (3),
the reciprocal figures for which are obtained quite simply and
are shown in the figure at (4) and (5). The stresses in the bars
common to (2) and (3) are added together to get the stresses in
the actual truss (x).

Whipple-Murphy Truss.—This form of truss is shown
in Fig. 148, which shows the manner in which it can be
broken up, (4) being the reciprocal figure for the portion (2) and
(5) that for the portion (3). If the loading is not equal, the
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Fig. 147.— Lattice Girder.
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Fig. 148,—Whipple-Murphy Truss.
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-diagrams are drawn in a similar manner, and do not present any
difficulty.

Bollman and Fink Trusses are of the form shown in
Fig. 149, these trusses being used largely in Ameqrica and on
the Continent for timber bridges. We can obtain the stresses
in one diagram*®for these trusses, the same method being
also applicable to the Lattice and Whipple-Murphy trusses.*
It is based on the fact that where a vertical member is con-
nected to the horizontal member without inclined members,
e.g., bars Bc and F G in the Fink truss, the load in such verticals
must be the load at the given node. Take the Fink truss, which
is loaded unevenly, and letter every space, then B c and A k are
the same bar, and so on. Set down the loads 1,2; 2,3; 3, 4;
4,53 5 1. Through 5 draw parallels to s a, 5 k, then since the
stress in A K+ is equal to the load 1, 2 the line 54, 54 are pro-
.duced until the vertical intercept is equal to 1,2 ; this determines
the points a, £, the points /, 2 being similarly obtained. These
points having been obtained, the stress diagram can be drawn
according to the ordinary rules and comes as shown.

Next take the Bollman truss shown in the figure. The stress
diagram is in this case more troublesome, but can be obtained as
follows. (The figure shows the diagram for half the figure, the
loading being uniform). From 7 draw 7 ¢, 7 4 parallel to 7 E, 7K,
and produce them until the vertical intercept ¢ £ is equal to the
load 1, 2, thus obtaining the points ¢ and 2. In similar manner
obtain the points /, 7, 5, 5. From / and 4 the point/ is obtained
by drawmg paraliels to K J, LJ; and d, # are then found by making
jd force 1, 2, j # = force 2, 3; ¢ being found in similar
manner. ¢’ is next obtained ; either by finding #*, or in our case
with uniform loading by placing ¢’ the same distance below the
horizontal through 7 as ¢ is above. ¢4, ¢'# are then Jrawn
parallel to QT, Q' T’ until ## = load 3, 4. Then in similar manner
the points p, /4, ¢ and then #, g, & are obtained ; a, /; 7 then being
easily found.

* The methods shown here are not suggested as the quickest for these
trusses, but are given for their general interest. It is usually simpler to divide
up the trusses into a number of firm trusses, as shown for the lattice girder,
remembering the above-mentioned factas to stresses in verticals.
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Fig.>
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Fig. 150.—Curved Tie Roof Truss.

Further Worked Examples on Framed Structures.
—The following additional worked examples should be of value
in clearing up some points of difficulty which often arise :—

* (1) Find the stresses in the roof truss shown in Fig. 150, taking
uitable loading. Is the curved T bar strong enough ?

Taking the load, including the wind pressure, as 40 lb. per
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Fig. 161.—French Truss with unusual Loading,

sq. ft. of ground plan, we get the load carried by the truss equal to

31;53-:—1—!53—8-—4-9 = 108 cwt., about. Dividing this load up in propor-
tion to the lgngth of the different portions of the rafters, we get the
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loads on the various nodes as shown in the frame diagram, Fig. 2, in
which the curved tie is replaced by two straight ties, Ao, A’0. From
this frame diagram the reciprocal diagram shown in Fig. 3 is obtained
according to the ordinary rules. Scaling off from this figure, we get
the force P in the tie bar Ao equal to:120cwt., or 6 tons. The maxi-
mum distance x between the straight tie and the curved tie is 1°3ft.,
or 13 x 12ins., so that the bending moment due to this is equal to-

P . . . P xd
x. The combined stress in the T bar is equal tp — A 1+ 3

where A is the area of cross section of the bar, £ the radius of gyra-
tion, and & the distance from the centroid of the section to the edge.
From the tables we see that for a 4 by 4 by 3 T, A = 375 sq. in. ;
A2 = 144 in. units; @ = 1'16 ins. Therefore in our case maximum
ténsile stress = 6 (, PR R L 116 _ 6 x 135
375 144 375
per sq. in. ‘T'fis is too much. For two 5x 33 x 3, placed with long
legs vertical, the maximum stress would come about 9°5 tons per sq. in.
This is also high, but the 1 in. bolts have a strengthening effect, and
the timbers are heavier than necessary to carry their stresses, so that
this would probably be safe.

(2) Explain how to draw the reciprocal figure and so oblain the
stresses for the roof truss loaded as shown in full lines in Fig. 151. Is
it correct to draw the diagram by assuming that the loads X and Y are
transferred o the positions shown dotted ?

To obtain the stress diagram for this case we must first calculate
the stress in the bar 0 H, by the method of moments. This is obtained.
by taking the moments about the node z of all the forces to one side
of it, and dividing by the vertical distance from z of the bar 0 H.
Taking the loads X, Y, as cqual to the loads 1, 2, &c., and equal to-
W, tHis gives the force in O H equal to 488 W. If the loads have not
this value, their actual value must be used in calculating the moment
about the point z. The points 1, 2, 3, 4, &c., are then placed on a
vertical line, as shown in Fig. 2 to represent the loads, and 0,4 is
drawn horizontal, equal to the value calculated for the stress in 0 H
(4’88 W in this case). Having obtained the point 4, the reciprocali
figure is then drawn by the ordinary rules, and comes as shown in
Fig. 2. This diagram would not be the same as if the loads were in
the position shown dotted in Fig. 1. This will be seen by considering
Fig. 3, which shows the reciprocal figure drawn for the loads X, Y, in
the dotted position. The force in O H in this case comes 4°59 tons by
the method of moments, but this need not have been calculated in this.
case, as the diagram could have been obtained by Barr’s method of
replacing the bar D E, E F, by a single bar. A comp.al'lson of Figs. 2:

= 21°6 tons.
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and 3 will show the difference in the stresses for the two methods of
loading.

Stresses in Tripods and Shear Legs.—Although the-
treatment of space frames is beyond our present scope, we will.
deal with the stresses in shear legs or tripods.

Draw the structure in plan and elevation, ‘and let W be the-
load at A, A B being the back leg and A D, A E the fore legs..
Resolve Wdown A B and down ke plane of the other two legs, Z.e.
set out @ 4 equal to W and draw 4 ¢ parallel to A B, and a ¢ paralle
to A c, then 4 ¢ is the force in A B. Now swing the shear legs.
down horizontally in order to get A, D E, the true shape of the
triangle A D E, then setting out @ ¢ horizontally and drawing a &
and ¢ & parallel to E A, D A, respectively, we get the stresses in.
the fore legs.

Fig. 152,—Stresses in Shear Legs.



. CHAPTER XII. .
COLUMNS, STANCHIONS, AND STRUTS.

THE question of strength of columns of compression members
is of very great importance, and has formed a field of discussion
and investigation for many years. Interest in the subject has
recently been aroused by the rcgrettable failure of the Quebec
Bridge, and within the next few years many investigators will pro-
bably direct their energy towards giving us further information in
this direction. Although the subject certainly presents difficulties,
much of the confusion which is in the minds of many draughts-
men and designers is undoubtedly due to insufficient grasp of the
meaning of the various formule in use. We will endeavour to
make this subject quite clear by approaching it in the following
manner, which the author believes to be new.

In the design of a tie bar we use a constant working stress,
that is to say, the stress does not depend on the shape or the
length of the tie; but in struts or compression members the working
stress depends on the shape and the length and the manner in
which the ends are fixed. The qu'mtity which determines the
working stress, and thus the strength of a pm -jointed strut, column,
or stanchion is equal to

Length of column

. Zeast radius of gyration about centroid
This quantity we will call the Buckling Factor of the strut.

For struts with ends fixed in other ways the buckling factor is
obtained by dividing the egusvalent length of the strut by the least
radius of gyration. We will show later how the equivalent length
is obtained.

The reason why a variable working stress has to be used is’
that struts fail by buckling and not by crushing, unless their length
is extremely small. If for some reason the centre line of a strut
is not quite straight or the load comes out of centre, there are
bending stresses caused in the material, and the distortion due to
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these bending stresses tends to increase the eccentricity, and failure
may ultimately occur due to this reason.

Strut Formulee.—A large number of formule, some theo-
retical and scme empirical, have been proposed for obtaining the
working stress in compression in terms of the buckling factor of
the strut and of the crushing strength of the aterial. Before
these formule can logically be compared we must be careful to
see that they are for the same crushing strength, and for the same
manner of fixing the ends of the strut. We will consider the
following :—

(2) Euler’'s Formula.—This formula is intended for long
struts in which the direct stress is negligible compared with the
buckling stress. It is usually given in the following form :— R

where P = the breaking load (not the working load)
E = Young’s modulus
I = /east moment of inertia
L = length of pin-jointed strut.
We will now put it into more convenient use for practice as

follows :— kA
r : _ w2 EAA
= breaking stress = — i1

R
= E =?E
1y
(+)
Adopting a factor of safety of 5, we get
breaking stress _ #*E

Working stress = f, =

5 5¢
For mild steel, E = 13,000 tons per sq. in.
2
o Se= %TE: = -2—5-;;32 tons per sq. in.

For wrought iron E = 12,500
24,600
v fo= 4,

TTa- ” ”
12,000

‘2
1,600

for timber f, = 2:8%°

Similarly for cast iron f, =
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Proor oF EULER’s FormuLA.—The proof of Euler’s formula
is found by many students to be somewhat difficult to follow, as it
involves the solution of a differential equation. Suppose that a
column in some way or other becomes deflected ‘as shown in
Fig. 153 (1). Thgen there are bending stresses induced in it, and
the strut will exert a force P on the supports tending to straighten
itself. Now, if the load on the strut is less than P, the strut will
straighten, and so is safe; but if the load is greater than P, the
strut will continue to deflect, and will ultimately break. When
the load is equal to P, the strut is in unstable equilibrium, and
so P is called the critical, or buckling, or crippling load.

Consider a point A on the strut.

* The BM. ata = M, = Pax.
Now, if R is the radius of curvature,

1_z-dix M _Px

R dy* EI EI

.d%*x _ - P = — 2

S T K1 = =M E e, (1)

assuming that I is constant, or that the strut is of uniform section.
The general solution of this differential equation is
x=Acosmy+ Bsinmy ................L (2)

where A and B are constants, which are obtained as follows:—

When y = “Lana * L,x =0
2 2 ,
. o = A cos ’—'2-1—‘ + B sin mzL ............... (3)
o=Acos—"V ¢ BsinZ?L .. (2)
= Acos’?—li - Bsin 7L
2
.~ Bmust = o
X =ACOSMY ittt (5)
When y = o, x is finte, .. A is not zero '
*. if A cos mzL =o0
cos 7L jhust = o
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The general solution for this condition is that

mL _nx
2 2

’ 2,2

S I

ooom T2 .

LR _am

"ET1 iz

n?w?E 1
= mi‘z_ ..... cresesetasressnna ..(6)

The lowest value of P is given by » = 1, and as this is the

most important for us, we write the result as
2
P=" Lr;: LT )

It should be noted that P is independent of the Zluantity x, S0
that the force necessary to keep the strut deflected at large radius
of curvature is the same as that to keep it at a small radius, and
so if the load is the least amount greater than P the strut will go
on deflecting, and so break.

Usk or EULER’s FORMULA.—It must be remembered that in
this formula we have not taken into account the direct compression
stress on the strut. If the safe stress given by Euler’s formula is
greater than the safe compressive stress for very short lengths of
the material, then obviously we should not use Euler’s result.
Thus, if Euler for mild steel gives £, greater than 6 tons per sq. in.
we should use 6 tons per sq. in.

Method of Fixing Ends— Equivalent Length of
Strut.—In the above working we have considered the ends
as pinjointed. If the ends are fixed in any other way we
must take as the length of the strut the length of the equivalent
pin-jointed strut; this we will call the eguivalent length of the
Strut.

Now consider the following methods of fixing the ends (see
Fig’ 153).

(1) Pin Joints AT EacH END.—This is the standard case.

(2) BorH ENDs FIXED IN PosITION AND DIRECTION.—In this
case the buckled form is as shown in the figure, and B c is the
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equivalent length, 7.e., a pin-jointed strut of length B c is as strong
as the fixed strut. ;

in this case equivalent length of strut = (E

€

)
Buckling factor = ¢ = I

24
L
2L
1 el
|
L '
L !
]
1}
\
.
\
y

Fig. 163.—Mcthods of Fixing Ends of Columns.

(3) Bora Enps Fixep IN DirecTiON oNLY.—The buckled.
form in this case is as shown in the figure.

On comparing with
Case 1, 1t will be seen that the portion BcC is equivalent to one-
half the strut in Case 1, and so in this case, since B¢ = =

L .
2
equivalent length of strut = L

%

.* Buckling factor = ¢ = L
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(4) ONE ENp FiXEp IN DIRECTION AND POSITION, OTHER
END PIN-JOoINTED.—It will be clear from the figure that in this case

equivalent length of strut = 2;"
= z—!‘-
sk
(5) ONE END FIXED IN DIRECTION AND POSITION, OTHER END
FRrEE.—-1n this case

L
.. Buckling factor = ¢

equivalent length of strut = 2 L,
.. Buckling factor = ¢ = 3211

SUMMARY OF VALUES OF BUCKLING FACTORS.

Case I. Case 2. Case 3. Case 4. Case §.
Buckling factor L e L 21, 2L
— 73 ) s E O

These values should be used in Euler’s and the other formulae
involving the buckling factor.

() Rankine’s Formula.—This formula is sometimes called
the Gordon-Rankine formula, and is of the form

e

Where 1+a.c
/. = safe compressive stress for very short lengths of the material
a = a constant depending on the material
¢ = buckling factor of the strut
., = working stress per sq. in. for the strut.
The following values of a may be taken according to differen
authorities.

Mild steel a = --1--to . ."'-. = ‘ sl i
5000 © ‘6006, J< = 6 tons per sq. in.
Wrought iron @ = —~_ to —' . ==
g 9000 8000’ f; 4 ?” ”» ”
Cast iron a= -t to.-1 _ £ =
2500 1800, fe 7 » » ?
. I
Timber a = ——=Je =5 5 w »
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There is a very large amount of variation in the values of the
constants as given by various authorities, and in comparing the
above with those given by others, the reader should be careful to
compare the safe stresses given with the above figures with the safe
stresses given by others, because the value of f; also varies in the
various forms of tie formula and thus, although the constants may
be different, the resulting safe stress may be nearly the same.
Care must also be taken to see whether pin-jointed or fixed ends
are taken as the standard case.

ConsTrRUCTION OF RANKINE’S ForMuLA.—Rankine’s formula
may be looked upon as a corrected form of Euler’s.

If ¢ is very small, 7., if the strut is very short, the term @ ¢ is
negligible, and so we get So =/

This is, of course, the result which we ought to obtain.

If ¢ is great, d.e., if the strut is very long, the term a ¢? will be so
great that 1 may be necglected in comparison with it, and so we get

- S
B ac
2
This will give the same result as Euler if {‘;- = f—sg‘
i.e., ifi = ”51;}‘_‘ = 25’6600 = 4267

Although some writers state that constants obtained in this
manner agrce with experimental results, the constants are not
usually calculated theoretically in this way, but are obtained from
experiments,

It is believed that the figures recommended above will agree
well*with the best practice.

It is interesting to note that in one form of Rankine’s formula,
‘giving the breaking or crippling stress, viz.

l)

AL
[ is the stress at the elastic limit.

In an earlier chapter we pointed out the desirability of obtain-
ing the working stresses from elastic limit, #.¢., basing the factor
of safety on the elastic limit.

An interesting and important recent paper by Mr. C. P.
Buchanan, in Zngineering News, Dec. 26th, 1907 — published
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after the Quebec Bridge disaster—gives the results of tests on full-
size built-up columns such as are actually used in bridge practice.
The tests extend over a period of fourteen years, and show that
.even for the,short columns the buckling or crippling stress is not
more than go per cent. of the tensile yield point (see p. 4).

We thus see that in columns as actually used in practice, the
buckling stress is certainly not more than the elastic limit stress,
and so the only reasonable factor of safety is that based on the
elastic limit.

(¢) Straight Line Formula, —These empirical formulz are
used principally in America, and give very good approximations
for rough working. They are of the form

fo=f(x —e.;")
=fo (1 —e.c) R

Where f; and f; are as before
¢ = a constant depending on he matenal.

The following valucs of e may be taken :—-

For mild steel ¢ = 0053
,» Wwroughtiron e = ‘o053
4, Cast iron e = -oo8
» timber e = ‘0083

As in Rankine’s formula the values of constants vary consider-
ably according to different authorities.

(d) Johnson's Parabolic Formula. — This is also an
empirical formula devised to agree with Euler for long lengths, and ,
to agree with the ordinary compression strength for short let.lgths.

It is of the form .
penf e ()
~ Sl =g 2)

g is a constant of such value as to make the curve of f, plotted
against ¢ tangential to Euler, and the curve is used up to the point
where it meets the Euler curve.
The following values may be taken for g :—
For mild steel g = 000057
,, Wwroughtiron g ‘000039
, cast iron g ‘00016
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(¢) Gordon's Formula.—This formula is often confused
with Rankine’s, and was used largely for some time,-but it is now
quickly going out of use in favour of the Rankine formula. This
is probably due to the fact that designers are now more used to
making calculations involving the radius of gyration, a quantity
which practical nfen have usually looked upon with suspicion.
Now that tables are published giving £ for most sections, it is as
easy to use as the diameter 4.

Gordon’s formula is of the form

h= @y

Where f, /i and L have their usual meaning.

J is a constant depending on the material and on the shape of
the section.
d is the least diameter or breadth of the section.
The objection to this formula as compared with Rankine’s lies
in the fact that one has to use diffecrent constants for different
shapes of section for the same material.  Otherwise it is very

similar to Rankine’s.
The following values for / may be taken, f; bemg the same as

in Rankine :—

P
SHAPE OF SECTION T TR T . -
Min Wrkoucnr CasT
STEEL IrON IrRoN TiMBeER
b | — U S R M
cq . 1 I 1 I
Solid circle 370 5% 116 w25
Hollow circle ... &1)_0 sfi‘; ;%6 %
1 1 1 1
L’ T’ H! &ec. oo '306 466 7’? F.B
Built-up sections ... L X —_ _
P 400 550
Rectangle (solid) L 1 X L
500 700 120 160
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(f) Fidler's Formula.—The reader is referred to Fidler’s
Bridge Construction for a very complete analysis of the strut
problem.

The formula which Mr. Fidler obtains gives the breaking
stress, and is:

N+ 8 = 2mfR
Minimum breaking stress = / +. R+ V(/ + &) - 2m/R

m
Where f = ultimate pure compressive strength of material
2
R = Euler's breaking stress = " ‘dE

m  a constant of average value 1°2.
The following values of f, the safe stress in tons per sq. in
for struts, are suggested by Fidler and are used by some
authorities. -

1 MiILD STEEL ; Wrouvaur ITroN Cast IRON

A

Pin Ends { Firxed lunds | Pm Ends | Fiaed Ends| Pin Ends | Fixed Ends

zo0 520 529 392 3'99 8§07 8:65
40 476 509 364 38y 568 7°56
6o 4'02 4'83 317 373 3'35 6'10
8o 315 4°45 260 348 196 468
100 2'40 400 2'03 317 1'29 335

120 1'83 3'46 157 282 ‘93 2°37
140 1°42 2°96 1°24 248 70 1'98
160 1'13 2°51 98 2°'14 56 1'40
180 Q1 2'13 ‘80 1'84 ‘43 1'14

Use of Strut Formula.—Fig. 154 shows curves of £, for
mild steel for various values of the buckling factor according to
the first four formulae. It is advisable to draw such a curve to a
good scale, choosing one of the formulee—say Rankine—with

= 3_5_ ; such curve can then be used whenever the value
00

of f, is required.
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It will be remembered that f; gives the safe stress per sq. in.
for struts with central loads. 1f the loads are eccentric we must
proceed as described later.

Then if A = area of section of strut, .

Safe load = P, = f,. A.
If, as often ofcurs in practice, we are given the load but have

6

o]
5 \\\\ \\\ \
NNV

. AN
& ] \\\ \V\‘
1 \‘\\
gak XY
g >IN
] (hy) *
‘§ 2 .E_J} \\\‘ N -
" A
'5" N [
b S

W0 % ) 0o o wWo 6o 180
Buckling factay, =.C

Fig. 154,—Curves for various Column or Strut Formule.

not designed the section, so that we do not know the buckling
factor, we can often get a rough idea by taking a trial value of /;
equal to about £ £, #.e., 4 tons per sq. in. for steel, and finding
the area requisite for this stress. This will give us an idea of the
area required, and we can choose a section with roughly this area,
and see by finding its buckling factor what is the safe load on it.
Many of the leading constructional steelwork firms publish
tables of safe loads on various struts. Having previously checked
one or two to see that these firms work with similar formula, we
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can choose a suitable section for our case, and then apply our
formula and see if such section is satisfactory.

Braced Columns, Struts, and Stanchions.—Struts are
often formed bf rolled sections such as beams and channels braced
together by diagonal bracing or plates. ‘The strut that failed jn
the Quebec Bridge was a braced strut, and fhe report of the
Comnmission states that there is not yet sufficient information for
the design of such struts for very heavy loads. For ordinary
comparatively light work, however, braced struts such as shown
in Fig. 154a are satisfactory and economical. The unbraced
length of one of the beams or channels must be such that the load
per sq. in. on them is not more than the safe stress for them con-
sidered as struts. We can get an idea of the maximum unbraced
length as follows :—

Let ¢ = buckling factor of whole strut.

» &, = least radius of gyration of one channel or beam.
» P = total load carricd by strut.
»» 2 A = total area of strut.
» S = maximum unbraced length of channel or beam
Then, using Euler’s Formula, P\ ?': f B
Each channel or beam carries } load
AL stress = mE& _BA
&y = stres e’ -
B BA?
T S‘
S =Fc .
Or. since ¢ = - 'Equivalent length of strut _ L
! Least radius of gyration of whole strut ~ %
&

1
_ Least radius of gyration of whole strut
Least radius of gyration of channel or beam.

As a rule a spacing of 2 to 3 times the breadth B or 30° to 45°
inclination of the diagonals will be found to be satisfactory, and
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Fig. 164a.—Columns with Open Webs.
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in practice would be adopted, unless the calculation required them
to be less.

The strength of the strut in this case is calculated as if the
section considted of the two channels or beams held at the
requisite distance apart. See worked Example No. 4.

Least Radius of Gyration.—The least radius of gyration
will be about or at right angles to an axis of symmetry if there be
one, so that in this case we need only calculate 4 for the axis of
symmetry and at right angles to it. If there is no such axis we
should proceed as indicated on p. 67. '

Examples on Struts, &c.,, with Central Loads.—The
following numerical examples should make the question of the
design of struts, &c., clear. .

(1) 4 10" X 6" X 42 Standurd X beam of mild steel is used as a
stanchion, the length being 16 fi. and one cnd being fixved and one end
pin-jointed. Find the safe load for it to carry.

From the table of standard scctions we see :--

A = 12°35 sq. in.
Least 2 = 1°36
equivalent length _ 2 I,

.". Buckling factor = ¢ = =6 T 3F
2 x 16 X 12
= -’5 X 11‘36— = 04°2 about
.*. Safe stress = f, = 69-;;, using Rankine’s formula
I+ %o
6 . i .
= 'i——+—' ;747' = 2743 tons per sq. 1n. °

.*. Safe load = 12'35 X 2°43 = 30 tons.

(2) A solid cast-tron column, 6 inches in diameler and 15 feet long,
is fived at the lower end and carries a load at ils free upper end.
Calculate the load the column will safely carry, assuming a reasonable
Jactor of safety. (B.Sc. Lond. 19o}.)

In this case £ =l:-= 1’5"

Equivalent length = 2 L = 30
. equivalent length _ 30 x 12
Soe= 7 =1
= 240
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240 X 240
1800

.*. Safe stress per sq. in. = f;, = Ry

T 1432
= "212 tons per sq. in.

[ 4
*. Safe load = 212 % 1’;—36= 6 tons

~ E 12,000

5 ¢t Za

According to Euler f, =

=240 x 240 = 208

.-, Safe load = 298X ™x 36 _

*  (3) A steel volled joist is used as a strut with built-in ends, the
length of the strut being 15 feet. Find from the data given below, the
cross section of the joist, if it has to support a compressive load of
40 Zons with a factor of safely of 4.

(@) The total depth of the cross section of the joist is twice the width
of the flanges, and the thickness of metal is to be § of the width
of the flanges.

(6) The crushing strength of a short strut of this quality of steel is
24 lons per square inch.

(€) The constan in Rankine formula is % cl>oo (B.Se. Lond. rgoy.)

)

In this problem we must first find the breaking stress from the
formula. In this case we do not use the equivalent length of the
strut because the constant is given for fixed ends.

Breaking stress = — ‘;
1+ o (3)
_ breaking stress _ 6

.. Safe stress T
4 1+ 36,000 \ %

Now let A = area of section
and let B = breadth of flange
then 2 B = depth of beam

B

g= thickness of metal.

Then A = B8x li—+£ 2B - -B)

B 7_'3'__'2_12“_. 2
=gt =" — 4687 B
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The least radius of gyration will be about an axis perpendicular to
the flanges. 3
Then 1= B . B (
. 4 >< 12
B, _711‘_
T 48 ' 12 X 2048
1 _ oz2111 B

= -o2111 Bf

.« o_ 5
.Safestress=4x=l+,5>.nxnx.=
36,000 X ‘045 132
40 _ _ 6

* 4687 BY 1+

J
‘45 B2
6
(1 + .4593, ) =5 - 4687 B?
‘15 x 4687 B2
. Bi(ig x '4687 x 45) — 45 BE-9g =0 -
316 B* — 45 B* -~ goo = o0
The solution of this quadratic gives
B? = 25°3 nearly
say B = 5

*. Adopt a joist 10” x 5" with metal % thick.

We could work this problem roughly by the given rule, as follows :

take "=§X6=4
cL A= ‘2—0 = IO sq. in.
s B
2 '
B2 = Iox 32 _ 64
15 3
B =— = 4%62, say §

. 3
(4) A steel column in a bridge-truss has pin-jointed ends and is
26 feet long. It consists of two standard 10" x 33" x 28'21 lb. channels
placed 4% inckes apart. Find a safe load for the section. (See
Fig. 154A).
On looking up the tables, we sec that for a 10" x 33" x 2821 Ib.
channel,

A = 8296
Fmax. = 3.77
kmln- = ‘994

Dist. of C. G. from edge =P = 933
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Then for whole strut

kyy = 377
kxx? = (? +ﬁ)n + Fpin
= 3183" + "994* '
. kxx =333
. Length _ 26 x 12
=TLeast radius of gyration 333
= 936 6
6
S So=— L +946x 36 —5-4.—
=244

‘. Safe load == 2°44 X arca
= 244 X 2 x 8206
= 40°4 say 4o tons

STRUTS WITH ECCENTRIC LOADING.

If the thrust in a strut is out of the centre, 7.e., where there is
bending moment as well as direct thrust on the strut, we cannot
use the same rules for design as in the ordinary case.

In such case we may proceed as follows: Let the load W be
at distance x from the centroid of the cross section, then
M = W.x (Fig. 155).

CaseE 1—VERry SHorT STRUTs.—If the length is less than
10 times the least diameter of the strut, the stresscs are obtained
as shown on p. 169.

W M
lf,ﬁ +Z;
: W
' f‘=ZI’VA’
w
In this case fi=g }X_ﬁ .
'C
W de
+ AR

X(-)

* A I_,_xdc

This gives the safe load W for a compressive stress fo. This
case is fully dealt with in Chapter VI. .
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CASE 2—STRUTS [LONGER THAN 10 DiaMETERS.—In this case
we must make some allowance for buckling tendencies, and we
may proceed as follows.

As in thé previous case we have :

Combined compressive stress = ‘X(I + }Z-‘-)

Y

2Plafes 12x4

(4

N

__..f._—_.-.-_—
A

|

Fig. 135.—Coliemns with Ecrentric Loads.

Now in this case this compressive stress should not be more
than the safe stress per sq. in. obtained by considering the
buckling formule.

ie., ( x4, ) To *

p

A ( L + xde )
, . Safe central load on strut
i.e., Safe eccentric load on strut = - v,
(x +7%)
where x = eccentricity of load
d. = distance from centroid to edge of section nearest load
% = radius of gyration about axis perpendicular to the

plane containing the centroid and the load.
i AaA
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This formula may be put into a form which is somatimes
more useful as follows :

Let W, bz thz central load, which is equwalent to the
eccentric load Ww.

Then W, = W (x + ._,2_2_)

w.
Then Wl may be called the eccentricily faclor for the strut

In using this formula it should be noted that it is worked
‘on the assumption that the buckling will take place in the plane
of the figure, and so the value of £ for the strut in this direction
should be used in finding thc safe central load.

If the safe eccentric load according to this formula comes
more than the safc central load for the least value of % (this can
-of course only occur when the least value of % is about the axis
D 1), the lower value should of course be used.

Stanchions with Web and Flange Connections.—
The loads on stanchions are often communicated from girders
.connected by cleats, &c., to the web or flange of the stanchion.
If such connections come on one side only, or if the loads
~communicated from the two sides are not equal, the load will not
be central, and allowance for the eccentricity should be made.

NUMERICAL EXAMPLE.—A mild steel stanchion 30 feet long and
with ends fixea has the scction shown in Fig. 155. Find the safe
central load and also the safe loads communicated at the points B and C.

In this case A = 40°59 sq. ins.
. ‘ kxx = 487 4 5
Ay = 341 4,
Buckling factor = ¢ = [’,{’ 30 »x»;-l-'- = 528

6

6

S e = s - = 4’10
3 36
1404

1 +
Safe central load = 40°59 X 4°10 = 166 tons nearly.

Load at C.— & = 2°25 + '475 = 2°'72§
Sooae=6"

. oxde 2725 X6

T L

166

" Safe eccentric load at C = ST 69 tons nearly.

= 141
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Load at B.—We must now first calculate £, as if £¢x were minimum

05 of eyration. fe. ¢ = 30X 12 _
adius of gyration, Z.e., ¢ 2% 487 36°9.
= e = 48
x = 6"
d. = 6"
. :‘EL{‘:=6X.(’—|' 2
.. kg 4.87-_2 - 5
.. Safe eccentric load at B = 489 x 4.0 59
I+ 1°52
= 489 X 4059
2'52
= 77°'7 tons nearly. .

In this case the eccentricity factors for ¢ and B are 241 and
'(—)6 == 2°14 respectively. )
777

A rough rule is to use 23 and 1} as eccentricity factors for flange
and web connections respectively, but such rule is not very good for
the above case. It is more nearly true for X beams used as
stanchions.

Cast-iron Struts Eccentrically Loaded.—In dealing
with cast-iron struts with eccentric loads it must be remembtred
that they will probably fail by tension.

The safe load W from the tension standpoint

0\
ad:

e 1)
where f; is the safe tensile stress, and this should be compared
with the safe load from the compression standpoint, and the
lower value adopted.

Conclusion. — In concluding the chapter on struts, we
should like to emphasise again the fact that the chief difficulty
lies in the choice of the safe stresses per sq. in. for various values
of the buckling factor. In using various formule for obtaining
such stresses, the reader is warned that he should be very careful
to sce that they are based either on the results of very reliable
experiments, or that they conform to the two conditions that for
very small values of the buckling factor they agree with the safe,
pure compressive stress, and for large values thcy agree with
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Euler’s results. The best thing to work from is a curve plotted
as suggested, or a table as given for Fidler’s formula, or as given
in Messrs. Dorman, Long, & Co.’s Section Book.

The worked example on eccentric loading of stanchions
should show how, quickly the strength is reduced for a small
eccentricity, and thus how desirable it is in practice to have the
loads as central as possible.

We will deal with further practical points in connection with
stanchions and with stanchion caps, bases, and foundations in
Chapter XVI. '



CHAPTER XIIL
SUSPENSION BRIDGES AND ARCHES.

SUSPENSION BRIDGES.

Stresses in Hanging Cables.— Suppose a number of
weights W,, W,, W;, be suspended from points (Fig. 156), on a
cable held between two points A and E ; then if the cable is perfectly
flexible it must be straight betwcen the loads. Consider the point
at which W, acts; the load W, is kept in equilibrium by the two

Yeclor figere
Fig, 156.—Stresses in Louded Cable.

tensions T, and T,, and therefore these three forces can be repre-
sented by the triangle 1, 2, 0. Similarly W, is kept in equilibrium
by T, and Ty and these forces are represented by the triangle
2, 3, 0, and so on for all of the weights. Since all the loading on
the cable is vertical, there can be no differcnce in the horizontal
component of the tension in the cable at various points along the
span. It will be seen from the vector figure that such is the case
since 0 x is the horizontal component of each of the tensions. It
will be seen by comparing the two figures that they bear to each
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other the relation of link Jand vector polygons, and so we get the
following rule for loaded cables

The shape whick a loaded cable lakes up is the same as the link
polygon for the grven load sysiem drawn from one support to the other
with a polar distance equal o the horizontal component H of the pull
in the cable. ¢

Theoretical Arch. —Since there is only tension in the
cable, the portions between the loads could be replaced by pin-
jointed links. If the whole were then inverted to the dotted posn-
tion, there would be compression only in the members. a8 ¢’ p'E
would then be the #4eoretical arch for the given system of loading.

Suspension Bridge with a Uniform Load.—Take the
case of a suspension bridge carrying a uniform load by a number

- ML R s
P d

(L N 7 7

Fig. 157.—Suspensicn Bridge with Uniform Load.

of cables. Let the span be L (Fig. 157), the dip or sag of the cable 4,
and the weight carried by cach cable W.  Then the shape of the
cables'will be parabohc, because the link polygon or B.M. Diagram
tor a2 uniform load is a parabola, and the horizontal pull and the
maximum tension in the cable can be obtained by considering
one-half of the cable. It is kept in cquilibrium by the three
forces Ty the tension of the cable at B, H the horizontal pull,

and -‘zy the load on half the cable. The forces meet at a point,
and by taking moments abouat B we get
Hxd=",I
2

4
WL

cH= g5 ,
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It will be noted that this is the same as the force in the flange
at the centre of a framed girder, and as the approximate force in
the flange of a plate girder of the same depth and span. The
tension at any point p in the cable can be obtained by drawing
0 p on the vector figure parallel to the cable at the given points.
The value of the maximum tension T, or Ty ¢an be found from
the vector diagram as follows :

o12=o03%+ 31

12 = 1 4V

W2L2 w2
64 4% T 4

=\V +_I, .
4 16 42 .

. . \\' 712\
Ze, Ty = —- (I +—l" )

2 16 a?

., It A is the area of the cable and fthe safe tensile stress
w L \
/ _
A '\/( 16 a )

LeENcTH OF CABLE.—If a cable is hung in a parabolic curve
of span L and dip 4, then the length of the rope is approximately
given by

8 42
S =1L +
3L

orS =L + 234 (Trautwine.)

STRESskS IN ANCHOR CaBLEs. — There are two chief
methods by which the cables of suspension bridges are anchored
down :—

(1) In the first method the cable passes continuously over
rollers at the top of the pier.

In this case the tension will be the same in the anchor cable
as the maximum tension T, but if the inclinations of the anchor
and bridge cables are not the same, there will be a horizontal over-
turning force on the pier and, as the latter will be of considerable
height, the effect of this force in causing bending moment at the
base will be rather great.



360 Tle Theory and Design of Structhres.

In Fig. 158, let @ 4 and @ ¢ be equal to the tension in the

cable, then 6 ¢ and 4 e are the horizontal components of the
tension

.bc—ed

horizontal force acting on«pier
T (sin § — sin a)

. _ H(1 _s?na)
sin ¢

a ¢ and a & are the vertical components of tension

]

* ac¢ + ad = total vertical pressure on pier
= 1" (cos 0 + cos a)

But 'I' cos 6

It

‘: (sec Tig. 157)

. .. Vertical pressure on pier = v (I + 9-(-)'?—“)
2 cos 6

o 7 Anchor cable

C

A [~
Fig. 158.—8lrcsses in Anchor Cables.

(2) In the sccond method the anchor and bridge cables are
attached to saddles mounted on rollers on the top of the pier. As
a result of this, the tensions in the anchor and bridge cables will
not‘alw ays be the same, but there will be no horizontal force on
the pier.

To get the tension T, in the anchor cable set out a 4 = T,
Fig. 159, and resolve horizontally and vertically ; then & ¢ is the
horizontal component of the tension. Since there is no hori-
zontal pull on the pier, the horizontal component of T} must be
cqual to & . ‘Therefore draw a e in the direction of the anchor
cable until the horizontal compcnent de is equal to ¢, thenae
gives the tension T,.

Then we have b¢ = de

ie, I'sin = T, sina
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The vertical pressure on pier = T cos § + T, cos a
Tsin6.cosa
sin a
= T cos 0 (1 + tan 6 cot a)

T cos 0 +

= \EY (1 + tay 6 cot a)

o~

Fig. 159.—S8tresscs in Anchor Cables,

Stiffened Suspension Bridges.—Suspension bridges are
unsuitable for rolling loads, since the shape changes as the load
crosses and oscillations are then set up. In order to lessen these
oscillations they are often ‘stiffened’ by means of stiffening girders.
If these girders are pin-jointed or hinged at their centres, and are
simply supported at their ends, the stresses in them can be ascer-
tained simply as follows :—

Pin-jointed Stiffening Girders.—I.oan» UNIFORM OVER
HavLr Span.——Take first the case of a uniform load covering half
the span, then the B.M. curve @ ec/4, Fig. 160, for this load can
be made to pass through the point ¢ by suitably choosing the
polar distance p. Let H be the horizontal component of th¢ pull
in the cables, then the moment of H about ¢ = — 11 x &, while
the B.M. due to theload at ¢ = p x 4.

.~ Resultant BM at ¢ = (» — H) 4. Swnce there is a pin
joint at ¢ the resultant B.M. must equal zcro, .*. p = H.

Consider any point 7z on the cable through which a vertical
is drawn cutting the B.M. curve in 7 and the horizontal through
bin k.

.’Then resultant B.M. at

=pxkl-H.km=H(kI-km)
=H.Im
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Now B.M. at ¢ due to load = P L I; 1’1 ;
. pL_ _pl?
. H x & = 6 or H g

We see from the above reasoning that cross-hatched curves
give the B.M. actiag on the girders. These two curves are them-
selves parabolas, and the¢ maximum ordinate of cach is equal

o212

64

A : L 1 B
P%\ 4

D . G >
o Tors por flum

2 YA, ;L AN, . k éw

d l
3 i~z ApL
7 e AT

—
el L .
BMDagam  ~__ [

Fig. 160.—Suspension Bridge with Hinged
Stiffening Girders.

This can be shown for the mid point / of 4 ¢ as follows :

Ordinate of parabola =4d
" straight line = } &
- Resultant B M. at j = H (éd _ Jd) = H. ;(l

__;)L d j)L
16d° 4 64
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Similarly considering the point e in the portion ¢ @

Ordinate of parabola = /z.j =32z

4
L]
Ordinate of BM. curve = Z2e = 3Pl . L_zL . L
8 4, 4 8
o= 2—1_4_-2. y, =
% (:.c., ke =d)

. Resultant BM.ate =214 _ 1 .34
16 4

~pLE_3plE _pL
16 64 .04
Summing up the above results, we sce that between a and c
the girder pulls down on the cable, and is thus subjected to as
downward uniform load of intensity ? , while between ¢ and b
2
the cable pulls up on the girder, and thus the girder is subjected

to an upward uniform load of intensity i—), the B.M. diagrams

being as shown.

UnirorM L.oAD OVER WHOLE SPaN.—In this case there is
no B.M. on the girders, the whole behaving as an unstiffened
suspension bridge.

Irrecurar Loap.--If the load is irregular, the B.M. is
obtained as above by drawing the B.M. curve to pass through c,
and taking the distance between the parabola and this B.M. curve,
and multiplying by the polar distance td get the B.M. on the
girder. The construction in this case is the same inverted as for
a three-pinned arch (p. 375).

*Isolated Load rolling over Suspension Bridge
Stiffened with Pin-jointed Girders.—Lct an isolated load
W per cable roll over a stiffcned suspension bridge, a ¢ n, Fig. 167.

When the load is at distance ¢ from the end a, and is on the
portion D ¢, the B.M. on the stiffening girder ¢ E at a point

cortesponding to m on the cable is cqual to H x /m. This
. . . . .L
is a maximum when H is a maximum, and H = ]i;' P

2 being as before the dip of the cable, so that H is a maximum
when Ry is a maximum, 7ze., when W is above the point c.
[ ]

L
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Thus the maximum negative B.M. curve is a parabola of

height “:61‘ , since the ordinate of the parabola is 3 4, so that the
[ ]
B.M. = H,(Sd_l d) WL 1, WL
4 2 4d 4 16
[ 8 i
A p
b F
x
Jr
@

D .OS;WL-'— el m Li-——Lm £
NE_N/ '

t I ——1
Max, BM Diacrams

Fig. 161.—Hinged Stiffening Girders with Isolated
Rolling Load.

[ ]
Now consider a point between D and ¥ at distance x from D.

My=R,.x-H.g#k
)
“Ll x— \}’Ja2 aI’. oh
=w (- ,
=W{( La)a. azg;}z |
=W {x (1"'%%)} .................. v(1)
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As a increases, this decreases, so that the B.M. isfa maximum
just as the load leaves the given point. Now take a point beyond
the load at a distance y from the centre c.

L]
Then M, = Ry (I;‘ + v)— H.de

o fL,..\_Rg.L.de °*
- R (G +r)- T

= ‘_)\;Ja{(];+y)—-%'-;-e} ........................ (2)

This increases as a increases, so that B.M. is a maximum just

as the load reaches the given point.
We thus see that when the load is on one of the girders the
B.M. is a maximum at any point when the load just reaches it. .

Therefore, putting a = :‘- — ¥ in equation (z), we get

\V(L_y)
Max. My ‘-‘—ji"-——-{(»L'f')’)" L .(lr}

g 2 2d
Nowde = a - %_fi.y‘
L _ e
ey - M2 (1) (- )
w(k - .
D (st
w 'p—J') ,2
R A
w(z-2)(+5)y
L
wy (k- L
d J;JZ( +2y) ........................ (3)
WI (122 450 coreerienenn, e )
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The maximum value will occur when
aMy_ o,f.e,12—42+y(-8y)=o0
4y
12-1232 =0
L .
. y = Jiz Ze., 289 L
.. Maximum B.M. occurs when load is '289 L from centre.

W x 289 L (L2~ 1
Then M = —-— ——. >3/ — 096 WL

The maximum B.M. diagram is then as shown in the figure,
the positive and ncgative B.M.s being measured above and below
«the base line respectively.

*Uniform Load rolling over Suspension Bridge
Stiffened with Pin-jointed Girders.—Lct a uniform load of
intensity p per cable be rolling over the span, and let the front
have reached the point 6, Fig. 162. Then the B.M. at any point
along the girder ¢ B, when the load is on the other side will be
proportional to H = !{1:1'_1, and so the maximum B.M. at each
point along ¢ B, for the load on A, ¢ only will occur when Ry is
a maximum, 7.¢.,, when the front of the load reaches c.

Now consider a point £ between c and ¢ and at distance v

from c.
Mg = Rp.3,E — H.d,

= Rn-(/+J’)—RJ']§—.‘d2

R, {y+l(1 - ‘;)}
Ry (J’ -11’},—2)
Rn_y(l +}li) ............... R (1)

This increases as Ry increases, z.e., as the load comes farther

on to the span.
Next consider a point F between A, and G and at distance s

from c. -t
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M; = Ry.3 p-H.4-£:E%

By reasomng similar to above, Ry.B,F—Hd, = R,,..( I+ l)

..LIg—RDZ‘ 1+[ p(dfl\')e ----- (2)
p(l-x)}sg 3 2(s-x)?
(D)t ( I+ .[) . @3)
- n I H
4
s 25
l 1 — Yy — .
L ———— X ————] JRB
[ ¢
L

Max B M Diaqmms

Fig. 162.— Hinged Stiffening Girders with Uniform
Rolling Load.
This’will be 2 maximum when %F =
—2p( - x)z( ) 2.4(s — %)
)T =

t.e. — o
2 L.

PutL =2/
ie. - p {f.(’;_xl_({i_z.) — (s - x)} -

- zl—"{z(l_ x)({-2) - 22(s -x)}
- 2”(1_ z) {x(zl+z)lzf

ie.x(2l+ 3) =

EYEY )
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- w) = 1( ”+z)=(2_1,_fz)
(5--x)=z(:_'_f.__) 2(/+ 5)

2/+3) (2/+3)
. 2U+0) P+ 3
o My =G s - 20
2U+2)() [ 22 - )
PPy Rt {l lz — 22 ,2(21+z) ...... (5)

We now require to find the maximum value of Mg anywhere
along the span.

. d My
We therefore treat z as the variable and make 7 L =0

. e (2/+35)(/P-35%) - (2P-2)3z=0
e B = 302 = B = 0 (6)
A solution of this equation by plotting gives z =53/
Then My="0753 p42

= 2 L about.
53

*Stiffening Girders not Pin-jointed at Centre.—If the
stiffening girders are not pin-jointed at the centre they will have
to bear considerable stresses due to the difference in dip due to
changes in temperature, and such strcsses may amount to as
much as half the safe stresses. In this case the stresses are more
difficult to calculate, but in the case of uniform loading they may
be obtained as follows :

‘Let AcB, Fig. 163, be a suspension bridge cable provided
with a stiffening girder a,B; supported at the ends, and let a
uniform load of intensity p per cable, rolling on the bridge, have
reached the point E at distance «x from A;. ‘Then, since thc cable
is made to hang as a parabola, there must be a uniform load of
intensity ¢ pulling down on the cable and therefore up on the
stiffening girder.

Then we have total load on cable = gL = g«

. px and ¢ L form a couple of moment = g x
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This couple must be balanced by the reactions R,, and Ry,

ol - RB.L = 4 R‘.L =pa’§£;;__.x:)
“ Ry = ~Ry =22L =2 ()
2L,
A 8
7L
"""', ] G : B,
J
L
R, I3 L
3 o ~ 3
.......... ~‘~‘~E&’ pt ’//’,
______ — .

Max B M Diagmms
Fig. 183. —Stiffening Girder withont Ceniral linge.

Now consider a point F between E and A, and at distance ,

y from Ay, )
Then B.M.atr = My = Ry, () = (# - ¢) 22’3 ............... (3)
~2er o), (, - .g)yzf
A ey - 7
- &(J:;ﬁz)_{?i:ﬂ . (a)

Next consider a point ¢ betweeen E and B, and at; distance

z from A, ,
BB
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Then Mg = Ry, 5 - (p - q)x.(z - if) — (s)
-2 §2<!L_._:;1> — (, - f) x. (2_27-35)
= s (ZL-L-'-?”-) z-23 + x}
~ Al - ’j‘) @ = 8) e, 6)

In cquations (4) and (6) the B.M. = o when & = y and
& = 5 respectivély.

.. Front of load is always a point of contraflexure of the
girder, anc{ we will assume that B.M. in A, E is a maximum at the

ay X
‘mid point, f.e., wheny = .
2

.. Maximum B.M. in a, E = 2 = x) a?
2 L, 4

SR S LI ™

— . M
This is 2 maximum when =7 = o
dx
ée,when 2 v (L — %) + a2(-1) =0
. 2 L.
le,x = e (8)
3

Thus the maximum B.M. for a load of indefinite length occurs
when the load covers two-thirds of the span, and is equal to
. 1. 4L pl2*
Maximum B.M. on span = 2 oL =
' PRTEL sy T (©)

4 . 2
The maximum B.M. is therefore equal to‘?—s—li— and occurs at

one-third of the span.

’Fhe maximum B.M. diagrams are then of the form shown in
the figure, the dotted diagram being for the load approaching
from the other side.

ARCHES.
An arch may be fooked upon as an inverted suspension bridge

or vice versa, the cable in the suspension bridge being in tension
212

* For a lnad equal in length to I; the maximum B.M. comes equal to 32
- £
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and the portions of the arch being in compression. For any given
system of loading a theoretical arch can be designed so as to be in
compression only, the centre line of the arch coinciding, as we shall
show later, with the link polygon drawn with the, polar distance
equal to the horizontal component of the thrust in the arch.
If an arch were made up of jointed links # in a cable, it

e <
2 3
3
4
3

Fig. 164.—Stresses in Arches. Eddy’'s Theorem.

would be in unstable equilibrium, as it would collapse if the load
were altered, and so in practice we have to make it capable of
resisting bending moment.

The arch is a structure of great antiquity and of considerable
beauty, and is also a very economic structure.

Line of Pressure or Linear Arch.—For any given
arch, if the link polygon be drawn for thc loading on it with a
polar distance equal to the horizontal thrust in the arch, such
polygon is called the Zne of pressure or linear arch. ‘Throughout



372 The Theory and Design of Struc'ture:.

this chapter we will use the former term as we have previously
used this in similar connections (see p. 138). ’

Eddy’s Theorem.—Let A Bc, Fig. 164, be the centre-line
of an arch loaded in any manner, and suppose that the line of
pressure is abcde)f. Then take any point P on the arch and
draw a vertical through P, cutting the line of pressure in L and the
line a fin M,

‘Then B.M. at P = LM x polar dist. — moment of H about ».
tmMmx H-pmMm. H
H@m -pmM) = - H(p1) .

- = — H.S.
Therefore the B.M. at any point of an arch is equal lo the pro-
oduct of the Horizontal Thrust into the vertical intercept between the
centyre line q[ the arch and the line of pressure.

This is Eddy’s Theorem.

Stresses in Arch.—To obtain the stresses in the arch
consider the point p, and first resolve the corresponding thrust
O, 3 along and perpendicular to the direction of the centre line of
the arch at the given point, thus obtaining a thrust Q and a
shearing force S.

Then if A, Z, Z, /., /i have their usual values, we have

]

li

M
Maximum compressive stress = fo = —% =
Q H.$
=at T e e (1)
. B . _,_M Q
Maximum tensile stress =f= Z. A
H.§ Q
. STZo TR e (2)
. S
Mean shear stress over section = A e (3)

Determination of Horizontal Thrust (H).—It follows
from the foregoing that as soon as we have determined the
horizontal thrust (H) in an arch, we can easily determine the
stresses in it. Practically, the whole difficulty in the design of
arches consists in the determination of this horizontal thrust. It

[
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can be determined accurately by quite simple means in three

cases only, viz.:

(1) A parabolic arch uniformly loaded.
(2) A parabolic arch with uniform load over half span.
(3) A three-pinned arch.
In other cases, we shall have to find the horizontal thrust by
means of the Theory of Rigid Arches, which we will deal

with later. We will now deal with these simple cases in turn.

L)

Parabolic Arch Uniformly Loaded (Fig. 165).—In
this case the line of pressure coincides with the centre line of the

&

o

JeBons fer FIren
P 7
L l Lrabola
Fig. 165.—Parabolic Arch with Uniform Load.

arch, so that the moment of the horizontal thrust about the centre

must be equal to the B.M. at the centre, that is

1.2
Hxr7r= —8—-
or H 5

9

3

In this.case there will be no B M. on the arch, and the thrust
Q at any point P on the arch is obtained by drawing through
0 on the vector line a line at direction a parallel to the direction
of the arch at the given point, or else obtain the thrust by

calculation since

Q=Hseca
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Parabolic Arch with Uniform Load over Half
Span.—It follows from symmetry that, in the case of the
parabolic arch uniformly loaded, the load on eagh half of the
span must contribute équally to the horizontal thrust, so that in
the present casg the horizontal thrust will be half that of the
previous case. Therefore. in this case,

F R
H - 16 7
and the line of pressure comes as shown on Fig. 166.

[ pios geé*mm—"w

Lmer;f Fressure.
| e

H

Fig. 166.—Parabolic Arch half covered with
Uniform Load.

Three-pinned Arches.—If an arch is provided with three
pin-joints or hinges—in most cases onc at the #op or croron, and
one at each cend of the abutments or springings—the line of
pressure must pass through cach of these three joints, since there
can be no B.M. there, and the horizontal thrust can be determined
bysthis means, as follows :

Let a, B, c, Fig. 167, be an arch with pin-joints at
A, B,and ¢, and let it be subjected to any load system o, 1, 2, 3, 4.
Set down the loads on a vector linc o, 4 and taking any pole P,
draw the link polygon @ & ¢ d e f—preferably well above or below
the arch to avoid confusion. Draw P, X parallel to the closing
link @ £, and draw a horizontal line through x and a vertical
through Py, thus obtaining a new pole »,. If a fresh link polygon
were drawn with p,, the ordinates would be the same as those of
the polygon a & ¢ & ¢ f; but the base would be horizontal,

Through ¢ draw a vertical line cutting the link polygon in g/
and A Bin D.
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PX X gh
cD

the link polygon would pass through c, because the ordinates of

the link polygon are inversely proportional to the polar distance.
If the link polygon A &, ¢, 4, ¢; B be drawn with the new pole

o, this link polygon is the line of pressure, ahd 0X gives the

korizontal thrust H.

Then if a point 0 on P, X be taken so that 0 X =

P,X X g/

ze, H =
cD

3 4+

|,
I

4
D B
Fiy. 167.—T'hree-pinned Arch.

Having obtained the horizontal thrust and the line of presbure,
the stresses are obtained as previously explained.

Three-pinned arches have thus the advantage that the stresses
in them are easily determined ; they have also the advantage that
they have no stresses due to change in temperature. Compared
with rigid arches, they have the disadvantage that the deflections
are greater.

Line of Pressure through any Three Points.—
Although the joints in a three-pinned arch are almost invariably
in practice placed as indicated in Fig. 167, they need not theo-
retically be so. In fact, the stresses would be less if one pin
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were placed at the crown and the other two between the crown
and the springings. The following construction will enable us to
draw the line of pressure through any three points, and will thus

I\
SN2 NP

@ £
Fig. 168.—Link Polygon through three given Points,

enable us to deal with the case in which the three pins are
placed in any position.

Let A ¢ B, Fig. 168, be an arch or other structure subjected to
any load system o, 1, 2, 3, 4,and let it be required to draw a link
polygon thrcugh the three points b, ¢, k.
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Setting down the loads on a vector line o, 4, and taking any
pole p,, draw the link polygon a4 cdef. Let thelinks a 4, 4 ¢,
across the spaces in which the outside points b £ lie, be produced
"o meet in Q. Take any point j on the vertical through ¢ and

oin J D, J E,and from the corresponding points o 3on the vector

diagram draw o P,, 3 P, parallel to j D, J E, thus obtaining a new
pole P, With this pole draw the portion of the link polygon
Db e d k. .

Join D E, and draw a vertical through c cutting o E in L and
the link polygon in k.

Now take a new pole o on the horizontal through p, such that

ox KL
P, X CL »
. KL X P, &
e, 0x = & L. 2% .
CL

Then the link polygon a, b, ¢, 4, ¢, f, drawn with the pole o
will pass through the three points b, ¢, F.

Rolling Loads on Three - pinned Arches. — The
pending moments on a three-pinned arch as a load crosses will
be the same as those on a suspension bridge stiffened with pin-
jointed girders, and so will be as shown in Figs. 161 and 162, for
isolated and uniform loads.

* RIGID ARCHES.

General Conditions of Strain.—We will first find the re-
ation between the shape of an arch and the thrust and B.M. for

A X [
Fig. 169.--Rigid Arches.

the general case, and will then take the application to special
&inds of ‘arches.
Let p be any point on an unstrained arch a » ¢, Fig. 169, the
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ordinates of p being x and v, and let the inclination of the arch at
P to the vertical be 8 and the inclination at A, «
Consider a short length & s of the arch at p, then,we have :
Ro= 2, (1)
R being the radxus of curvature at p and § 6 the angle between
the tangents at the extremities of the short length.

Also dx = &s.sin@® = Rsin0806 .................. (2)
Y = 8s5.c0s0 = RcosO88......eunnnnnen (3)

After strain let the various quantities be written with subscript
1, then we have after strain—

. _ (S 5
R, = By, (4)
C 0%, =8s5sinf = R;sin0; 66, ............... (5)
Sy, =85 cos8; = Rycos b 86;.ca.......... (6)

.. X — X; = & = change in horizontal position of p

(5 X - ﬁxl)

(6: sin® — &5, sin 01)

L4 CAcRd T4

-3 {5: (sin® - sin6) — (85, — 85).sin 6,}

_r O4+00\ . (0 -0\ s oo
_%.{5:.zcos(—-2 )sm(—2 ) (85 5s)smﬁl}

= %{5s.cosﬂ(0 - 6) - (85, — 85)sin 01} ............ (N

L T4

because since 8 — 0, is very small, we may write
cos (Q‘——t 0-) = cos 0 and sin (0———_&) =9-6
2 2 2

Now we have already proved that for bending generally—
I 1 M .

R ™R, EI

1 _1)_8%6 b6
RTRJ) 7T 85 by
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%6 56, %6, 38
&s ds T ¥s T &,
: 50 _ 2 (,  8-bs
8s ds s
66 — o0 >
- (*__M_ __1) .............................. ®)

L
The term 23 Yy 2 being of the sccond order and negligible
1

-.ae-ao,=(R R)

LI
qa +..4'§0

lI

Z
e
E
I

6, = )‘. LY
1= a4+ 200,
"
'.0—61=(a—a1)+>;‘«50—i‘.601
P
= (@ - @) + f(” - .sel)
=(u-al)+LL15 .................. (9)
Again 5':\-_‘;55::_, unital strain of &s = E—%’
Q being the thrust; E, Young’s modulus; and A, the cross,
sectional area.
We may also write to first approximation—

. 85y —&s _ + 0
55, =R e (x0)
Putting these results in cquation (7) we get—
PIfEMS Sy Q ; }
= E - - T
x A{(A B nl)) dscost EAC & s, 5in 0
e PMSs dx
= E"{By((a—“‘)-‘-f-i;:_-)-‘Q}‘, 1\‘ ............... (II)
P
= (a - al) S5y 4+ % {6 v ]\L'SIS (‘)Fa—g‘}
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Qéx

Since, as we shall show later, the term ——E—-—K—l is comparatively
. O X
small, we may replace it by QE_K .
L M ds Qéx
- o - T esecsssssstesaee
= (a — ap) Ye+ X {8Y 251 - EAJS (12)

[ ’VIS:\__ ’V[__é_._s‘__PMY
Now Al“A B0 Y2 ET " 2Eic Y

This will be clear from constderation of the curve of = E I

plotted against v (Fig. 170).
"MS:) Mvyds 06\:\ (13)

. ;= - X d
.. We have & Y(a Gt R L ET TEAS

‘This is the general expression for the horizontal movement of
the point P due to the given loading.

ZMé4
El

|

Again considering the vertical displacement,

Y
Fig. 170.

vy - v, = change in vertical position of p

=y=)§‘.(5v—6v,)

»
= 2(6:cos 6 — 85, cos 01)

A

P

=}[:‘.f55(c0s9—cosﬂl)+(5:1—6:)cos0}

r . 0+0 0,

=:{6s 2 sin -— sin - --—+(5:1—-‘3)cosﬂ}

=-‘;'-{("1 - 0).8ssin6 + (85 ~ és)cosel}
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Using the same reasoning as before—

r PMSs Qévy
=3 —a -32°’ b
A,{(“l T El)ax EAJ

_ _ 2Més > [Mx8s Qéy
= - x(a a; + E:LI ) + il --E--I‘—— - —E—A}...(r;;a)
This gives the general expression for the vertical movement of
the point p due to the given loading.
Now consider the following special cases.
Two-pinned Arch, i, an arch with pin joints at A and B.
In this case as the span is inextensible, « for the point B = o, and
Y for point B = o.
.~ We have for point B

Fig. 171.—Two-pinned Arch.

Now M depends on the loading and on the horizontal thrust.

Let o, 1, 2, 3, 4 be the load system, Fig. 171, and let abcdef
be the link polygon drawn with a trial polar distance H,; also let
the ordinate of the link polygon at the point P be ».

Then if H is the horizontal thrust, the B.M. at the point P

=M=Hxy-H,.»
My Hvy2és H myds
2= EI == EI E
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.".” From equation (14)

EHv28s FH,mvds L  2Qéx
p b - 3 e "= =
Y"E1 ~* E1I TYEAC®
. ¥y smyds | 3B )
l.e.,H§ f’ —H°§——é,_,——+?Q3x=-o
.~ Assuming £ is constant
Hf,%mv }e“';Q«Sx
H= -2 o - -2 e (15)

; v2 ;} v28 s
A A
We will now find a superior limit for the second term. For
flat arches Q is nearly equal to H.

n B
* Taking arch as parabola S v#§s = 2 3. v §s. Y
A A 2

= 2 x 1st moment of area about base A B (approx.)
4 LA _8SL#A2

= 2 X
15 15
BIQIX _ pH.L _ g
e = el - = 8575' H (approx.)

Syrds
A 15
Putting thisin (r5)

WH= a _Hx15¥

H, smy
. or H = A

. —pan ereresesans 6)
n 15 A2 (I
=vY? (x + @
" 8~
The term - 115 4 1s neglected by many writers who give
1+ 24
8

H - TP RIS (x7)

PRroOCEDURE TO FIND H.—We see, therefore, that in order to
find the, horizontal thrust for a two-pinned arch we first draw a
trial line of pressure with a polar distance H,, and then draw a
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number of vertical lines, say 10 or preferably 20, at egual distances
along the arch apart. We then add together the products of the
ordinates of the arch and the trial line of pressure, and also add
the squares of the arch ordinates—thus obtaining quantities which
we will call the load-arch sum and the arch-square sum respectively.

load-arch sdm
arch-square sum

or morc accurately as shown in equation (16) above.
The link polygon drawn with this polar distance gives the true
Iine of pressure, and the stresses arc obtained as explained on

p. 372.

If the arch is parabolic the value of 2 v2§ sis- Ir L
A »

Thrust in Two-pinned Arch due to Changes in
Temperature.—Let the temperature be # degrces’above that at
which the arch was erected and let 3 be the coefficient of expan-
sion of the material. Suppose that the increasc in temperature
causes a horizontal thrust H,. ‘Then, if frec to expand, the span
would become L. (1 + B#) = L. + L 3 # As the supports keep
the span fixed the stresses will be the same as if we had given
one support a movement inwards of L. 3 £

Thatis coming back to our general expression of equation (13).

BMb:) 2‘(M\MSJ‘_'_Q(SA,

A——L/Jl—\(u-—a1+2—E-i— 2\ 6T A

E IVI_Y«S:_.EQ.:S&
A EI A EA

The horizontal thrust = H, x - approximately

= Q0 —

In this case H, is the only force acting, so that M = H, v
H, v? 5 s 2 Q. dx

= \‘
L3¢ 2 = 2a
Svids 15 4
= H; R (x + ) J) approx. (Seep. 382.)
- FILAL e (18)
5 lsl
zves (o557

h2
For flat arches, of dimensions such that LS:I is negligible,
we may take s = S a.
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In this case ;} = no. of sections of arch taken to obtain the

arch-square sum = »
, ElInpy
Then H; = a:'z,:h—rqwﬁ‘e_slﬁ ................................. (19)
Doubly Buflt-in Arches.—Now take the case of an arch
in which the ends of the arch are fixed in direction as well as in
position.
Using the same notation as in the general case on p. 378, we

sce that considering the point s,

X =0
Y =o0
-0, =o0

Also considering the point a.
a — ay = o

From equation (y).

5 M
0 -0, =(a —ay) + 3
' 1= 1) % EI ds
We see that for the point B,
LHMas
co-or BT
s
M ES = i (20)
From equation (13) we have
S/Myds | Qé&x)
\ Ty e T = 0 ctetcsrtntresteccccerassserensanes
U ET Y EAS TO (1)
Neglecting the second term we get
EM Y55 = 0 roreeeereeeeeseerereeeeeeeesans (22)
A

Similarly from equation (13 a) we get
B
EMx8s =0 ..... Coevetrsertaserasniensaas (23)
A

Now let @, 4, ¢, d, ¢, Fig. 172, be a trial link polygon drawn
with a polar distance H, and let U U be a line—called the reduced
dase—such that 2 ¢ = oand 2 g x = o,

Let a, 4, ¢ d; ¢; be the true line of pressure of the arch, and
z z the reduced base of the arch ; and let the reduced base u v cut
the trial link polygon in points v v,, which projected vertically
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upwards cut zz in TT;. Then these points T T, must line on
the true line of pressure, since this is the trial link polygon drawn
to a different vertical scale.

As soon, therefore, as we have found the true horizontal thrust
H, we can draw the true line of pressure, since it must pass
through T and T,. *

,P P4
0 C 3,
2 7 @ d
z T I z
g
R
A
9
174 v V,
e
X n

Fig. 172.—Arch with Ends Built-in.

Now, M§s = H (P% - f/)Ss
Hbés(Pg-/g)

= (H.Pg—-H,.q)és
W 3IM=HZ3IPg.0s-H,Z2¢g.8s

= o, since U U and z z are the reduced bases.

Therefore equation (20) is satisfied.

Again, SMx8s = HEPg.x8s - H,2g.x8s
=0

Therefore equation (z3) is satisfied.

% ccC
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From equation (z2) .
ZSMvyds=o0
A

B
L 2(H.Pg-Hyg)vds=o0
A
' .'.H%‘.V.Pg=H°§.v.q
A

B B
S Ho2y.»,=H,ZSv.¢q
A A

Ho;l.v.y
CH=— .. «(24)
E.Yn
Now, if the arch is symmetrical, g % is constant.
B B B B
Now, 2.v.7n= E‘\(rl +gh)r, = );.r,? +gk§r,
e
B B
= 32 =32
= n*+o : n
n B B B
2vg=232(r+gklg=2rqg+gklyqg
A A A A
= g‘. +o = Er
=4 rl'Y =< 17
z 7
“H = —-% e (25)
Erlz

This is the same as for the two-pinned arch, except that the
ordinates 7, and ¢ are measured from the reduced bases.
_ H, x reduced load-arch sum
" " reduced arch-square sun.
The procedure is thus the same as in the previous case, when
the reduced bases have been determined. When H has been
determined in this way, the line of pressure is drawn chrough T
and T,, and the stresses are obtained as before.
'The expression (25) can be shown, as similarly in the two-
pinned arch, to be more correctly expressed as

B
H = HoZng I
TR (AR eeeeeeneeeenennnn(26
?’1’ (I + 47 ( )

This corrective term is more important in this case.
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The Determination of the Reduced Base Lines.—
The conditions giving the position of the reduced base lines are
almost the sape as those for the base line of the B.M. curve of
a beam with fixed ends, if the number of elements taken is large
enough, and so the position of the reduced base gan be found as
shown on p. 232 for the fixed beam.

In symmetrical flat curves—as the arch will nearly always be—
the height of the reduced base line above the base will be equal

; arca between arch and base
to the mean ordinate, or equal to Span

and in the case of the parabolic arch will be ? 7,

Thrust in Doubly Built-in Arches due to Tempera-.
ture. — By similar reasoning to that on p. 383 we get

PMyds ZQéx
- = — e 0¥
LB 28T " 2Ea

In this case the only load is horizontal, and line of pressure

closes up into the reduced base line.
. Reduced base line is line of pressure for temperature

stresses.

. Ht acts along base line

.M =H,x 7
Brvds Qéx
‘. ! = "
LBt = HeZ-p + 251
L

taking & s = dx = =

- _ (H, , 45 A?
nIﬂt-{ Er\}( + 4%)
B
Now)‘.rv=
A
H, = Elnﬂt

2 (1 4 455
2o (r+45)
If, as before, we neglect the term depending on f we get

Elnpt?
= reduced arch-square sum

t
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Live Load on Rigid Arches.—In dealing with live loads
on rigid arches it is generally assumed that the maximum stresses
occur when one-half of the span is covered. The actual amount
of span which has to be covered to produce the maximum stresses
in arches depends on the ratio of the rise to the span, and on
the nature of the load, and is a very troublesome problem to
determine. For a circular arch with a uniform load it is very
nearly § of the span. In most cases the assumption of halfsspan
is close enough, and it has the advantage of not requiring a
separate calculation from the thrust due to dead load.

If the dead load is uniform and of intensity p, and produces
a horizontal thrust H, and if the live load is uniform and of
«intensity ,, and produces a horizontal thrust H, when the span
is half covered, then

m ="
2p

Note on Drawing for Arches.—In ordinary compara-
tively flat arches the distances betwecn the centre line of the
arch and the linc of pressure wiil be extremely small, and thus
the bending moments will be difficult to determine accurately.
For this reason it is desirable to magnify the vertical ordinates of
the arch five or ten times—a circular arch thus becoming elliptical—
in dealing with the stresscs in arches. If this is done, the polar
distance for obtaining the line of pressure must be reducéd in the
same ratio.

The above treatment of rigid arches is necessarily incomplete
owiag to our lack of space to deal at greater length with it.
For the best theoretical treatment the reader should consult
The Graphics of Metal Arches, by L. W. Atcherley and Prof. Karl
Pearson, F.R.S. (Drapers’ Company Research Memoirs, Technical
Series 11I., published by Dulau & Co., London).

Masonry arches are dealt with in the next chapter.



CHAPTER XIV.
MASONRY STRUCTURES.”

General Conditions of Stability.—Masonry structures
are generally designed so that there is only compression stress
between the blocks of which the structure is composed. Although
mortar has some tensile strength, it is usual in British practice to
assume that the mortar can bear no tensile stress, and also that
the adhesion between the masonry and the mortar is negligible,
so that the shear or tangential force must not be greater than the
natural friction between masonry and masonry. Wé have, there-
fore, the following conditions to be satisfied in masonry structures.

(1) There must be no tensile stress across a cross section.

(2) The maximum compressive stress must be within the
safe stress for the material.

(3) The shearing force must not be greater than the natural
friction between the masonry.

QV o R
D £
e ——
Fig. 173.

ConpiTiION 1.— Let DB (Fig. 173) represent the cross
section of a masonry structure, ¢ being the centroid, and let the
line of pressure (see p. 138) cut the cross section at the Joqd-point
E, R being the resultant force on the cross section. ‘Then R can
be resolved into a shearing force S and a direct thrust Q. Then
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the direct compression stress per sq. in. = 2 where A = area of

cross section.
There will also be a bending moment equal to Qex CE=Q x &,
and if £ is the radius of gyration of the cross sectlon there will be

d
a compression sfress due to bendmg equal to A =Q xAxkzx e
_Qxaxxd
and a tensile stress equal to L A
Q,Qxa

.. Combined compressive stress = f; = A- “AA

= %(1 + xk‘i") ......... (1)

Combined tensile stress = £ = %—f‘—%

' = % (f"z-‘f' - I) ......... (2)

Our first condition is that there must be no tensile stress.

x d, .
—5' — I must be negative,

J2)

xd,
—2_7_,—‘ must be less than 1,
y2
X ” ’ " ” dt

*. 'The maximum possible value of x is given by

Now consider the following special cases (Fig. 174):
< « .
(@) Solid Rectangular Cross Section.—This is the most usual
case in masonry structures.

€ ps=b #2=" andd=d="

12 2

. Our limiting condition becomes x = L x 2= 4
1z 0 6

.. E may lie anywhere between points F and ¢, whose distance

apart = é FG is called the Middle Third of the cross section.

Therefore E must lie within the middle third. This is called the
Law of the Middle Third.



v

B
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Fig. 174.—Masonry Structures.
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With regard to this law it must be carefully remembered that
it applies to rectangular cross sections, and is not applicable, as
sometimes stated, to all masonry structures. *

(%) Solid Circular Cross Section.—1f d is the' diameter of

the circle, 4% = d- and 4. = d, = ;1

* Qur limiting condition becomes & = a x2=4
: 16 4 8

. E may lie anywhere between points ¥ and ¢, whose distance

d N . .
apart = -. Therefore in this case the line of pressure must lie

within the middle quarter of the cross section.

(¢©) Hollow Rectangular Cross Section.—Let the cross section
Be a hollow rectangle of the section shown in the figure,
then 42 = I—f{b—:—b_—;(’(—}_-zgz-)@( /1__2 :)j” and FG can be found
{rom this.

(d) Hollozv Circular Cross Section.—let the cross section
be a ring of internal diameter &), and external diameter J.

(@ -4y _d+dpe

2 =4
Then # = 62 -4~ 16
) 4+ d? 2 _d+ d2?
. Inthiscase «x = 6 X247 84
a2 + a2

FG="" 4 VPPN )
. In the case where the ring is thin, r G approaches the value

‘ 2dt_d

ad 2

Therefore, in this case the line of pressure must line within
ithe middle half of the cross section.

ConpITION 2.—If the line of pressure is in the limiting
position and the section is symmetrical, so that 4, = 4, the value

of £, from equation (1) becomes equal to 2 (1 + *k:’:)
= % (1 + 1)
2
N (s)
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14
X -
For rectangular sections f; er + - -.—’l = Q(x + "”-)...(6)
. A l } A b
2Q

Therefore the second condition in such a case is that - A

within the safe compressive stress for the materfil.
ConpiTiON 3. —If u is the coefficient of friction for the
material, the frictional force = u Q,

S must not be > uQ, |
S
'Q » ”» > R

€.y tan 6 Y 7] > 13

But if tan ¢ = p, ¢ is called the angle of friction. There our
condition now becomes that 0 must not be greater than the angle
of friction for masonry on masonry. ‘T'his angle varies for
different kinds of masonry, but is in the neighbourhood of 30°.
Some writers gives 34° to 38°.

In most cases it will be found that if the first condition is
satisfied, the second two will be satisfied also.

Cores.—Given any cross scction of an elastic material, then
there is an area within that cross section such that if the line of
pressure falls within such area there will be no tensile stress in the
material, but if the line of pressure falls outside such area there
will be tensile stress ; this area is calied the core of the cross
section,

It can be proved that ¢if the neutral axis turns round a yoint
the Joad point runs along a straight line.’

In the case when the load point falls on the edge of the core
the stress is zero at the edge of the section, see Fig. 176, and so
the neutral axis is at the edge. Now consider the rectangular
section K L M N, Fig. 175. When the N.A. is along L M, ¥ is the
load point, and when the N.A. is along K L, J is the load point,
and, therefore, as the N.A. turns about the point L the load point
must move along the line F . Therefore, for a rectangle the
«core is a diamond-shaped figure as shown.

. “ s . D
For a circle, the core is a circle of diameter —
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For other sections the core can be easily obtained, but the
rectangle and the circle are the most common masonry sections
which occur in practice.

<— D —»

1
Fig. 175.—Cores of Sections.

Distribution of Stress over Cross Section.—The
distribution of stress over the cross section of a masonry structure
will be as indicated on p. 168, for combined bending and direct
stresses.

Fig. 1176.

In the case in which the line of pressure is in the limiting
position so that tension is just about to come on the cross section
the distribution of stresses is as shown in Fig. 176.

. 2
When, as is common, &; = d;, D J = - A9



Masonry Dams. 395,

Difficulties of Theory of Masonry Structures.—In
considering the stablllty of masonry structures according to the
first condition as'to there being no tensile stress, it must be
remembered that the rule of the middle third for rectangular
sections, and the corresponding rules for other sections, are based
on the assumption that masonry is an elastic’material, although,
as a matter of fact, this assumption is not really justified. It is,
therefore, not surprising to find many writers stating that these
laws are unsatisfactory ; they arc generally alleged to err on the
safe side, and some authorities state that in rectangular sections
the line of pressure may safely lie within the middle half. ‘There
are, however, other difficulties even if the material were elastic,
which occur in such structures as dams. These difficulties lje
chiefly from the fact that secondary stresses due to shear—which
are comparatively negligible in the case of beams whose length is
great compared with their depth—are quite appreciable in these
structures. A considerable amount of investigation has been
carried out recently on this point, and we will refer to this point
again in dealing with dams. It is to be hoped that within a few
years some exhaustive experimental work may be donc on the
subject of masonry structures. Yor the present, we must be
guided by the rules which we have formulated above.

Wray’s Rule for Uncemented Blocks.—In the case
where blocks merely rest on each other, Wray’s rule is to take the
maximum intensity of pressure as equal to twice the normal
component of the thrust divided by three times the distance from?
the load point to the nearest edge, provided such distance pe not
greater than one-third the base. Then such intensity must be
within the safe pressure for the matcrial.

MASONRY DAMS.

The stability of masonry dams or retaining walls for water can
be determined by the above-mentioned rules. Consider first the
case of a dam with a vertical face and a straight slope or datfer
for the back.

Let A B ¢ p, Fig. 177, be the section of a dam. The centroid
G is found by the construction given on p. 87, 7.e., by joining the
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mid points of A c and B D, and makingcH = 8D, BX = AC,and
joining across.
Now consider the stability per foot length of the d,am

. w(AC+ BD).AB
The weight of .the dam = W = (2 —.'-;—)_--- , where w
is the weight per cubic foot of the material. \When the reservoir
is empty the line of pressure cuts the base in the load point L,

and the distribution of the stresses on the base is as shown on

the figure, where
we =\ (14 550
A BD

A\ 6 LF
- (e -55)

Now consider the case when the reservoir is full, the height
of water being H.

Then the total pressure per ft. length of the dam = P = area
of wetted surface x pressure at depth of centroid
pH pH?
2T 2
where p = wt. per cub. ft. of water = 624 lb. about.

This pressure in a dam is at right angles to the face, and acts

=H x

. . 13} .
at the centre of pressure o, z.e., at distance 3 from B. This can

be seen clearly from the figure, where N Q B represents the
* pressures at various depths and B @ = p H; then resultant

[ ]
pressure P = area of A BN Q = P—HzH = :1— and acts at the

. . . H
centroid of the A, 7.e., at distance E—from B.

Produce P to meet the line of action of the weight—7.e., the
vertical through G—in the point a, and te some convenient scale
draw a & vertically = W and & ¢ horizontally = »; then if @ ¢ cuts
B D in M, M is the load point in which the line of pressure cuts
the base when the reservoir is full. As the water in the reservoir
rises, the line of pressure gradually moves from the point L to the
point M. Then M must lie within the middle third.
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Fig. 117.—Masonry Damns.
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When the reservoir is full, the distribution of the stresses on
the base is as shown on the figure, where

w 6FM
Pa=3\"" %o
1 w 6FM
phi=3 (155

Notk.—1In this case ¢ M is not strictly the line of pressure for
the dam. It is really the tangent to the line of pressure at the
point M, and it determines the stresses on the base, which is the
weakest section. If we required the stresses over any other
section, we should have to go through a similar construction for
such section treated as the base. We will show in the next
example how the whole line of pressure can be drawn.

Dam with Curved Flank.—If a dam has a curved flank
and a straight or curved face, the line of pressure can be drawn
as follows: Consider the dam shown in Fig. 178. Make a
number of horizontal sections 1, 1; 2, 2.... 5, 5, and find the
centroids Gy, G, . . . . G; of each of the sections by the construction
already given. Consider, as before, the stability of a slice cut out
of the dam, a foot or other unit distance in length in a direction
at right angles to the plane of the paper. Now find the resultant
water pressures Pj, P . ... P; on the portion of the dam above
each of the given sections when the reservoir is full : for instance,
P, is the resultant water pressure on the portion of the dam above

¢ the line 4, 4, and ‘acts 4t two-thirds of the depth of the line 4, 4,
and ig at right angles to the face of the dam. If the face of the
dam is appreciably curved, the resultant pressures must be found
from the pressures on the separate portions by means of a link
and vector polygon construction. We now require the centroid
of the section of the dam above each section, and may proceed
as follows: Draw verticals through each of the centroids G,, 6,, &c.,
and on a vertical vector line set out lengthso, 1; 1,2....4, 5,
to represent the weights of each of the sections; then take any
pole o and draw a link polygon a, 4, ¢, d, ¢, /; the first and last
links mecting in @. Then produce each link back to meet a 4,
S e meeting it in / and so on. Through a draw a vertical to cut
5 5 in Ly, through f draw a vertical to cut 4, 4 in 1, and so on,
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then joining up the points L, L, &c., we get the line of pressure
Jor the veservoir emply as shown. Through points such as
Ly Ly &c., draw verticals to meet the water pressures P;, P, &c.,
in Fy, Fy &c. Then combining P; with the total weight of the

£ ‘o
\ .d c
N .
¢\
o
!
2 i .
K i\ A
amm—— |}
' 1\ '
. |\ A
| [
5 2
H_HH
ScALE or Faer
»
G\
. B
LINE or PRESSURE ~—1
wnen FULL

2
Fig. 178.—Dam with Curved Back.

dam above 5, 5 as shown in the preceding example and drawing
F; E; parallel to the resultant thrust, we get the load point E,.
Similarly, E, is obtained by combining P, with the total weight
above 4, 4, and drawing a parallel through F, and so on, and by
joining up the points F;, F,, &c., we get the line of pressure when
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Jfull. The distribution of stress over any section is obtained as
previously explained. It will be seen that in the above example
the lines of pressure lie well within the middle third, the worst
section being 2, 2. !

B
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Fig, 179.—Trapezoidal Dam.

In the figure many lines have been omitted to prevent the
confusion which would otherwise occur when reduced to so small
a scale. The student should work such an example to a large
scale to obtain familiarity with the method.

Calculation for Width of Base of Trapezoidal Dam.
—Let ABCD, Fig. 179, be a section of a trapezoidal dam with a
vertical face, and let A B be of length @ and c D of length 4, the
height of the dam being 4. We require to find the value of 4 to
just keep the line of pressure o L within the middle third of the.
section. .
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We first require the position of E, the point where the vertical
through G the centrmd of the section cuts the base ; let this be at
distance x from p. * Then we have, dividing the section up into
a rectangle and a triangle and taking moments round b,

x("_:;_'__b);, = }’“'; + ;/‘(5 - a){ad-j(é —a)}
= é{a‘-’ + (b.‘._“_i‘)_.@:"_’..“)}
2 3 .

f’{é‘-‘+aé+a‘-’}

e tab+ B
x = Sla Ay s (1)
Now if the weight per cubic foot of the masonry and water are
7 and p respectively,

Il

Total water pressure per foot = P = p:ﬂ '
» weight of masonry ,, = W = wfﬁﬁ_;fb)_f
+ rL P ek
Now 2~ W w9
* '}_’ = ,!1_1‘_-....
TR owa+ b)
3
- st (3)
¥ SwlaF gy

Then if the line of pressure is to lie within the middle third,
we have :

X +y =l %.(3)
a® + ab + 5 1nﬁ" _z/l

3(a +9) 3w@+06) 3
a2+a6+b‘-’+’11—:l-=2&(a+b)

2
a?+a&+b?+'i=za&+za2

B+ ab-a - P—;g-=o ..................... (4)

When a, %, p, and 2 are given, 4 can be found by the above
quadratic equation,

LD
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‘TRIANGULAR SECTION.—If the dam is of triangular cross
section @ = o, _
cowegetd = h,\/ﬂ
w

RECTANGULAR SECTION.—In this case @ = &,
L] .
SO =k / r
N

NUMERICAL EXAMPLE.—A masonry dam of trapezoidal section
is 25 f. high and 4 fi. thick al the top. [f the masonry weighs 144 76.
per cub. fi., find the necessary width of the base to avoid lensile stresses.
What is then the maximum compressive stress?

Putting these values in cquation (4) we have—

P+ 40— 16— 624 x 625 _ o
. 144
6+ 40— 2868 =0
p= "4+ AI6F 1147

2

=

-4+ 34
2
2 W
15

i

Then the max. compressive strength

=2 %25 X965 144
15 2240

= 2 tons per sq. ft. ncarly.

tons per sq. ft.

-

Modern Developments of Theory of Dams.—In a
paper on Some Disregarded Points in the Stability of Masonry
Dams* Mr. 1. W. Atcherley and Prof. Karl Pearson, F.R.S.,
pointed out that the stability of vertical sections as well as of the
horizontal sections should be considered.

Let A Bc b, Fig. 180, be the section of a dam, and let BEFcC
represent the stresses on the base when the reservoir is full, this
being obtained as previously explained. Now consider a vertical
section K J of the dam. The forces acting on it are as follows:

(2) An upward pressure denoted by the area crm J.

* Dulau & Co., London, 1904.
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(4) A downward pressure due to the weight of the portion
c Kk J of the dam.

(¢9) A shgaring force S at the base of the dam.

D__ A
F
P\g\
M
i k I A
E
B

S
Fig. 180.—Stresses on Vertical Sections of Damas.

Now let the diagram, BErFc be drawn in terms of feet of
masonry, f.e., one inch in vertical height represents the weight of
one square inch of the section ; or if the linear scale is 17 = x ft.



-
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and one cub. ft. of masonry weighs z lb., 1” on c F represents
w x? 1b. per sq. ft.

Then ¢ K J represents the weight of the portlon ck ] of the
dam, so that the difference ¢ F M K represents the resultant upward
pressure on K J. Let this area be Q lb., and let its centroid cut
the base in N, théh Q x NJis the bcndmg moment about the

centroid R of the section K J.

To obtain the value of the shearing force we must assume a
law for the distribution of the shear. As a first approximation take
this as a parabola ¢ v B, the area being the total shear, z.ec., the
water pressure P. Then S is the area ¢ j H of the shear curve,and
its moment about the centroid is S x J Rr.

. We can combine S and Q, thus obtaining the resultant T;
then drawing N L parallel to T' we get L the load point for the
vertical sectioh Kk J, and if L falls outside the middle third, there
will be a tensile stress at J.

There has been some considerable controversy as to the form
of shear curve to adopt, and some exhaustive experiments have
been made by Professor Pearson and Mr. A. F. Pollard with a
view to determining such form. ‘I'hese experiments are described
in a paper, An Experimental Study of the Stresses in Masonry
Dams.* Some interesting articles and letters on the subject are
to be found in Engineering, vols. 79, 8o.

Considerable interest in this question was taken by the late
Sir Benjamin Baker, and his regretted death prevented a very
valuable opinion being given on the experimental investigations.

Practical Rules for Masonry Dams.— Molesworth
formulae :

Hicu Dans.
[
the masonry.
Let x be the depth in ft. of a given point from the top; y the
horizontal distance in ft. from such point to flank of dam; and
z the horizontal distance in ft. from such point to face of dam.
Then y = / - °5_ b
P+ o3x

-2

Dulau & Co., London, 1907.

Let P be the safe pressure in tons per sq. ft. on
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Low Dams.—Width at bottom = ‘7 x height.
., » » middle = 5 x height.
. » » top = '3 x height.

RETAINING WALLS FOR EARTH PRESSURE.

In addition to the difficulties of sntisfacto:y theoretical treat-
ment of the retaining wall itself, as pointed out with respect to
dams, we have in the design of retaining walls for earth pressure
the additional difficulty of determining the magnitude, direction
and point of action of the resultant pressure due to the earth. As
soon as we have found this resultant pressure P in magnitude,
direction and position, we proceed exactly as in the case of the

"D

Fig. 181. —Stability of Earthwork, .
dams, viz., we produce the line of action of the pressure P to meet
the vertical through the centroid of the wall, and find the resultant
of P and the weight W of the wall, and then determife the load
point at which the line of pressure cuts the base.

We will deal with three theorics of carth pressure, viz, (1)
Rankine Theory, (2z) Wedge Theory, (3) Scheffler Theory.

In all these theories we will assume that the pressure at any
point is proportional to the depth, so that the resultant pressure
acts, as in the case of water, at one-third of the height from the base.

Angle of Repose.—If a bank of carth be left to itself it will
crumble down under the action of the weather until it has taken
up a certain slope, as indicated in Fig. 181. The angle of incli-
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nation at which such crumbling ceases is called the angle of repose,
and depends on the nature of the earth and on its wetness.

When a wall is placed so as to prevent this crumbling, there
will be a pressure P due to a portion such as the wedge c B D
which would fall down if the wall were removed. As pointed
out above, the chief difficulty consists in dctermining this
pressure P.

The angle of repose of carth corresponds to the angle of
friction of materials gencrally. Thus we may say that the angle of
repose for masonry on masonry is about 3o degrees.

ANGLE OF REPOSE AND WEIGHTS OF VARIOUS SUBSTANCES.

Angle of Repose Weight in Ib.
Substance ¢ degrees per cub. ft.
Sand, fine dr to
ane, ane ary 3rto 37 89 to 18
s  Wet 26
Vegetable carth, dry 29
» moist 45 to 49 100 to 120
» very wet 17
Clay, dry 29
» damp 45 120 to 135
;s Wet 16
Gravel, clean 48
', with sand 26 90 to 110
Shinglg, 39

Rankine’s Theory of Earth Pressure.—In this theory
of earth pressure, the carth is treated in the same way as elastic
solids in a state of strain.

Let the principal stresses (sce p. 14) on a cube of earth under
a state of strain at a given point be p and ¢, Fig. 182. Then the
earth tends to slip along any plane through the point except the
planes of principal stress, and the tendency will be greatest on the’
plane on which the resultant stress is most oblique, and if such
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obliquity becomes equal to ¢, slipping will occur. On p, 16 we
proved that the stresses on a plane inclined at 8 to the stress pare
Ja = normal component = p sin® 8 + ¢ cos? 8 ...... (1)
Jt = tangential component = (p—¢)sin# cos 8 ...... (2)
Then, if B s the angle of the resultant stregs to the normal
cot ____f£=psm*0 +qc95‘-’0 _ptan’é 4+ ¢4
¢ (p—g)cos vsinv (2—¢)tan@

Fig. 182.—Rankine's Theory of Earth Pressure.

This is a maximum when g—j}% B o
te, (p-g)tanb.2ptanOsec’ B - (p—g)sec? (ptan®6+¢) = o
ie, (p—g)sectO(2ptan* - ptan? 6 — ¢) = o,

Z.e, tan2 f =

? .
cocotfB = At AR *
(2-DA/4
cot?p = AL _ 429

(p-gp.1 (2-9?

cos®f _ 1 -sin®3 _ 4pg

ze., e = = =P

sinf 3 Tsin?F T {p-g)?
o _(P-9P+apg _(p+9)?
sin* 3 ( (1’) -¢)? (-9
wsinB =820 e,
. . sin 3 (2%0) (3)
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As f3 increases the limit will occur when 8 = o

iensine =2=7 .
?+9. .
UG Sl iR O
or 7T IFsing e ..(4)
That is, the fatio of the lesser principal stress 10 the greater

I- sin¢
1+ sin ¢

When the horizontal principal stress is the least possible, the
earth is on the point of sliding downwards, but when the hori-
zontal principal stress is the greatest possible, the earth is on the
point of heaving up.
¢« Cask 1. RETAINING WaALL wiTH VERTICAL Back, EArRTH
Horizontar,—In this case, if we consider a piece of earth at
depth x from the surface, we have p = w.x, w. being the weight
per cubic foot of earth, Fig. 183.

cannot be less than

.*. Least horizontal thrust to maintain equilibrium
(1 — sin ¢)
I +sing
We see, therefore, that A B c gives the variation of horizontal
thrust

=9 = Wex

where ac = e (1 A (1 = sin &)
I+ sIn ¢
A2 v — si
.. Total pressure > = arenof ABC = v (T__ﬂl_qa)
2 I + 5N ¢
2
Ifo = 30°, P = ¥/

GRAPHICAL CONSTRUCTION FOR P.—Draw a E at angle ¢ to
vertical to meet horizontal through B in E, and with centre E and
radius E B describe an arc B F.

Then P = § 2. a F?
Y] 2
2 = —_EF)2= —_ 2 = - -
Because AF2=(AE—-FEF)?=(AE—EB) {(cos ¢) (% tan qs)}
-2 (1 — sin ¢) _ A2 (1 - sing)?

cos ¢ cos? ¢
_ /A% (1 - sin 2 _ /%% (1 = sin ¢)
(1 — sin? ¢) 1 + sin ¢
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We then produce P to meet the vertical through the centroid ¢
in a and take 2 4 = W = v.elght of wall per foot length, and
bc¢c = P, thenifac cuts the base in the load point L, this should
be within the middle third.

ARSI

8|
P-wx
41V
:’} T I

7777777/ 777777877 77

i SN

L
é |

Fig. 183.—Rankine’s Theory for Relaining Wall
with Vertical Back.

* CASE 2. RETAINING WALL witH SLOPING Back, EArTH
HorizoNtaL.—In this case, if the slope of the wall is 6, Fig. 184,
we have to find from the principal stresses the resultant stress at
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Fig. 18t.-- Rankine's Theory for Retaining Wall
¢ with Sloping Back.

any point. This can cither be found by the equation (3), p. 16, or
graphically as follows :—

Draw A k at right angles to A B, and make it equal to ‘g—:—' 4
2—-9
2

and draw K M at an angle 26 to A K, making it equal to

then a M is the resultant stress, and the area of the triangle B A M
gives the resultant pressure. For drop M T porpendicular 1o A k
thenM T = MK sinz26 = (p - ¢) sin 0§ cos 0 = £

AT = ak-rtk =2%7 —.(-P—;:—@coszﬂ

2 «*
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i {(f + ¢) (sin2 @ + cos® 8) - (p — ¢) (cos? @ - sin? 0}

= :'{zpsm20+ 2 ¢ cos? «91 psm20+qcos26 =fo

SAM = AT + M1

SR
As before, p = w. 2
== ﬂ'l (l __Sl_?_?)
7 (1 + sin ¢)

*Cask 3. SURCHARGED WaLr.—When the earth slopes upward
from the wall, the wall is said to be susckarged. The inclination of
the earth can obviously be not greater than the angle of repose.  »

Now consider the equilibrium of a small parallelopiped Q R s T.
Fig. 185, of the earth. The pressures f on the faces ¢ R and
s T are vertical and parallel to the faces Q T and r s.  Therefore
the resultant stresses f; on the faces @ T and s R must ‘be parallel
to the faces Q ®, s 1. The stresses f and /] are then said to be
conjugate. We now require to find the principal stresses g and ¢
corresponding to f and f;. Suppose f and /| are known and set
out equal to x U and X v along a line at inclination « to X z, and
let U v be bhisected at v, and z v be drawn perpendicular to x v.
Then z U and z v are joined, it follows from considering the con-

struction proved for Fig. 184 that

vz = zv-’z-_—"
Nowx7-—p+--—f+fx T (1)
2 2 cos a

Y2 =2zZVvE 4 vyl = (X722 - xV2) 4 vy

- (C24) - (24))
1

= (f__‘.",-!i) - ff

2 COS «

_:_Z=zv-—\(f+f’) ffl. ceee (2)

2 COS a



2 ~ 28
Fig. 185.—Runkine's Theory for Surcharged
Retaining Wall,
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Squaring (2) and (1) and dividing we have
f + £
2 cos n)' -fh r 2
R . am e e = ————
I+ f.t) (p + q)
2cos a
fey1 - 4L 008 a f’_“.i/)‘2 ...... S
et U+ \2+y )
As we have previously shown (ﬁ _;- :;) = sin ¢
Cafficosta _
U+ 1 ‘/f b
L R
(f+.fi) COS"’¢ " (4)
again, 4 Ay = 4//

*. Subtracting

. 2 COs* a )
- f) = aff, ((05‘ - x) ............ (s)
f f,)-’ cos? a — _cc_)Ls: @
J+ N cos? u
TSy [ ot d
= A = e erveeene 6
S + AN A cos? a )
S _ Cosax Jcos‘ « — cos® ¢
h cos a F J Losl a — cos? ¢
. Jfi o C0se — JeosTa — cos?e (1)
S cosa+ Jeosta - coste
The signs being taken thus to give the least value of /. »
Whena = @, f = /] ceeveriiiiiiiii it ceeeeens (8)

Now f = w. x cos a, since the area of the face QR is increased.
cos a — Jcos- a — cos‘ ¢

.~ Pressure at base = w, Z cos a S— =aAC
“cosa + /cos)- a — cos‘ )
*. Resultant pressure = P = -?.ﬁ
w, A2 cos @ — Afcost a — cos? ¢
=" cosa.{—- 2 2L (9)
2 cos @ + \/cos® @ — cos? ¢

The stability is then found as in previous cases.
When the syall is not vertical, the stress is found as shown
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graphically for Fig. 184, but 6 will not be the angle with the
vertical but with the direction of p, which will be inclined to the

vertical at 45° — rwhen a = ¢ .
. =B—
A
W I
OINNN NNRNANS 1////f/f/’////
. ; \ ,
\ N\ ’
/) R XL ’
“d é N /,’
N 7 §
N/ N
7 ¥
4

~Q

Fig. 186.— Rurkine's Theory for Depth of Foundations.

* Minimum Depth of Foundation on Rankine's
‘Theory.—Suppose that the wall has just stopped subsiding, then
the earth on each side is on the point of heaving up, Fig. 186.

.. Just below wall # = least possible value ‘= 1-sne
2. ) Ll T Ene,
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At the same depth at the side ’7;‘ has the greatest possible

. . . . l . .
vah.}e since heaving up is about to occur, since in this case the
herizontal stress is the greater.
.4 _1+sine
pl 1 — sin ® ?
And ¢, must equal ¢.
. ?l;(]___'['_(l +sin¢)2

”jﬁ'ji _j‘1~ l—.si.hqp
Now p = veight of wall W
area of wall B

taking the stability as before per foot in direction perpendicular
to the plane of the paper.

2y = pressure due to column of carth of height & >
= i, d
A (1 + sin ¢\? )
CweBd ITZETP)
4= W (1_: Eiﬂcp)”"
@B \1 + sing

NUMERICAL EXAMPLE. — 7V weight of a struclure which is lo
be carvied on a concrete foundation is 1200 lons, including the weight
of concrete in the foundation. 1he arca of the base of the concrete foun-
dation is 300 square fect. At what depth below the surface of the soil
must the base of the foundation be placed, when the weight of carth
is 3000 Wb, per cubic yard and the angle of repose is 38°7 (B.5c.
Lond. 1907.)

In this case sin ¢ = 6157

., 1~ sing __ 3843

"1 +sing 16157

— 3000
W, = 27
1200 _
b= 300 % 2240 = 4 X 2240
_ 4 x 2240 % 27 ( *3843)’
4= -m-- (1'6157

WEDGE THEORY OF EARTH PRESSURE.

Experience shows that when a wall fails the earth first slides
down some line such as Bc, Fig. 187, called the Zne of rupture,
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and the earth finally crumbles down to the natural slope BD.
Thus the wedge A Bc is supported and kept in equilibrium under

three forces.
(1) A pressure P on the wall—assumed honzontal and acting
of two-thirds the depth— the friction on A B being thus neglected.
(2) The welght W of the wedge A Bc.
(3) A reaction R, inclined at an angle ¢ to the normal.

We now require to find the position of the line of rupture Bc

to make P a maximum.
It will be seen from the figure that R, is at an angle 8 to W.

.. From the A of forces shown on the figure, P = W tan 0.
Draw RG at /¢ to A B to meet b A produced in ¢, and draw
ArandcE perpéndlcuhr toBD,and let BD=4,CE=x, BG=
AF = a
Thenif /aps = f3
* P=Wtan 0 = w, (area of A ABC) tan 0

0,

(all - xb)tan 0

w, X
—5/) (a - x)i_;—F:

b

_ e x
= —b(a—x) (b = %ot ) (1)

. . dpP
P is a maximum when ix=°

e, when (6 - xcotp) (@ — 2x] — (@ax — a?) (- cot £) =
f6, A2COt P — 20X + 80 =0 .iiiiiiiiiiiiiiiiie, (2)
ie,b(@a—-ax)=x(@-acotP) ....... (3)
Now x (6 - xcot 3)=x.BE =2 x areaof A BCE
b (a — x) = 2 (area A ABD — ACBD)
= 2 X arca A ABC
. P is a maximum when the A, BCE and A Bc are equal in area.

Then P= zc: x?

bt JB —abcot3

From (2) x = ot B




Figy. 187.—Wedge Theory of Earth Pressure.
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The + sign is inadmissible since x cot 3 cannot be greater
than 4 .
b N8 —abcot B

= g T s (4)
mow cot =f
b-b -2
R '\’b/l _.<
= ‘{‘ VAE j—f}
=c - Je(E=a) i (5)

P = ”z’;c {c _ \/‘_-(m)_}-z

Graphical Determination of P.—P can be obtained
graphically as follows : From thc base » draw a line BG at angle
¢ to the vertical, and produce the line of the surface of the earth
to meet it in 6. Then draw a semicircle BH G on BG,.and draw
A L perpendicular to 86, and produce it to meet the semicircle on
H. With centre ¢ draw an arc HK to meet BG in K.

: w
Then P = ;. B K2

Proor.—Obviously, from the upper portion of the figure,
BL=a
. GL = (c—a)
* From property of semicircle,
GH? = BG.GL = ¢(¢c — a)

“GK =GH = ,/c(c ~ a)
“BK=1¢ - ,Jc(c— a)
R N PR rem 1
co e BKRE =T Je(e a)}
Case when Earth is Horizontal.—When the earth is
horizontal 3 = ¢.
“a=/Xsin ABF = kcos ¢
)]

¢ =———-:
cos ¢
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cfe-veEmap = w{ - o (__ ~ o )
cos o Cos ¢ \ €OS ¢
L] ) ﬁz
66;1:;1[ —~ 1 = cos? q:}
22 (1 — sin ¢)?
T cosiyp
(1 — sin 4;)
“(1 = sin? 2¢)
_ /% (1 = sin ¢)
T +_éin [
p WA 1 -sing
2 1 + sin g

This gives the same result as Rankine’s thcory for eartl?
horizontal and back of wall vertical.

Scheffler’'s Theory of Earth Pressure — Scheffler
assumes the resultant pressure to be inclined at the angle of
reposc ¢ to the horizontal. Thercfore for this theory we find 1’
as for the wedge theory, and take the resultant pressure as the
resolved component of P in the direction ¢ to the horizontal.
This will be clear from the worked example on p. 421.  Many
authorities object to this thcory on the ground that if the carth
at the back of the wall is wet, the thrust will not be inclined.

Baker’s Practical Rules for Earth Pressure. — Sir
Benjamin Baker, as the result of long expericnce in the practfeal
design of retaining walls, suggested that they should be designed
as if the pressure of the earth were equivalent to that of a fluid
weighing 20 1b. per cubic foot, and made the thickness of the
base from } to } the hcight.

Take ¢ = 30" roughly, and @, = 120 Ib. per cubic foot. Then

for horizontal surface P = 1206 7 = 20 /%

. 20. /? .
According to Baker, P = , T 10 /2, so that Rankince’s or

the wedge theory would give a factor of safety about twice that

of Baker’s rule. ’
Wedge Theory for Wall with Sloping Back.—If the

back of the wall slopes it is usual in the wedge theory to take the



420 The Theory and Design of Structures.

A Ba A’ (Fig. 188) of earth as assisting the wall. Let G, and G,
be the centroids of wall and A respectively, and let their weights
be W, and W,, then set out horizontally from 6, a line to

« ?
ﬁ'\///@/////// 7
N\
\ '
N
N
. VA
1
< - /
-
(AN :
N 1
W2 N, P
/’ .
N\
\I
/ N
) N
\ N
— N

L

B

Fig. 188.— Wedge Theory for Relaining Wall with
Sloping Back.

represertt W,, and from G, one to represent W,.  Join across, and

where they cut G, G, in G gives the point through the resultant
weight WV, + W, is taken to act. P is found, and the rest of the
work is completed as in the ordinary case.



f—m——r

Fig. 189, —Example of Retaining Wall.
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Calculation of Width of Base of Retaining Wall.—
In this case, if the earth is horizontal, we procged exactly as in the

case of the dam (see p. 4o1), but instead of having P < Eg.‘ we have

w,ﬁ" (r - sm ¢)
2 (r + $in o)
T - sin ¢
substitute o, (I i o ¢) for
In conclusion, it must be admitted that none of the above
theories of earth pressure are really satisfactory, but they give
results that arc found to be safe in practice, and so may be used
as a safe guide. There is great need of some further experimental
‘work on the subject.

P = so that in equation (4), (p. 401) we should

NUMERICAL. EXAMPLES OF RETAINING WALLS.

(1) A retaining wall is 20 f1. high and the level of the earth is
horizontal. The wall is 6 ft. wide at the basc and 3 ft. wide at the
top and weinhs 120 b, por cub. ft., the back being wvertical.  If the
angle of reposc for the carth Is 30" and the weight is 100 6. per cub. ft.
actermine ke stability of the wall.

2. i* (1_— sing)  100.20 X 20 5)
T2 (1 ¥ sing) 2 ) 5)

100 X 400 )
=120 X 490 o 2 4ng = 2'97 tons
2 X 2240 14

In this case 1 =

[GIRI]
20 X - X I20 1200 X
W= . . S 120 X9, 482 tons
2240 2240

Fig. 189 shows the section of the wall, the centroid being found as
indicated. Sct out @ 4 equal to 2'97 tons, horizontally at one-third of
the height from the base, and produce it to mect the vertical through the
centroid in @& Then set down e vertically equal to 4°82 tons, and ¢ f
horizontally equal to a4, then @ f is the line of pressure, and comes
outside the base so that the wall on Rankine’s and the wedge theory
is unstable. For Scheffler’s theory draw a vertical through é and
draw @ ¢ at an angle ¢ = 30 and produce @ ¢ to meet the centroid
vertical in &, then if &' 1 is parallel to the resultant of @ ¢ and ¢,
1" is the load point on Scheffler’s theory, this load point comirg
nside the base but outside the middle third.

(2) A surcharged retaining wall is of the section shown in Fig. 190,
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Fig. 190.—Example of Surcharged Ret
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the surcharge being 20° and the earth weighing 120 lb. per cub. fi. and
having an angle of vepose of 29°.  Determine the :laézlt{;{ of the wall if
the masonry weighs 150 lb. per cub. ft.

The centroid is first found as indicated in dotted lines, and the
weight per foot length of the wall is calculated. This weight comes

to 10°4 tons.
On the wedge theory the length B K, obtained as shown in Fig. 187,
is found, and comes to 149 ft.
. p_120 152 %152 _
P = 5 % 2240 5'95 tons.
Then, as in the previous case, setting out @ ¢ = 10°4 and ¢ f = 5°95
we get the load point L which comes just outside the middle third

point.
On Rankine’s theory, P at an angle of 20° to the horizontal is

equal to .
we /¥ cos 20 (cos 20 — \/cos cos? M)
2 cos 20 + ,Jcos- 20 — cos? 29,

This comes to about 565 tons, so that setting down &’ ¢ equal to
104, and ¢ f” equal to 5'65 at an angle of 20" to the horizontal, we
get L' the load point on Rankine’s theory, which comes inside the
middle third.

If Scheffler’s theory be tried, as in the previous case, the load
point will be found to come inside the middle third.

Stability of Walls and Chimneys subjected to
Wind.— The stability of masonry walls and chimneys can be
easily determined in the following manner.

The pressure of the wind is taken per square foot as horizontal
and Independent of the height, so that the resultant wind pressure
P, Fig. 191, acts at the centroid, and in the case of chimneys is
equal to the pressure per square foot multiplied by the equivalent
area of the cross section.

ie,.P =P, xa.H.d
Where @ = a constant depending on the shape of the section
(values for a are given on p. 50).
H = height.
d = mean diameter perpendicular to the direction of wind.
P, = intensity of wind pressure.

In the case of walls the stability is considered per foot length

of the wall, then P = P,. H. 0
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Let W be the weight of the chimney or of the wall per foot
length. . .

Produce P to meet the line of action ot the weight in @, and
make a4 = Wand é¢ = P, and join A c cutting BD in E

Then if E falls outside the base, the wall .would overturn if
simply resting on its base.

ik
0|
Pl
p._] @ '
x e il
wl R A
)
JYey| ! .‘
yYje y . c| e
B LD i“— D
bPC bpc

Fig. 191.—Stability of Walls and Chimneys.

If & falls outside the core (or the middle third in the case of
the wall) then there will be tension in the mortar at B, while if E
falls inside the core the wall is quite stable.

Many walls will be found to fail in the condition as to the line
of pressure falling within the middle third, and yet they stand.
There are many possible explanations of this. They probably
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have never been subjected to a wind pressure of the intensity as-
sumed in the calculation. Then again, we do, not say that if the
line pressurc falls outside the middle third the wall will topple
over; it only means that there will be some tensile stress in the
mortar, and even if such tensile stress were enough to cause a
small crack in the mortar it does not follow that the wall will
collapse, if the compression stress on the remainder is still within
safe limits. It is very difficult to say exactly at what point the
point ¥ would have to come to make the wall collapse. As we
have already stated some writers state that the middle half is quite
safe. There is another point to remember in connection with
walls. The above reasoning applies only to walls of indefinite
Jengths, because side walls connected at right angles to the wall
under consideration add considerably to its stability, but it is very
difficult to aflow for this satisfactorily in the theory.

Stability of Buttresses and Piers.—A buttress or pier
is a structure designed to carry thrusts.  Buttresses are used, as a
rule, to take the thrusts from arches, especially arched roofs, and
should be designed so that the line of pressurc keeps within the
middle third. Their stability is considered in exactly the same
way as that of dams, by combining the thrust or thrusts with the
weight above any given section, and finding where the load point
comes on such section. .

Let o buttress be of the form shown in Fig 192, and let the
thrusts on it be S and 'I'. The stability at the lines A,A; B, B;
and ¢, ¢, is then determined as follows : -

£t Gy, Gy, Gy be the centroids of the three portions, and
their weights W, W,, and W,

Now set out o, 1 = W,; 1,2 = W, and 2,3 = W;; also
04 = 8§, 4,5 = T. Produce S to mect the vertical through G, in
a,, and draw @, @ parallel to 1, 4 to meet A A in a.

Let this mevt the vertical through G, in 4 and draw 4 ¢ parallel
to 2, 4 to meet 1" in ¢, and draw ¢4, parallel to 2, 5 to meet BB in
4y, and let this meet the vertical through g4 in &; finally draw
de parallel to 3,5 to meet cc in e. Then a &) ¢ should keep
within the middle third if there is to be no tension in the mortar.

In calculating the stability of buttresses, the weight of the wall
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Lig. 192.-- Stability of Bauitresses.
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from which the buttress projects may be taken with the weight of
the buttress itself, the length of the wall thus taken bcmg equal to
the distance between the buttresses. In plan “the section of the
combined wall and buttress is a short-legged T, and the centroid
of this section is taken f